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Abstract 
The biggest disadvantage of online shopping is that it is impossible to accu-
rately assess the suitability of goods prior to purchase. Customers usually check 
“fit” at home, and thus one third of internet sales are returned. We study the 
pricing and ordering of a dual-channel supply chain which composed of 
risk-neutral manufacturers and risk-averse retailers serving customers who 
differ in how they purchase products in store or online. Customers may re-
turn misfit products either to stores for a full refund or online as per the re-
tailer’s return policy. At the beginning of the sale season, channels order from 
manufacturers and set prices to be identical across channels. According to the 
criterion of conditional value at risk (CVaR), we express the problem as a 
Stackelberg game model and obtain the equilibrium solution under the con-
ditions of decentralization and centralization. Further, we explore the impact 
of the retailer’s risk indicator and consumer returns rate on the optimal retail 
price, the ordering quantities, the profits of dual channels, and the overall 
profits of the supply chain. We find that dual-channel supply should reduce 
the risk aversion level of retailers and consumer return rate. Finally, the im-
proved risk-sharing contract is proposed to coordinate the dual-channel supply 
chain in the presence of customer returns and risk-averse, and it is proved 
that the contract can achieve Pareto improvement of supply chain members. 
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1. Introduction 

The biggest flaw of online shopping is that it can’t accurately evaluate the fit of 
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before products [1] [2]. Consumers can only receive products and try them out 
resulting in a large percentage of online sales being returned. In consequence, 
the return rate of fashion products purchased online is as high as 75%. Accord-
ing to Vlachos and Dekker [3], Mostard and Teunter [4], Akcay et al. [5], the 
return rate of fashion products in physical channels is as high as 35%. It’s not 
surprise that the majority (66%) (UPS 2014) customers evaluate the return poli-
cy before making a purchase, because the full refund policy is considered as an 
indicator of product quality [5] [6].  

While retailers expand sales through the dual channels and full refund poli-
cies, it needs to face conflicts and uncertainties between channels, such as ran-
dom market demand and manufacturers’ uncertain output, and these uncertain-
ties strongly affect the decision making of supply chain members that lead to the 
risk-avoiding characteristics of decision-makers [7]. Therefore, retailers may 
behave in a risk-averse way [8]. Interest in the risk aversion problem of members 
was proliferated in the early 1990s because it had attracted many scholars to 
study this interesting problem [9] [10] [11] [12] [13]. In this study, we also con-
sider the dual-channel retailer’s risk aversion into the decision framework in the 
customer return situation. Since traditional risk measurement methods cannot 
accurately measure the risk characteristics of decision-makers [7]. Therefore, the 
CVaR criterion is proposed to measure the degree of risk, which is considered to 
be superior to the risk value (VaR) because of its consistent measurement of risk 
and subadditivity [14]. CVaR has some attractive characteristics, such as consis-
tency and convexity, which makes it more suitable for widely used in risk man-
agement measures than VaR [15]. In addition, CVaR has been extensively used 
to coordinate the dual-channel supply chain due to this it would be helpful to 
achieve a balance between expected profit and risk [7]. 

The contract mechanism is a common supply chain coordination method [7]. 
Supply chain coordination can be achieved through a certain contract, which 
can make the optimal decision of the decentralized supply chain equal to the 
optimal decision of the centralized supply chain [12]. Return policy is one of 
the most popular supply chain coordination strategies that had been studied 
extensively [6] [7] [12] [16] [17]. Related researches showed that traditional 
contracts, such as revenue sharing contract, buy-back contract, and wholesale 
price contract, cannot fully coordinate the dual-channel supply chain [7]. Then, 
how to coordinate the dual-channel supply chain becomes more challenging 
when considering risk preference and consumer return. 

Research on the coordination of a dual channel supply chain with consumers’ 
return focuses mainly on single channel companies. However, we analyze the 
decision making of the dual channel setting. This study considers the coordina-
tion of a dual-channel supply chain in which the risk-averse retailer adopts a 
dual-channel sales model and a full return strategy when the market demand is 
uncertain, assuming that the supplier is risk-neutral. Whereas customers 
purchase dual channel may or may not return misfit items depending on the 
firm’s return policy. Keeping with the practices of most dual channel firms, the 
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firm sets identical prices across its channels and allows free returns to its chan-
nel. 

Our work is most closely related to Li et al. [10]. However, there are several 
significant differences between the two articles. The first is the background to 
the problem, Li et al. [18] assumed that the supplier with the direct channel is 
risk-neutral and his retailer is risk-averse, while we evaluate that the manufac-
turers sell their products at wholesale prices to risk averse dual channel retailers, 
which operate independently of each channel. The second is that we consider the 
retailer’s risk preference and the return of consumers. In addition, we tempted 
to discuss the impact of channel return rate on the optimal price and order 
quantity of each channel and the overall benefits of the supply chain, and whether it 
is conducive to the overall development of the channel and the supply chain? 
Further, we explore the impact of the retailer’s risk indicator and consumer re-
turns rate on the optimal retail price, the ordering quantities, the profits of dual 
channels, and the overall profits of the supply chain. Similarly, from the improved 
risk-sharing contract in Li et al. [10], we design a new improved risk-sharing 
contract that coordinates the dual-channel supply chain and enables a win-win 
outcome for both the supplier and the retailer. Therefore, we do believe that the 
research in this study contributes to enrich the literature on risk-averse behavior 
and dual-channel supply coordination under consumer returns. 

The rest of this paper is organized as follows. Section 2 is a related literature 
review. Section 3 presents a description of the problem. Section 4 introduces the 
decentralized optimal decision models when the retailer is risk-neutral and risk 
aversion and the concentrated optimal decision models when the retailer is risk 
aversion. Section 5 proposes an improved risk-sharing contract to coordinate a 
dual-channel supply chain. Section 6 provides numerical experiments, and Sec-
tion 7 concludes. All proofs of propositions proposed in this paper are presented 
in Appendix A. 

2. Literature Review 

Many scholars have examined a refund policy in the study of consumer returns, 
and the return policy is exogenously identified as a full refund or Money Back 
Guarantee (MBG) [5] [8] [19] [20] [21]. Some researchers have compared the op-
erating performance of a system without a refund policy and a system with a full 
refund policy or partial refund policy [8] [21] [22] [23] [24]. Most of the findings 
about consumer returns had focused on optimal decision and profit, such as Hsiao 
and Chen [25] found that the optimal refund policy may exceed the full price of 
the product. Additionally, Chen and Bell [26] and Su [23] had reported that the 
full refund policy is not the optimal strategy because it overwhelms the retailing 
system. Whereas, Chen and Zhang [22] founded the full refund strategy may be 
optimal when it has the competitors. Hu et al. [27] and Su [23] claimed that the 
optimal refund policy depends on the value of the refunded product. According 
to Li et al. [28], retailers should provide a lenient return policy with low quality 
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and a low price or strict return policy with high quality and high price. Their 
choice depends on the customer’s sensitivity to price, return policy, and quality.  

With the in-depth study of customer return policy in operation management, 
scholars began to pay attention to know how customer returns affect the order, 
pricing, and supply chain coordination decision-making. For example, McWil-
liams [29] explored a competitive environment between high- and low-quality 
retailers where consumers are fully informed and risk-neutral, and retailers real-
ize a salvage value for returned products and concluded that a full refund and 
return policy would benefit inferior retailers. Wang et al. [30] examined the im-
pact of customer returns and bidirectional option contracts on a newspaper 
companies refund price and order decision. Xu et al. [31] investigated the effect 
of customer returns on customer behavior, retailer pricing, and ordering deci-
sions. Batarfi et al. [32] revealed the influence of different return policies, in-
cluding full, partial, and no refund policies on the order and pricing of the 
dual-channel supply chain, and found that generous return policies will result in 
higher selling prices and chain-wide profits. Lantz and Hjort [33] and Pei et al. 
[34] pointed out that the full return policies can enhance the consumers’ pur-
chase willingness and may increase market demand.  

Several other investigations have considered customer returns in dual-channel 
retailing systems. Widodo et al. [35] [36] researched on both Nash and Stackel-
berg competitions between a retailer’s physical and online channels considering 
customer returns. Further, they found that online customers were allowed to re-
turn products to the online store (a same-channel return) or the physical store (a 
cross-channel return). Radhi and Zhang [37] studied both same-channel and 
cross-channel returns encountered by a dual-channel retailer because it analyzes 
the effect that such returns have on optimal prices. Radhi and Zhang [38] ana-
lyzed the different same- and cross-channel resalable return policies and their 
impact on the optimal order quantities of the dual-channel retailer. However, 
this academic research has not addressed the risk aversion of the dual-channel 
retailer and not coordinated the supply chain with risk-averse retailers imple-
ment a full refund policy. 

