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Abstract 
A new method for the unification of gravitational and electromagnetic forces 
is proposed. Previously, Kaluza-Klein theory dealt with the unification, but it 
has not yet been established as a complete theory. The main reason for this is 
that Kaluza-Klein theory has various contradictions due to the use of a 
5-dimensional metric tensor. In this paper, unlike the conventional method, 
various equations related to gravitational and electromagnetic force are de-
rived without any contradiction by processing equations having gauge sym-
metry within a 4-dimensional range. In this process, we propose that Max-
well’s equations for the electromagnetic force are expressed more simply and 
implicitly than the existing tensor form. Using the gauge symmetry, it shows 
that electromagnetic force can exist in single metric tensor along with gravity. 
In addition, since geodesic equations can be derived in the form of coordinate 
transformation, it has been shown that they are consistent with the existing 
equations. As a result, it has shown that they are consistent with the existing 
physical equations without contradiction. 
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1. Introduction 

The unification of gravitational and electromagnetic forces is a very interesting 
study, and there have been attempts to unify gravitational and electromagnetic 
forces before. In 1914 Finland Nordström discovered that the gravity includes 
Maxwell’s equations in the fifth dimension [1] [2] [3] [4], but he had gotten no 
attention. In 1921, Kaluza, a mathematician at the University of Konigsberg, 
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presented the theory of unifying gravitational and electromagnetic forces [5] by 
extending the general theory of relativity into five-dimensional space-time. Ka-
luza was able to further separate the field equations, one of which was equivalent 
to Einstein’s equation, and the other was equivalent to Maxwell’s equations for 
electromagnetic fields. The part of the rest is an additional scalar field called Ra-
dion. However, it was not possible to explain how the 5th dimension could exist. 
But in 1926 Klein explained why the 5th dimension could not be observed by as-
suming the size reduction [6]. However, there are still many contradictions with 
the physical equations operated in four dimensions, and in the later superstring 
theory, ten-dimensional space-time was introduced to resolve these contradic-
tions. However, only four dimensions have been known, and in order to explain 
the remaining six dimensions, the logic that “the extra spatial dimension is hid-
den by the size of Planck” has been used in the Kaluza-Klein theory. However, 
there is still no clear explanation as to why only this extra sixth dimension is so 
small. In this paper, unlike the previous approaches, we are only trying to solve 
this problem in a four-dimensional space-time. 

2. Metric Tensor Transformation 

The metric tensor proposed by Kaluza has a 5 × 5 structure as follows [6]. 

00 03 001 02

10 13 111 12

20 21 22 23 2

30 31 32 33 3

0 1 2 3

g g kAg g
g g kAg g

g g g g g kA
g g g g kA
kA kA kA kA k

µν

 
 
 
 =
 
 
 
 

               (2-1) 

This did not satisfy the tensor condition, so Klein supplemented it and pro-
posed it again as follows [6] [7] [8] [9]. 

00 0 0 03 0 3 001 0 1 02 0 2

01 0 1 13 1 3 111 1 1 12 1 2

02 0 2 12 1 2 22 2 2 23 2 3 2

03 0 3 13 1 3 23 2 3 33 3 3 3

0 1 2 3          

g kA A g kA A kAg kA A g kA A
g kA A g kA A kAg kA A g kA A

g g kA A g kA A g kA A g kA A kA
g kA A g kA A g kA A g kA A kA

kA kA kA kA k

µν

+ ++ + 
 + ++ +
 

= + + + + 
 + + + +
 
 

  (2-2) 

Equation (2-2) can be seen as a more advanced form than Equation (2-1) be-
cause it can have the identity as (2-3) [9]. 

g gµν ν
µλ λδ=                        (2-3) 

However, the 5 × 5 tensor has a physical limitation and is an incomplete 
theory [8] [9] [10]. In contrast, the metric tensor proposed in this paper is of a 4 
× 4 format which is different from the above. In the newly proposed tensor, it is 
denoted as gµν′  as the meaning of the modified metric. 

00 01 02 03

01 11 12 13

02 12 22 23

03 13 23 33

g g g g
g g g g

g
g g g g
g g g g

µν

′ ′ ′ ′ 
 ′ ′ ′ ′ ′ =  ′ ′ ′ ′
  ′ ′ ′ ′ 

                 (2-4) 
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The inner elements of this metric tensor are as follows. 

( )
( )

( )

00 00 0 0 0 0

01 01 0 1 1 0

33 33 3 3 3 3

g g

g g

g g

ε

ε

ε

′ = + ∂ Λ + ∂ Λ

′ = + ∂ Λ + ∂ Λ

′ = + ∂ Λ + ∂ Λ



                  (2-5) 

In other words, it is a form utilizing Lie derivative [11]. In the Kaluza-Klein 
theory, they regarded the extended fourth dimension as a type of gauge, but in 
this theory, it was clearly set as a local gauge. Gauge conversion is defined as fol-
lows [12] [13]. 

( )i i i ix x x xε′→ = + Λ  with 0ε →               (2-6) 

Equation (2-6) transformation expresses a small amount of change in dis-
placement, and this amount of change is expressed as a function of x, so it be-
comes a local gauge. Equation (2-5) is derived from the coordinate transforma-
tion process as follows [12]. 

x xg g
x x

µ ν
µν αβ

α β

′ ′∂ ∂′ =
∂ ∂

                    (2-7) 

3. Check for Symmetry 

As already known, the gravitational equation in general relativity is as the fol-
lowing Equation (3-1). The metric tensor proposed in Equation (2-4) is put into 
the existing gravitational equation to check the gauge symmetry first [12] [13]. 
Gauge symmetry is a known fact, but since Maxwell’s equations will be derived 
from this symmetry, so we want to show all derivation directly. 

1
2jk jk jkR g R kT− =                      (3-1) 

where 
i i i p i p

jk i jk j ik ip jk jp ikR ∂ Γ − ∂ Γ + Γ Γ −Γ Γ=              (3-2) 

where 

( )1
2

i il
jk j kl k jl l jkg g g gΓ = ∂ + ∂ − ∂                (3-3) 

Here, we will substitute metric tensor Equation (2-5) to Equation (3-3). To find 
out what the gauge term will be, we can first write Equation (2-5) as one below. 

( )jk jk j k k jg g ε′ + ∂ Λ + ∂ Λ=                   (3-4) 

As stated in Equation (2-6), with 0ε → , we can get following condition. 

( )jk j k k jg ε ∂ Λ + ∂ Λ                    (3-5) 

When the gauge term is substituted into the Equation (3-2), the 3rd and 4th 
terms on the right side have a component of 2ε  or more, so the value is even 
smaller and ignored, and only the 1st and 2nd terms are used. This is the same 
development as using the linear approximation in the