In recent years, cooperation and coordination in the supply chain have re-
ceived great attention aroused. Contracts with various coordination mechanisms 
have been widely disseminated in supply chain coordination, for example, price 
discount contract [39], two-part tariff or a profit-sharing contract [40], two-way 
revenue sharing contract ([12] [41]), a two-part tariff contract ([42] [43]), reve-
nue sharing contract ([44]). Studies on contracts that provide insights on how to 
coordinate a dual-channel supply chain are limited. Under the assumption of 
demand uncertainty and fixed prices in the retail channel and the direct channel, 
Boyaci [45] considered the uncertainty of demand and the price consistency be-
tween the retail channel and the manufacturer wholly-owned channel. They 
further founded wholesale price only, buyback, revenue-sharing, and Vendor 
Managed Inventory (VMI) contracts that cannot coordinate the dual-supply 
chain with inventory decisions. Xu et al. [12] proposed a contract (the two-way 
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revenue sharing contract) in which they demonstrated by coordinating the 
dual-channel supply chain with risk-averse. Zhang et al. [46], Xu et al. [47], Zhu 
et al. [7] also studied the coordination of dual-channel supply chain under the 
stochastic customer demand. Cai [48] investigated the influence of channel 
structures and channel coordination on the supplier, the retailer, and the entire 
supply chain in the context of two single-channel and two dual-channel supply 
chains. Zhang et al. [49] designed a revenue sharing-contract to encourage the 
retailers to strive to recover waste products and proved the effectiveness of 
coordination mechanisms in alleviating retail price competition and improving 
the total profit of dual-channel closed-loop supply chain compared with the 
non-coordination model.  

As seen from the related literature and to the best of authors’ knowledge, no 
study has investigated the coordination of a dual-channel supply chain in which 
the retailer has risk-averse behavior under uncertainties of market demand and 
customers return unsuitable products. This study contributes to the literature in 
several aspects. First, we design a new improved risk-sharing contract that coor-
dinates the dual-channel supply chain and enables a win-win outcome for both 
the supplier and the retailer. Second, we tempted to analyze the effects of cus-
tomer return rate and retailer’s risk-averse coefficient on the dual-channel 
supply chain. Third, this study contributes to the growing literature in the area 
by considering risk-averse behavior under uncertainties of market demand and 
customer returns. 

3. Description of the Problem 

This study describes the coordination of a dual-channel supply chain involving 
risk-neutral manufacturers and risk-averse retailers under consumer returns, in 
which the manufacturer is the leader of the supply chain who sells product to 
retailers at wholesale price w. We assume that the manufacturer’s unit produc-
tion cost is c, which is generally simplified to 0. The retailer will sell products to 
consumers through the online channel and the traditional retailer channel at the 
same prices po and pr, respectively, the surplus value of the products at the end of 
the sales season is zero. At the same time, the dual channels are independent of 
each other, and there is only one ordering opportunity before the sales season. 

The parameters are defined as follows: 
 

r or o Represent the traditional retail channel and the online channel, respectively. 

D Refers the primary market demand (i.e., the potential demand if the goods are free of charge). 

iD  Presents the demand from the traditional retail channel or the online channel ( i r=  or o), 

iq  Describes the retailer’s order quantity to the supplier at the beginning of the sales period 
( i r=  or o). 

ia  Represents the self-price sensitivity of channels ( i r=  or o). 

iσ
 Refers the cross-channel price sensitivity of channels ( i r=  or o). 

θ  
Presents the degree of customer acceptance in the traditional retailer channel, correspondingly, 
1 θ−  represents the degree of customer acceptance in the online retailer channel. 
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According to Huang and Swaminathan [50], Chen et al. [40], the correspond-
ing demand function for the retailer channel r and the online channel o are as 
follows: 

 r r r r oD D a p pθ σ= − +                       (1) 

 ( )1o o o o rD D a p pθ σ= − − +                     (2) 

We assume i ia σ> , where signifies that the effect of the cross-channel price 
is lower that of the self-channel price [51]. The actual demand is often stochastic; 
we assume that the uncertain demand D  is a random variable, as follows: 
D D x= + . Here, D is the initial potential demand and x is a random number 
that reflects the degree of demand uncertainty. Its probability density function 
and cumulative distribution function are ( )f x  and ( )F x , respectively. For 
the convenience of calculation, we assume that x follows a uniform distribution 
on [ ],U U− , 0 U D≤ ≤  and D U≥ . 

Referring to Kevin [52] and Li et al. ([10] [18]), the price is assumed to be 
identical across channels. Cavallo [53] finds that 70% of retailers have identical 
pricing across channels, even more so (92%) for clothing products, and that dif-
ferences, if any, are negligible. Thus, we adopt the same assumption that the 
price for two channels is consistent in the following, namely r op p p= = . It can 
also be explained that in the competition with online retailers, traditional retail-
ers are leaders who decide the retail price of products, and online channels fol-
low the same price. Consequently, the demand functions under this pricing 
strategy can be written as: 

 1rD D r pθ= −                           (3) 

 ( ) 21oD D r pθ= − −                         (4) 

where 1 r rr a σ= − , 2 o or a σ= − , 2 1r r> . They are the self-channel price sensi-
tivity on the two channels. Without losing generality, we assume p w≥  to 
avoid a trivial case. 

Moreover, the number of customer returns has a strong positive linear rela-
tionship with the quantity sold which is proved by the results of Anderson et al. 
[54] and Hess and Mayhew [55]. Vlachos and Dekker [3] have also assumed 
customer returns were a fixed proportion of quantity sold. Thus, we adopt the same 
assumption on the customer returns for the dual-channel in the following, that 
returns function is ( ) { }, min ,i i i i i iR D q D qβ=  ( i r=  or o), where 0 1iβ< <  
is the return rate in dual channel, 0iβ =  corresponds to the case of no product 
returns. We also assume that the customer receives a full refund for a returned 
product from the retailers and the return rate of the online channel is higher 
than the traditional channel, that is o rβ β> . The framework of the dual-channel 
supply chain is shown in Figure 1. 

Further, risk measurement methods include the mean-variance method, the 
VaR method, and the CVaR method. Wu et al. [9] showed that CVaR had ad-
vantages than the mean-variance method and the Value-at-Risk in both theory 
and application. So, we adopt the CVaR method as the measure of a retailer’s  
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Figure 1. Framework of dual channel supply chain. 

 
risk. To clearly demonstrate the retailer’s risk aversion affects the channel mem-
bers’ strategies, we consider two cases: 1) the retailers are risk-neutral and 2) the 
retailers are risk-averse under the CVaR criterion. 

4. The Decentralized Optimal Decision Model 

In the following, we suppose that the three agents play a Stackelberg game in a 
dual-channel supply chain, i.e., first, the supplier acts as the leader, decides the 
wholesale price w. After observing the supplier’s decisions, the traditional retail-
er acts as decider for optimal order quantity and optimal pricing. Afterwards, 
the online retailer observes the traditional retailer’s optimal pricing and decides 
the optimal order quantity. 

4.1. The Equilibrium Solutions under the Risk-Neutral 

Let’s consider the d
rπ , d

oπ  and d
mπ  to be the profit function of the traditional 

retailer, the online retailer and the supplier under the decentralized model. So, 
they are as following: 

 { }min ,d
r r r r ip q D wq pRπ = − −                   (5) 

 { }min ,d
o o o o op q D wq pRπ = − −                   (6) 

 ( )d
m r ow q qπ = +                          (7) 

According to { } ( )min ,i i i i iq D q q D += − − , ( ) { }max ,0i i i iq D q D+− = − , 
i r=  or o, we can obtain: 

 ( )( ) ( ) ( )1 1d
r r r r r rp w q p q Dπ β β += − − − − −            (8) 

 ( )( ) ( ) ( )1 1d
o o o o o op w q p q Dπ β β += − − − − −            (9) 

Then, we can obtain the following proposition 1. 
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Proposition 1: When the condition 3D U>  is satisfied, there exists a unique 
equilibrium solution ( *d

rq , *dp , *d
oq , *dw ) under the Stackelberg model. 

1) The risk-neutral traditional retailer’s optimal order quantity and optimal 
pricing are noted *d

rq  and *dp  satisfies the following equation 

 ( )
( )

*
* *

1 *

2
1

d
d d
r d

r

U wq U D r p
p

θθ
β

= + − −
−

                (10) 

( ) ( ) ( )2 2*3 * *2 *2 *2
1 12 1 1 1 0d d d d d

r r rr p r w p D p Uwβ β θ β θ− − − − − + =   (11) 

2) The risk-neutral online retailer’s optimal order quantity is 

 ( )( ) ( )
( )

*
* *

2 *

2 1
1

1

d
d d
o d

o

U w
q U D r p

p
θ

θ
β
−

= + − − −
−

            (12) 

3) The supplier’s optimal wholesale price satisfies the following equation: 

 
( )

( )
( )

**
* *

1 2 * *

4 14 0
1 1

dd
d d

d d
r o

U wU wU D r p r p
p p

θθ
β β

−
+ − − − − =

− −
       (13) 

The proof is given in Appendix 1. 
Next, we use the CVaR measures to explore the impact of retailer’s risk-averse 

on decision-making. 

4.2. The Equilibrium Solutions under the Conditional  
Value-at-Risk Criterion 

Reference to Li et al. [10] and Rockafellar and Uryasev [14], the CVAR of a tra-
ditional retailer can be expressed as: 

( ) ( )

( )1max min ,0

c c d
r r r

c
v r

CVaR E v

v E v

η ηπ π π

π
η∈

 = ≤

  = + −  



 





 

Similarly, η  is the retailer’s risk indicator and v is the target profit lever. 
This formula can measure the average profit below the level of η -quantile level, 
ignores the profit contribution beyond the prescribed quantile. 

That is: 

( )

( )( ) ( ) ( )( )1max min 1 1 ,0

c
r

v r r r r r

CVaR

v E p w q p q D v

η π

β β
η

+
∈

  = + − − − − − −    


 (14) 

According to Li et al. [10], we simplify formula (14) to obtain the following: 

 ( )

( ) ( ) ( )

( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

( )

1

1

1
1

1 2
1

1
1

1
1 d    

                      if

1
1 1 1 d

                      if

rq r p
Dr

r r r U

rc
r

Fr
r r r r U

r

p
p q wq F x x

q D R P F
CVaR

p
p F p D r p wq F x x

q D R P F

θ

η

η

β θ
β

η
θ θ η

π
β θ

β θ η β θ β
η

θ θ η

−

+
−

−

−

−

−

−

−
− − −


 ≤ − += 

− − + − − − − −

 > − +

∫

∫
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This simplification and analysis process is given in Appendix 2. 
If ( )1

1rq D r p Fθ θ η−> − + , 

( ) ( ) ( ) ( ) ( )
( ) ( ) ( )

1

1 2
11 1 1

1
d

c
r r r r

Fr
r U

CVaR p F p D r p

p
wq F x x

η

η

π β θ η β θ β

β θ
η

−

−

−

= − + − − −

−
− − ∫

 

Because 
( )

0
c
r

r

CVaR
w

q

η π∂
= − <

∂
, so can be obtained ( )* 1

1rq D r p Fθ θ η−= − + .  

Obviously, this is also the boundary of the first case, so we only study the first 
case.  

That is, when ( )1
1rq D R P Fθ θ η−> − + , 

( ) ( )( ) ( ) ( )
11

1 d
rq r p

Drc
r r r U

p
CVaR p w q F x xη θ

β θ
π β

η

+
−

−

−
= − − − ∫  

Similarly, the profit function of online retailers is 

( ) ( )( ) ( ) ( ) ( )
1

1
1 1

1 d
rq r p

Doc
o o o U

p
CVaR p w q F x xη θ

β θ
π β

η

+
−

−
−

− −
= − − − ∫  

According to the above analysis, the decision-making problem of each mem-
ber of the supply chain becomes: 

 ( )c
m r ow q qπ = +                         (15) 

( ) ( )( ) ( ) ( )
1

,

1
max 1 d

r

r

q r p
Drc

q p r r r U

p
CVaR p w q F x xη θ

β θ
π β

η

+
−

−

−
= − − − ∫  (16) 

( ) ( )( ) ( ) ( ) ( )
2

1
1 1

max 1 d
o

o

q r p
Doc

q o o o U

p
CVaR p w q F x xη θ

β θ
π β

η

+
−

−
−

− −
= − − − ∫  (17) 

Proposition 2: Under the Condition Value-at-Risk criterion, if the demand 
uncertainty x obeys the uniform distribution of [ ],U U− , there is a unique equi-
librium solution ( *c

rq , *cp , *c
oq , *cw ) under the Stackelberg model.  

1) The traditional retailer’s optimal order quantity and optimal pricing are 
noted *c

rq  and *cp  satisfies the following equation: 

 ( )
( )( )
( )

* *
* *

1 *

2 1

1

c c
rc c

r c
r

U p w
q D U r p

p

θη β
θ

β

− −
= − − +

−
          (18) 

( ) ( )
( )( ) ( )

2*3 * *2
1 1

2*2 *2

2 1 2 1

1 1 0

c c c
r r

c c
r

r p r w p

D U p U w

β β

η θ β θ η

− − −

− − − − + =
           (19) 

2) The risk-neutral online retailer’s optimal order quantity is: 

 ( )( )
( ) ( )( )

( )

* *
* *

2 *

2 1 1
1

1

c c
oc c

o c
o

u p w
q D U r p

p

η θ β
θ

β

− − −
= − − − +

−
     (20) 

3) The supplier’s optimal wholesale price satisfies the following equation: 

 
( )

( )
( )

**
* *

1 2 * *

4 142 0
1 1

cc
c c

c d
r o

U wU wU D r p r p U
p p

η θηθη
β β

−
+ − − + − − =

− −
   (21) 

https://doi.org/10.4236/jmf.2021.111003


A. F. Zhang et al. 
 

 

DOI: 10.4236/jmf.2021.111003 57 Journal of Mathematical Finance 
 

The proof is given in Appendix 3. 
At this time, the optimal profit of the physical channel and the online channel 

are as follows: 

 
( ) ( )( ) ( )

( )

* * *
1

2
*

1

1

2
1

c c c
r r

c

r

p D U r p U w D U

U wr p U w
p

π β θ ηθ θ

ηθηθ
β

= − − − + − −

+ − +
−

      (22) 

 
( )( )( ) ( )

( )( ) ( ) ( )
( )

* * *2
2

2
*

2 *

1 1 1

1
1 2 1

1

c c c
o o o

c
c

o

D U U p r p

U w
D U w r p w U w

p

π β θ η β

η θ
θ η θ

β

= − − − + − −

−
− − − + − − +

−

  (23) 

Accordingly, the total optimal profit of the supply chain is 

 ( )* * * *c c c c
sc r ow q qΠ = +                      (24) 

Proposition 3: Under the CVaR criterion, the following properties are satis-
fied. 

1) *cp  increase as the rate return of physical channel rβ  increase, 
2) *c

rq  decrease as rβ  increase, 
3) *c

rπ  decrease as rβ  increase, 
4) *c

oq  is negatively correlated with oβ , 
5) *c

oπ  is negatively correlated to oβ . 
The proof is given in Appendix 4. 
Proposition 3 explains that the rate return of physical channel affects the op-

timal price and demand of physical channels. Furthermore, the rate return of 
physical channel rβ  tends to 0, the optimal profit of physical channels will in-
crease. The effect of the return rate of the online channel on the online channel 
is similar to the above. In general, channels increase their retail price to make up 
for the losses caused by customer returns, resulting in a reduction in channel 
demand and a corresponding decrease in channel profits. 

Proposition 4: Under the CVaR criterion, when the condition 
( )

1

2 2 1
r
r

θ
θ

>
−

 

and ( ) ( )* *

1

1
1 co

o os q p w
r
β

β
−

> − −  are satisfied, the following properties are sa-

tisfied. 
With the increase of the retailer’s risk-averse level η  in [ ]0,1 , the optimal 

pricing *cp  and the optimal order quantity *c
rq , *c

oq  and the optimal profit 
of dual channel *c

rπ , *c
oπ  and the total optimal profit of the supply chain in-

crease monotonically. 

Where, ( ) ( )( ) ( )
( )

2
* *

2 2 *2
1

1
c

o c
r

U w
s q D U U r p

p

η θ
η θ

β

−
= − + − − −

−
, this is also the 

expected sales volume of online channels. 
The proof is given in Appendix 5. 
Proposition 4 indicates that the optimal retail pricing, order quantity and 

profits depend on its risk-averse. With the channels risk-averse level η  in-
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creases, the retailer has an optimistic attitude towards the market, the traditional 
physical retailer will raise the retail price and dual channel will increase the order 
quantity accordingly. At the same time, the optimal profits of each channel are 
also increasing. Suppliers also get benefit from retailers’ positive attitude, which 
increases their operating profit. Then, the retailer risk-averse η  can increase 
the total profit of the supply chain. The degree of risk aversion of retailers affects 
the degree of damage to the interests of all members of the supply chain. 

4.3. The Centralized Optimal Decision Model 

In the centralized supply chain, the supply chain decides the optimal retail price 
and dual channel’s order quantity at the same time. Under centralized decisions, 
the profit function of the supply chain is as follow: 

 

( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )

1

2

, ,

1

max

1
1 d

1 1
1 d

r o

r

o

p q q sc m r o

q r p
Dr

r r U

q r p
Do

o o U

CVaR CVaR

p
pq F x x

p
pq F x x

η η

θ

θ

π π π

β θ
β

η
β θ

β
η

+
−

−

+
−

−
−

Π = + +

−
= − −

− −
+ − −

∫

∫

   (25) 

with the formula (22), we have the following result: 
Proposition 5: There exists a unique equilibrium solution of optimal retail 

prices and dual channel’s optimal order quantity ( )* * *, ,r op q q  under centralized 
decision mode. 

( ) ( ) ( )( )( )
( ) ( )

*

1 2

1 1 1
2 1 2 1

r o

r o

D U U
p

r r
η β θ β θ

β β

− + − + − −
=

− + −
 

( )* *
1 2rq D U r p Uθ ηθ= − − +  

( )( ) ( )* *
21 2 1oq D U r p Uθ η θ= − − − + −  

The proof is given in Appendix 6. 
From the above analysis, the optimal profit function of the whole supply chain 

to be rewritten as follows: 

 ( ) ( ) ( ) ( )* * * * *1 1sc r r o op s q p s qβ βΠ = − + −             (26) 

where, ( ) ( )* *
1rs q D U U r pη θ= − + − , ( ) ( )( )* *

21os q D U U r pη θ= − + − − . 
Proposition 6: In the centralized situation, the following properties are satis-

fied. 

When the coordination 
( )

( )
( ) ( )

1

2

3 1 1
max , 1

4 1 4 1 2 1 1
o o

r r

r
r

β βθ θ
θ β β θ

 − −  > − −  − − − −   
  

is stratified, the optimal retail price *p  and order quantity *
rq , *

oq  of dual 
channel and the optimal profit of the supply chain *

scΠ  increase monotonically 
as the retailer’s risk-averse level η  increase in [ ]0,1 . 

The proof is given in Appendix 7. 
Proposition 6 shows that the optimal strategy of the dual-channel supply 

chain is closely related to the risk preference behavior of the retailer’s dual 
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channel. When the retailer’s risk-averse indicator η  tends to 1, it means that 
the retailer has a positive and optimistic attitude towards the market, thereby 
increasing the number of orders and the retail price, and the total profit of the 
supply chain is also improved. Therefore, manufacturers should mitigate the re-
tailers’ risk-averse behavior to improve their own and total supply chain operat-
ing performance and increase operating profits. 

Proposition 7: In the centralized situation, the following properties are satis-
fied.  

1) the optimal retail price *p  and the optimal profit of the supply chain *
scΠ  

decrease monotonically as the physical channel’s customer returns rate rβ  
increase in ( )0,1 , but the optimal order quantity *c

rq  increases monotonically 
as it increases. 

2) the optimal retail price *p  increase monotonically as the online channel’s 
customer returns rate oβ  increases in ( )0,1 , but the optimal order quantity 

*c
rq  and the optimal profit of the supply chain *

scΠ  decrease monotonically as 
it increases.  

The proof is given in Appendix 8. 
Proposition 7 indicates that the optimal retail price *p  will be significantly 

affected by the consumer returns rate of dual channels. When the physical 
channel’s return rate increases, it will force the retailer to reduce the retail prices 
to attract more consumers and to make up for the losses caused by returns. But 
when the online channel’s return rate increases, the physical channel as the deci-
sion-maker of the retail price will increase the optimal retail price. Therefore, 
with the customer returns rate of physical channels increases, its optimal order 
quantity gradually increases. However, with the customer return rate of online 
channels increases, its optimal order quantity gradually decreases. From the 
perspective of operation, the consumer returns behavior must damage the re-
tailer’s profit. Proposition 7 also verifies the correctness of this conclusion.  

Corollary 1: The decentralized optimal pricing is not equal to the optimal 
pricing under the centralized decision-making, that is * *cp p≠ , the profit of the 
supply chain in the decentralized situation will deviate from the optimal profit in 
the centralized situation. 

The proof is given in Appendix 9. 
Corollary 1 expatiates that the overall optimal profit of the supply chain under 

decentralized decision-making is still lower than that under centralized deci-
sion-making. As we know, decentralized decision-making reduces the overall ef-
ficiency of the supply chain. Next, we design a new contract to improve the 
overall performance of the supply chain and increase the profits of its members. 

5. An Improved Risk-Sharing Contract 

Referring to Li et al. (2016) we propose an improved risk-sharing contract to 
coordinate the supply chain and to achieve the improved operation performance 
of the supply chain under centralized decision-making and achieve Pareto im-
provement of each member. This contract is composed of wholesale price con-
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tract, revenue-sharing contract and risk-return contract, and use ( ), ,w bλ  ex-
presses it, where w is the wholesale price of the supplier, λ  is the retailer’s rev-
enue-sharing ratio and b is the ratio of supplier’s repurchase to retailer’s ex-
pected surplus inventory. Thus the profit functions of the supplier and two 
channels of retailer are, respectively: 

 

( ) ( ) ( )( ) ( )

( )( ) ( )

( ) ( ) ( )

1

2

21

1 2 1 2 1

1
2

21 1

, , , 1 1 d
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d d
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q r p
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m r o r r U
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o o U

q r pq r p
D D

U U

b b w q q p q F x x

p q F x x

bb F x x F x x

θ

θ

θ θ

θπ λ λ λ β
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η η

+
−

−

+
−

−
−

++
− −

−
− −

 
= + + − − − 

 
 −

+ − − − 
 

−
− −

∫

∫

∫ ∫

 (27) 

 
( )( ) ( ) ( )
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1

1

1 1 1

1

, 1 d

d

r
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q r p
Ds

r r r U

q r p
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rU

CVaR b p q F x x

b F x x wq

η θ

θ

θπ λ λ β
η

θ
η

+
−

−

+
−

−

 
= − − 

 

+ −

∫

∫
          (28) 
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( ) ( )

2

2

1
2 2 2

2 1

1, 1 d

1
d

o

o

q r p
Ds

o o o U

q r p
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oU

CVaR b p q F x x

b
F x x wq

η θ

θ

θπ λ λ β
η

θ
η

+
−

−
−

+
−

−
−

 −
= − − 

 
−

+ −

∫

∫
       (29) 

Proposition 8: When the condition 
( )

( )2
1 1

1

2

1 r

Ur bD
η

λ β θ η

+
> +

+
 is satisfied,  

there exists a unique equilibrium solution of the retail price and dual channel’s 
optimal order quantity and optimal wholesale price ( )* * * *, , ,s s s s

r op q q w  when the 
supply chain adopts this contract. 

1) The optimal retail price *sp  satisfies the formula 

( ) ( )
*2

* 1
1 2

1

2 2 0
1

s
s

r

r wUA AD U r p U
BB

θηθ ηθ
λ β

− − − + + =
−

 

2) The traditional retailer’s optimal order quantity satisfies the following equ-
ation 

( )( )
( )

( )
* *

1* *
1*

1 1

1 2

1

s s
rs s

r s
r

p w U
q D U r p

p b

λ β ηθ
θ

λ β

− −
= + − −

− −
 

3) The online retailer’s optimal order quantity satisfies the following equation 

( )( ) ( )
( )

( )( )
* *

2* *
2*

2 2

1 2 1
1

1

s s
os s

o s
o

p w U
q D U r p

p b

λ β η θ
θ

λ β

− − −
= + − − −

− −
 

4) The supplier’s optimal wholesale price satisfies the following equation: 

( )
( ) ( )

( )
( )

( ) ( )
( )

* *
1* *

1 2 * *
1 1 1

**
2

* *
2 2 2

2 1 4
1 1

2 1 14 1
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s s
rs s

s s
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o o

U p U wD U r p r p
p b p b

U pU w
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ηθλ β ηθ
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η θ λ βη θ
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where, ( ) * *
1 1 s s

rA p wλ β= − − , ( ) *
1 11 s

rB p bλ β= − − . 
The proof is given in Appendix 10. 
Proposition 9: Under an improved risk-sharing contract, if 1 2w b b b= = =  

and θ θ< , then * *sp p= , * *s
r rq q= , * *s

o oq q= . At this point, the total profit of 
the supply chain is equal to that in the centralized situation. 

Where,  

( )( )
( ) ( )( ) ( )( ) ( )( )(

( ) ( ) ( )( ) )
1 1

1 1 2

2
1 2 1 1

1
1 1 1 1

2 1 2 1

1 2 1 1 ,

r
o r

r o

r o r

D U U
b r

r r r

r r r

β η
β θ λ β

β β

β β λ β θ

− − +
= − − + −

− + −

− − + − − −

 

( ) ( )( )
( ) ( )( ) ( ) ( )

1 1
2

1 1 1 2 1 1

1 1 1
.

1 1 1 1 2 1 1
o r

r o r o o r

r

r r r r

β λ β
θ

β β λ β β β λ β

− + −
=

− + − + − − + − − −
 

According to * *s
r rq q=  and * *s

o oq q=  we can get 1 2w b b b= = = . Then bring 
*p  into the equation  

( ) ( )( )* 1
1 11 1 2 0

1r
r

A A r wD U r p U U
B B

θ λ β θη ηθ
β

− − + − − + − + =
−

 can get b. 

Proposition 9 shows that the improved risk-sharing contract achieves the 
coordination of the two-channel supply chain. When the condition θ θ<  is 
satisfied, for any ( )1 0,1λ ∈ , the b is always nonnegative. This phenomenon illu-
strates that no matter how much profit the retailer shares with the supplier, the 
manufacturer must bear the retailer’s loss caused by the risk aversion and it is 
worth noting that manufacturers bear the same proportion of double channel 
losses. This seems contrary to common sense, but the careful study is consistent 
with reality because we assume that the risk aversion of dual channels is the 
same, the resulting losses are directly related to this. So there is a phenomenon 
that suppliers share the same proportion of revenue to the dual channels. 

This condition θ θ<  indicates that only when the market share of tradi-
tional physical channels is low, the traditional physical channels would like to 
accept this contract. Otherwise, when 1θ θ< < , there is 1 2 0w b b= = < , this 
contract is unable to achieve the coordination of the dual-channel supply chain 
because the supplier will not accept this contract. But in the early stage of sup-
plier development, if he wants retailers to help him to develop the market, this 
contract may be accepted by him and achieve the dual-channel supply chain 
coordination. 

6. Numerical Examples 

In this section, we do use numerical simulation to verify the validity and reliabil-
ity of the above model. We first examine the effect of the improved risk-sharing 
contract by comparing the equilibrium solutions of centralized supply chains 
and the decentralized supply chains with the improved risk-sharing contract, we 
can get the following Corollary 2. 

Corollary 2: Under the improved risk-sharing contract, there exists a group 
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of { }* * *
1 2, ,bλ λ  to make members of the supply chain gain a win-win outcome. 

In other words, there are regions that satisfy the following conditions 

( )( ) ( )* * * *
1 1,s c

r rCVaR b CVaRη ηπ λ π> , ( )( ) ( )* * * *
2 2,s c

o oCVaR b CVaRη ηπ λ π>   

and ( )* * * * *
1 2 1 2, , ,s c

m mb bπ λ λ π> . 

where ( )( )* * *
1 1,s

rCVaR bη π λ , ( )( )* * *
2 2,s

oCVaR bη π λ , ( )* * * *
1 2 1 2, , ,s

m b bπ λ λ  shows 
the optimal profit of dual channels retailer and the supplier under the improved 
risk-sharing contract. Similarly, ( )*c

rCVaRη π , ( )*c
oCVaRη π  and *c

mπ  represents 
the optimal profit of dual channels retailer and the supplier under the decentra-
lized situation (Figure 2). From Figure 2, we can see that there is a Pareto zone 
with the share proportions 1λ  and 2λ . This contract achieves the perfect coor-
dination of the supply chain and can make a win-win outcome for everyone. 
Because more than one set of { }* * * *

1 2 1 2, , ,b bλ λ  achieving perfect coordination, 
the bargaining power among members determines the profit distribution among 
them. It is equivalent to determining the specific coordination parameter values 
of { }* * * *

1 2 1 2, , ,b bλ λ . According to Li et al. (2016), we assume that other parameter 
values are 25U = , 100D = , 1 0.8r = , 2 1r = , 0.3θ = , 0.8η = , 0.2rβ = , 

0.3oβ = .  
Next, we will analyze the impact of the physical channel customer’s returns rate 

rβ  on the optimal profit of the supply chain *c
scΠ . Let 100U = , 600D = , 

1 0.8r = , 2 1r = , 0.35oβ = , 15w = . It considers three cases as follows: 1) 
0.6θ = , 0.8η =  2) 0.7θ = , 0.8η =  3) 0.6θ = , 0.9η = , the specific results 

are shown in Figure 3. 
From Figure 3, it can see that *c

scΠ  decrease as the physical channel customer 
returns rate rβ  increase under three cases. This means that the customer returns  
 

 
Figure 2. The agents’ profits change with respect to the share proportions 1λ  and 2λ . 
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Figure 3. the impacts of the physical channel customer’s return rate rβ  on *c
scΠ . 

 
damages the interests of the supply chain. Therefore, retailers should actively 
look for the reasons for consumers’ return and draft the corresponding solutions 
to reduce the return rate and to increase the operating efficiency of themselves 
and the supply chain and increase the operating profit. 

Similarly, we do discuss the impact of the online channel customer returns 
rate oβ  on the optimal profit of the supply chain below. *c

scΠ . Let 100U = , 
600D = , 1 0.8r = , 2 1r = , 0.2rβ = . It considers three cases as follows: 1) 
0.6θ = , 0.6θ =  2) 0.55θ = , 0.8η =  3) 0.6θ = , 0.9η = . The results are 

shown in Figure 4. 
From Figure 4, it can see that *c

scΠ  decrease as the physical channel custom-
ers’ return rate oβ  increase under three cases. The return behavior of consum-
ers is unfavorable to each member of the supply chain. The retailers should 
carefully analyze the main reasons for consumer returns in various channels and 
strive to reduce the return rate to achieve the purpose of increasing the competi-
tiveness of the supply chain and improving the operational efficiency of the 
supply chain. 

Then, we do analyze the impact of the retailer’s risk-averse level η  on the 
equilibriums solutions *cp , *c

rq , *c
rπ , *c

oq , *c
oπ , *c

scΠ . Let 100D = , 2 1r = , 
0.1rβ = , 0.2oβ = , 13w = . It considers three cases as follows: 1) 25U = , 

0.5θ = , 1 0.8r =  2) 25U = , 0.5θ = , 1 1r =  3) 15U = , 0.53θ = , 1 0.8r = . 
The specific results are shown in Figures 5-7. 

The influence of risk aversion level on the optimal profit of online channels is 
also closely related to other parameters. From Figure 5, as the retailer’s risk 
aversion is reduced (η  increase), the optimal retail price of the dual channel 
will increase accordingly. By comparing case 1 and case 2, we can see that as the 
price sensitivity of physical channel increases, the optimal retail price will decrease. 
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Figure 4. the impacts of the physical channel customer’s return rate oβ  on *c
scΠ . 

 

 
Figure 5. The impact of the retailer’s risk-averse level on the optimal pricing *cp . 

 
It explains that when the price sensitivity of consumers to the physical channel 
increases, retailers will reduce the retail price to attract more consumers. 

From Figure 6, as the retailer’s risk aversion is reduced (η  increase), the op-
timal order quantity of two channels will increase accordingly. The retailer’s 
risk-averse parameter η  increase means that it has enough confidence in the 
market’s prospects, so it will increase its order volume, thereby avoiding the loss 
of customers caused by shortages. 
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Figure 6. The impact of the retailer’s risk-averse level on the optimal order quantity *c
rq  and *c

oq . 
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Figure 7. The impact of the retailer’s risk-averse level on *c
rπ  and *c

oπ  and *c
scΠ . 

 
With the risk-averse indicator η  increasing, the physical channel, the online 
channel, and supply chain will get benefit from it. Therefore, manufacturers 
should take a series of measures to mitigate the risk aversion of retailers to im-
prove the overall operational efficiency of the supply chain and increase the op-
erating profits. 

7. Conclusion 

In this study, we investigated a distribution channel that includes a risk-neutral 
manufacturer and a risk-averse retailer who implements the dual-channel sales 
model. We have concluded that they play a Stackelberg game and both face un-
certain market demand. Through analysis, we solved the equilibrium solution 
and proposed a contract that can coordinate the supply chain. Propositions and 
numerical analysis indicated our conclusions and further explored the impact of 
some parameters on the equilibrium solutions. We showed that when the retail-
er’s channels become more risk-averse, the optimal retail price will decrease and 
dual channels will decrease the optimal order quantity. The risk behavior of the 
channels always damages the interests of all members and the supply chain. 
Further, the return rate of physical channels reduces the optimal retail prices, 
while the return rate of online channels contributes to increasing the optimal 
retail prices. Then, we consciously proposed a proper risk-sharing contract to 
coordinate the dual-channel supply chain. Moreover, we proved that it is im-
possible to coordinate the supply chain with only wholesale price contracts. Fi-
nally, an improved risk-sharing contract is proposed that enables the coordina-
tion of the supply chain and Pareto improvement of members. 
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Appendix A. Appendices 
Appendix 1. Proof of Proposition 1 

According to formula (8), we have  
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We can know that the risk-neutral traditional retailer’s optimal solutions sa-
tisfy the following equations: 
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Note the Hessian matrix 0H  is as following: 

( ) ( ) ( )

( ) ( ) ( ) ( )

11

0 2
1 11 1

1

1 1
                                                         1 1

2 2
1 1

1 1      2 1  
2 2

r rr
r r

r rr r
r r r

p r pq r pF D
U U

r p prq r p q r pF D r F D
U U

β β
β β

θ θ θ

β β
β β β

θθ θ θ

− − + − − − − − −  
  =  − −+ +    − − − − − − − − −        

H  

( ) ( ) ( )( ) ( )

( ) ( ) ( )( ) ( )

( ) ( ) ( )( ) ( ) ( )
( )

* *

*
2 1

0 0 0 0,

*
2 1

0 0 0

*2 2
2 1

0 0 0 2 *2

1 1 1

1 1 1

1
1 1

1

r

d

rp p q q

d

r

d

r d
r

r p F x F x F x
U

r p F x F x F x
U

r w p U wD UF x F x F x
U p

β
θ

β
θ

β θ
β

θ θ β

= =

 


 
= − + − − + 

 

= − − + − +

 − −−
=




− − + + + 
−  



H

 

where, ( )
* *

1
0

d d
rq r pF x F D

θ
 +

= − 
 

. 

https://doi.org/10.4236/jmf.2021.111003


A. F. Zhang et al. 
 

 

DOI: 10.4236/jmf.2021.111003 72 Journal of Mathematical Finance 
 

Because 
( ) ( ) ( )

( )
0* 1

1 0

3
1

2 2 2 1
d

r

F xD U r wr p U U F x
θ

θ θ
β

 −
− = + − +   − 

, when 

3D U>  is satisfied, then * *0 ,
0d

r rp p q q= =
>H . There exists a unique equilibrium 

solution ( *d
rq , *dp ). 

According to formula (9), we have  

 ( ) ( ) 21 1
1

d
o o

o o
o

q r p
p w pF D

q
π

β β
θ

∂ + = − − − − − ∂ − 
 

 
( )2

2
2

1
0

1 1

d
oo o

o

p q r p
f D

q
βπ
θ θ

−∂ + = − < − −∂  
 

Then, we can get the risk-neutral online retailer’s optimal order quantity is as 
following the equation: 
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From this we can get the profit function of suppliers as follows: 
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Then, we can get d
mπ  is a concave function about w, and the supplier’s op-

timal wholesale price satisfies the following equation: 
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Appendix 2 

Simplify the formula (14), we can obtain 
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1max 1 1 d
r

r

d
r

v r r r r r

wq v r p
D

p
v r r r r rU

CVaR

v E p w q p q D v

v p w q p q D v f x x

η

β θ θ

π

β β
η

β β
η

+
∈

+
+ − +−

∈ −

  = + − − − − − −    
 

= + − − − − − − 
 

∫





 

Let 

( ) ( )( ) ( ) ( )( ) ( )( )
1

1
1 1 1 d

r

r

wq v r p
D

p
r r r r rU

G v v p w q p q D v F xβ θ θ β β
η

+
+ − +−

−
= + − − − − − −∫ , 

then 
( ) ( ) ( )

1
1

11 d
rwq v r p

D
p

U

G v
F x

v
β θ θ

η

+
+ −

−
−

∂
= −

∂ ∫ . From 
( )

0
G v

v
∂

=
∂

, we can obtain that 

( ) ( ) ( ) ( )* 1 2
11 1 1r r r rv p F p D r p wqβ θ η β θ β−= − + − − − − . 

Thus, 
( ) ( ) ( ) ( ) ( )

( ) ( ) ( )
1

1 2
11 1 1

1
d

d
r r r r

Fr
r U

CVaR p F p D r p

p
wq F x x

η

η

π β θ η β θ β

β θ
η

−

−

−

= − + − − −

−
− − ∫

. Because 

CVaR is a continuous risk measure method, we get 

( )( ) ( ) ( )

( ) ( ) ( ) ( )
( ) ( ) ( )

1

1

1 2
1

1
1 d

1 1 1

1
d

rq r p
Dr

r r U

r r r

Fr
r U

p
p w q F x x

p F p D r p

p
wq F x x

θ

η

β θ
η

β θ η β θ β

β θ

β

η

−

−
−

−

−

−

−
− − −

= − + − − −

−
− −

∫

∫

 

 ( ) ( ) ( ) ( )
11

1
1 d d 0

rq r p
D F

r U U
q F D r p F x x F x x

η
θ

θθ η θ
η

−−
−−

− −

 
− − + − − = 

 
∫ ∫ . 

So, we gain ( )1
1rq D r p Fθ θ η−= − + . 

Comprehensive to is it can know that CVaR is simplified as fowling: 

( )

( ) ( ) ( )

( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

( )

1

1

1
1

1 2
1

1
1

1
1 d

                          if

1
1 1 1 d

                          if

rq r p
Dr

r r r U

rd
r

Fr
r r r r U

r

p
pq wq F x x

q D R P F
CVaR

p
p F p D r p wq F x x

q D R P F

θ

η

η

β θ
β

η

θ θ η
π

β θ
β θ η β θ β

η

θ θ η

−

+
−

−

−

−

−

−

−
− − −


 ≤ − += 

− − + − − − − −

 > − +

∫

∫
 

Appendix 3. Proof of Proposition 2 

According to formula (16), we have  
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( )
( ) ( ) ( )

( )

1

1 1

1
1 d

1

r
c q r p

Dr r
r r U

r r

CVaR
q F x x

p
r p q r pF D

η

θ
π β θ

β
η

β
η θ

+
−

−

∂ −
= − −

∂

− + − − 
 

∫
 

( ) ( )

( )

2
1 1

2

2
1 1

2 1

1

0

c
r r r

r r

CVaR r q r pF D
p

r p q r pf D

η π β
η θ

β
θη θ

∂ − + = − − ∂  
− + − − 

 
<

 

( )
( ) ( ) 11
1

c
r r r

r
r

CVaR p q r pp w F D
q

η π β
β

η θ

∂ − + = − − − − ∂  
, 

( ) ( )2
1

2

1
0

c
r r r

r

CVaR p q r pf D
q

η π β
ηθ θ

∂ − + = − − < ∂  
, 

( ) ( )2
11 111

1
c
r rr r r

r
r

CVar r pq r p q r pF D f D
q p

η π ββ
β

η θ ηθ θ

∂ −− + +   = − − − − −   ∂ ∂    
 

Note the Hessian matrix 1H  is as following: 

( ) ( )

( ) ( ) ( )

11

1 2
1 1 11 1

1 11
                                                          1

2 2
1 2 1 11

1        
2 2

r rr r
r

r r rr r r
r

p r pq r pF D
U U

r p r r pq r p q r pF D F D
U U

β ββ
β

ηθ η θ ηθ

β β ββ
β

η θ ηθ η θ θη

− − − + − − − − −  
 =  − − −− + +    − − − − − − −       

H






 

( )
1

2 1 1
1 1 2

r

r
r

q r pF D
q r p r p UF D

U
ηθθβ

η θ ηθ

 +  −   +  −   = − − − +     
  

H , 

because, 

( )

( )

1
1

1 1

1 2
2

11
2 2 1

r

r

r

D U q r pr p U U F D

q r p r wF D

η θ
ηθ θ

θ

η θ β

− + + − = + − 
 

 +  × − − +   −  

. When 5D U>  is  

satisfied, 1r p Uθη> , so get 1 0>H . Therefore, there exists a unique optimal 
pricing and order quantity. The risk-averse traditional retailer’s optimal solu-
tions satisfy the following equations: 

( ) ( ) ( ) ( )

( ) ( )

1
1 1

1

1 1
1 d 0

1
1 0

rq r p
Dr r r

r r U

r r
r

r p q r pq F x x F D

p q r pp w F D

θ
β θ β

β
η η θ

β
β

η θ

+
−

−

− − + − − − − =  
  


− +  − − − − =   

∫
 

Then can get: 

( )
( )( )
( )

*
* *

1 *

2 1

1

c
rc c

r c
r

U p w
q D U r p

p

θη β
θ

β

− −
= − − +

−
, 

( ) ( ) ( )( ) ( )2 2*3 *2 *2 2
1 12 1 1 1 1 0c c c

r rr p r wp D U p U wβ β η θ β θ η− − − − − − − + = . 
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According to formula (17), we have  

 
( )

( ) ( ) 21
1

1

c
o o o

o
o

CVar p q r p
p w F D

q

π β
β

η θ

∂ − + = − − − − ∂ − 
 

 
( ) ( )

( )

2
2

2

1
0

1 1

c
o o o

o

CVaR p q r p
f D

q

π β
θ η θ

∂ − + = − < − −∂  
 

Then, we can get the risk-averse online retailer’s optimal order quantity is as 
following the equation: 

( ) ( ) 21
1 0

1
o o

o

p q r p
p w F D

β
β

η θ
− + − − − − = − 

, 

that is  

( )( )
( ) ( )( )

( )

*
* *

2 *

2 1 1
1

1

c
oc c

o c
o

u p w
q D U r p

p

η θ β
θ

β

− − −
= − − − +

−
. 

From this we can get the profit function of suppliers as follows: 

( )
( )

( )
*

1 2

2 122
1 1

c
m

r o

U wU ww U D r p r p U
p p

η θηθπ η
β β

 −
= + − − + − −  − − 

 

Then, we can get c
mπ  is a concave function about w, and the supplier’s op-

timal wholesale price satisfies the following equation: 

( )
( )

( )

**
* *

1 2 * *

4 142 0
1 1

cc
c c

c d
r o

U wU wU D r p r p U
p p

η θηθη
β β

−
+ − − + − − =

− −
 

Appendix 4. Proof of Proposition 3 

1) Let 
*

1

c

r

px
β

∂
=
∂

, since 

( ) ( )
( )( )

2
*1

1 1 12 3 *3

22 1 0
1 1

c
rc

r r

r w wUr x p x
p

η η β
β β

− + − − =
− −

. 

Then  

 
( )

( ) ( )

*3 2 *
1

1 3 *3 2
1

1 21
2 1 1

c c
r

c
r r

r w p U w p
x

r p U w

β θ η

β θ η β

− −
=

− − −
. 

when the condition 5D U>  is satisfied, then *
1 2 0cr p Uθ η− > . Because  

( ) *1 c
r p wβ− > , it can see that 

( ) ( )( )*3 2 * * *2
1 11 2 1 2 0c c c c

r rr w p U w p wp r p U wβ θ η β θ η− − = − − > .  

( ) ( )3 *3 2
1 1 1 0c

r rr p U wβ θ η β− − − >  is similarly proof. Thus 
*

0
c

r

p
β

∂
>

∂
. 

2) According to the formula ( )
( )( )
( )

*
* *

1 *

2 1

1

c
rc c

r c
r

U p w
q D U r p

p

θη β
θ

β

− −
= − − +

−
, 

we have 
( )

( )( )
*

*
1 1 12 *2

2 1
1

c
cr

rc
r r

q U wr x p x
p

ηθ β
β β

∂
= − − − −

∂ −
.  
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Because ( )
( ) ( )( )

( )

2 *3 *
1*

1 2 *3 2
1

1 2 1
1 0

2 1 2

c c
r rc

r c
r

r p p w
p x

r p U w

β β
β

β ηθ

− − −
− − = >

− −
, then can get 

*

0
c
r

r

q
β

∂
<

∂
. 

3) According to the formula (21), we can have  

( )( ) ( )
( )

( )( )

* 2
*

1 1 2 *2

*
1 1

1
1

1

c
cr

r c
r r

c
r

U wx p D U r p U
p

r x p w

π ηθβ θ ηθ
β β

β

 ∂
 = − − − − + −
 ∂ − 

− − −

. Because  

( ) *
11 0c

r x pβ− − < , ( )
( )

2

1 2 *2
0

1 c
r

U wD U r p U
p

ηθθ ηθ
β

− − + − >
−

, and  

( )( )*
1 1 1 0c

rr x p wβ− − > , it can get 
*

0
c
r

r

π
β

∂
<

∂
. 

4) According to the formula (20) can get 
( )

( )
*

1 2*2

2 1
0

1

c
o

c
r o

U wq
x r

p
η θ

β β
−∂

= − >
∂ −

 
  
 

 

and 
( )

( )

*

2

2 1
0

1

c
o

o o

U wq
p

η θ
β β

−∂
= − <

∂ −
. 

5) According to the formula (22) can get  

( )( )( ) ( )
( )

*
* *

2 2 *

1
1

1

c
c co

c
o o

U w
p r p D U U

p

η θπ
θ η

β β

−∂
= − − − + +

∂ −
.  

( )( ) ( )
( )

*
2 *1 2 1 1

1
c

c
o

wr p D U U
p

θ η θ
β

 
< − − + − −  − 

 can be obtained from  

* 0c
oq > . Then ( )

( ) ( )
*

*
* *1 1 2

1 1

c
co

c c
o o o

w wp U
p p

π
η θ

β β β

  ∂
< − − −    ∂ − −  

. Because 

( ) *0 1
1 c

o

w
pβ

< <
−

, then 
( ) ( )* *1 2 0
1 1c c

o o

w w
p pβ β

 
− − <  − − 

. So we get  

*

0
c
o

o

π
β

∂
<

∂
. 

Therefore, Proposition 3 holds. 

Appendix 5. Proof of Proposition 4 

1) Let 
*

2

cpx
η

∂
=
∂

, since 

( ) ( )

2 2

1 2 22 2*2 *3

22 0
1 1c c

r r

U w U wr x U x
p p

θ θηθ
β β

− + − =
− −

. 

Then 
( )

( )

2

2 *2

2
2

1 2 *2

1
1

2
1

c
r

c
r

wU
p

x
wr

p

θ
β

β

 
 −
 − =

 
 −
 − 

. 
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Because 
( )

2

2 *2
1 0

1 c
r

w
pβ

− >
−

 and 
( )

2

1 2 *2
0

1 c
r

wr
pβ

− >
−

, it is easy to prove 

that 2 0x > .  

2) According to formula (18), we can know that  

( ) ( )

*

1 2 2* 2 *2

2 22
1 1

c
r

c c
r r

q U w U wr x U x
p p

θ θθ
η β β

∂
= − + − +

∂ − −
. 

Simplify the above formula to get  

( )( )( )
( )(

( ) ( ) ( )( )
( )( ))

*
2 * 2 2

2 *3 2 *
1

22 * *3 *
1 1

2 2 2 *

1 2 1
2 1 2 1

1 1 3 1 2

2 2 1 1

c
cr

rc c
r r

c c c
r r r

c
r

q p U w
r p U w p

r U w p r p p U w

U w p

β θ η
η β ηθ β

β θ β β θ

θ η β

∂
= −

∂ − − −

+ − + − − −

+ − −

 

Because ( )2 * 2
12 1 2 0c

rr p U wβ ηθ− − >  and ( ) *3 1 2 0c
r p U wβ θ− − > ,  

( ) *2 1 1 0c
r pβ− − > , then 

*

0
c
rq
η

∂
>

∂
 is proved. 

3) By the formula (20) can be obtained 

( )
( )

( )
( )

*

2 2 2* *

2 1
2 1 1

1 1

c
o

c c
o o

U wq wr x U x
p p

η θ
θ

η β β

 −∂
= − + − − +  ∂ − − 

.  

According to 
( )

2

1 2 22 *2
2

1 c
r

U wr x U x
p

θθ
β

= −
−

 and simplify the above formula to 

get, is obtained. Because 

( )( )
( )( ) ( )( )

( )( )
( )( ) ( )( )( )(

( ) ( ) ( )( )( ))

*
2 *2

1 22 *3
1

2 * *
12 *

1

2 *2 2
1 2 2

2 1 1 1
1 1

1 2 1 1 2 1
2 1 1

1 1 2 1 .
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r oc

o r

c c
r oc

o r

c
o r

q wx U r p U r
r p

U r p p w
r p

U p r r r w

η θ β ηθ β
η β β

θ β β
β β

β β θ θ θ

∂
= − − − −

∂ − −

+ − − − −
− −

+ − − − − +

 

when the condition 
( )

1

2 2 1
r
r

θ
θ

>
−

 is satisfied, then 
*

0
c
oq
η

∂
>

∂
. 

4) Since the formula (21), we can have  

( ) ( )
( )

( )
( )

* 2
* 1

2 1 2 *2

2
*

*

1 2
1 1

1 .
1

c
cr

r c
r

c
r c

r

r w U wx D U U r p
p

wU p
p

π ηθβ η θ
η β β

θ β
β

 ∂
 = − − + − + −
 ∂ − − 

 
+ − +  − 

 

Because 
( )

( )

( ) ( ) ( )( )( )

2
*

*

* * 2

1
1

1 1 2 0
1

c
r c

r

c c
r r

r

wU p
p

U p p w
p

θ β
β

θ β β
β

 
  


− +
−

= − − +



− >
−

 and  
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( )
( )

2
* 1

1 2 *2
2 0

1 1
c

c
r

r w U wD U U r p
p

ηθη θ
β β

− + − + − =
− −

, then 
*

0
c
rπ
η

∂
<

∂
. 

5) 
( ) ( )

( )
( )

( )( )

*
* * 2

2 2

2 *2 2
*

1
1

1
1 2

1

c
co

o o
o

c
oc

o

r wx s q r p

U
p w w

p

π
β

η β

θ
β

β

 ∂
= − − + ∂ − 

−
+ − − +

−

, 

where ( ) ( )( ) ( )
( )

2
* *

2 2 *2
1

1
c

o c
r

U w
s q D U U r p

p

η θ
η θ

β

−
= − + − − −

−
. So when the condi-

tion ( ) ( )* *

2

1
1 co

o os q pp w
r
β

β
−

> − −  is satisfied, 
*

0
c
oπ
η

∂
>

∂
.  

6) The above studies proved that *
rq  and *

oq  are about η  monotonically 

increasing. Again according to the formula (23) can be obtained 
*

0sc

η
∂Π

>
∂

. 

Therefore, Proposition 4 holds. 

Appendix 6. Proof of Proposition 5 

According to formula (22), we have  

( ) ( ) ( ) ( )

( ) ( )( ) ( )

( )

1

2

1 1

1

2 2

1 1
1 d

1 1
1 d

1
1

r

o
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Dr rsc r

r r U
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o o U
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p
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θ

θ
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β
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β
η

β
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+
−

−

+
−

−
−

− −∂Π + = − − − − ∂  
− −

+ − −

− + − − − 

∫

∫  

( ) ( )

( ) ( )
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2

2
2 22 2

2 1 1
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r rsc r r
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r p r pq r p q r pF D f D
p

r p r pq r p q r p
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η θ θ η θ
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1 rsc r

r
r
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q

β
β

η θ
−∂Π + = − − − ∂  
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1

2

1
0rsc r

r

p q r pf D
q

β
ηθ θ
−∂ Π + = − − < ∂  

 

( ) ( ) 11 2
1

1
osc o

o
o

p q r p
p F D

q
β

β
η θ

−∂Π + = − − − ∂ − 
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2
1
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1 1
osc o

o

p q r p
f D

q
β

η θ θ
−∂ Π + = − − < − −∂  

 

( )2
11 111

1 rsc r r r
r

r

r pq r p q r pF D f D
p q
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β

η θ ηθ θ
−∂ Π − + +   = − − − − −   ∂ ∂    
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2
22 211

1
1 1 1

osc o o o
o

o

r pq r p q r p
F D f D

p q
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β
η θ η θ θ

−∂ Π − + +   = − − − − −   ∂ ∂ − − −   
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2

0sc

o rq q
∂ Π

=
∂ ∂

 

We can know that the risk-averse traditional retailer’s optimal solutions satis-
fy the following equations: 

0

0

0

sc

sc

r

sc

o

p

q

q

∂Π
= ∂

∂Π =
∂

∂Π
=

∂

 

Then can get 
( ) ( ) ( )( )( )

( ) ( )
*

1 2

1 1 1
2 1 2 1

r o

r o

D U U
p

r r
η β θ β θ

β β

− + − + − −
=

− + −
,  

( )* *
1 2rq D U r p Uθ ηθ= − − + , ( )( ) ( )* *

21 2 1oq D U r p Uθ η θ= − − − + − . 

Note the Hessian matrix 2H  is as following: 

 

2 2 2

2

2 2 2

2 2

2 2 2

2

    

    

    

sc sc sc

r o

sc sc sc

r r or

sc sc sc

o r o o

p q p qp

p q q qq

p q q q q

 ∂ Π ∂ Π ∂ Π
 ∂ ∂ ∂ ∂∂ 
 ∂ Π ∂ Π ∂ Π =
∂ ∂ ∂ ∂∂ 
 
∂ Π ∂ Π ∂ Π 
 ∂ ∂ ∂ ∂ ∂ 

H  

On the equilibrium point ( )* * *, ,r op q q , we can get 

( )
( )( )

( )
( ) ( )( )* * *

3

2 1 22 2, ,

1 1
2 1 2 1 0

4 1r r o o

r o
r op p q q q q

p
r r

U
β β

β β
θ θ η= = =

− −
= − − + − <

−
H .  

Meanwhile, we can find 

( ) ( )
( )

( )
( )

2 2

2 *22 *
2 2 21

2 2 22 2

2

  
2 1 12

1 0
2 2 1 4 1

  

sc sc

r o o
r

r rsc sc

r r

p q r r pp r p
U U U

p q q

β β
β

θη β θη β θ η

∂ Π ∂ Π
 ∂ ∂ − −∂

= − + + >  − −∂ Π ∂ Π  
∂ ∂ ∂

, 

2

2 0sc

p
∂ Π

<
∂

. In summary, there exists a unique solution to retail prices and dual 

channel’s optimal order quantity ( )* * *, ,r op q q . 

Appendix 7. Proof of Proposition 6 

1) Let 
*

3
px
η

∂
=
∂

, since 

( ) ( )( )
( ) ( )3

1 2

1 1 1
0

2 1 2 1
r o

r o

U U
x

r r
β θ β θ

β β
− + − −

= >
− + −

. 

2) According to the formula ( )* *
12rq D U U r pη θ= − + − , we have  
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( ) ( ) ( )(

( ) ( )( ) )
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4 1 1 1

r
r

r o

o o

q r U
r r

r U r U

β θ
η β β

β θ β θ

∂
= −

∂ − + −

+ − − − −

. From 2 14 , 1r r θ θ> > − , it can be 

obtained ( ) ( )( )2 14 1 1 1 0o or U r Uβ θ β θ− − − − > , then 
*

0rq
η

∂
>

∂
. 

3) Taking the first-order partial derivative of *
oq  with regard to η , we obtain 

( ) ( ) ( ) ( )(

( ) ( ) ( ) )

*

2
1 2

1 2

1 3 1 1
2 1 2 1

4 1 1 1 .
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q
r U
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∂
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when the coordination 
( )
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( )

1

2

3 1
4 1 4 1

o

r

r
r

βθ
θ β

−
> −

− −
 is stratified, thus 

*

0oq
η

∂
>

∂
.  

4) The partial derivative of ( )*
rs q  regarding η  is  

( ) ( ) ( ) ( )( )
( ) ( )

*
1 2 1

1 2

1 2 1 1 1
2 1 2 1

r r o o

r o

s q r U r U r
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=
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It is easy to get 
( )*

0rs q

η

∂
>

∂
. Similarly, it can be proved that 

( )*

0os q

η

∂
>

∂
.  

Because * 0p > , ( )* 0rs q >  and ( )* 0os q > , then  
( ) ( ) ( ) ( )* * * *1 1r r o op s q p s qβ β− + −  increase monotonically as the retailer’s 
risk-averse level η  increase, so that, *

scΠ  increase monotonically as the retail-
er’s risk-averse level η  increase. This completes proof.  

Appendix 8. Proof of Proposition 7 

1) Let 
*

4
r

px
β
∂

=
∂

, since 
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4 2
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1 4 0r

r

s q
r x
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∂
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∂
. Let ( ) ( ) ( )* *

1 1 r rg x p s qβ= − , thus the 

partial derivative of ( )1g x  regarding rβ  is  
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4 1 11 2r
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β
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It can be seen from the above, 4 0x < , ( ) *
12 0D U U r pη θ− + − > , * 0p > , 

( )*
1 0r p D U Uη θ− − + < , then 

( )1 0
r

g x
β

∂
<

∂
. Let ( ) ( ) ( )* *

2 1 o og x p s qβ= − , thus 

the partial derivative of ( )2g x  regarding rβ  is  

( ) ( ) ( )( )( )2 *
4 21 1 2o

r

g x
x D U U r pβ η θ

β
∂

= − − + − −
∂

. 

Because ( )( ) *
22 01D U U r pη θ+ − − <− , we can get 

( )2 0
r

g x
β

∂
<

∂
.  
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( ) ( )*
1 2sc g x g xΠ = + , thus *

scΠ  decrease monotonically as increase rβ .  

2) Let 
*

5
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the partial derivative of *
oq  regarding rβ  is 

*
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o

q
r x

β
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= − < . The partial de-

rivative of ( )2g x  regarding oβ  is  
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It easily obtains 
( )2 0
o

g x
β

∂
<

∂
. Smarmily, 

( )1 0
o

g x
β

∂
<

∂
. To sum up, we can see 

that *
scΠ  decrease monotonically as increase oβ . 

Appendix9. Proof of Corollary 1 

We assume that * *
*

cp p p= = , * *
*

c
rq q q= = . Then there is: 

( )
* 1 *

*1 r

q r p wF D
p

ηη η
θ β
+ − = − =  − 

 

From the above formulas can be obtained, 0w = . Therefore the above equa-
tion is not valid. Thus we can see that * *cp p≠ , * *c

r rq q≠ . And because 
csΠ  is 

a joint concave function of p and rq  and oq , so when * *dp p=/  the profit of 
the supply chain in the decentralized situation will deviate from the optimal 
profit in the centralized situation. 

Appendix 10. Proof of Proposition 8 

From formula (27), we can see that  
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We can know that the risk-averse traditional retailer’s optimal solutions satis-
fy the following equations: 
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Solving the above equations can be obtained: 
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where, ( ) *
1 1 s

rA p wλ β= − − , ( ) *
1 11 s

rB p bλ β= − − . 
Note the Hessian matrix 3H  is as following: 
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where ( )
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From formula (25), we can see that  
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From the above formula, it can be see that  
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From this we can get the profit function of suppliers as follows: 
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Then, we can get s
mπ  is a concave function about w, and the supplier’s op-

timal wholesale price satisfies the following equation: 
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Summarizing the above formulations, we can get Proposition 8. 
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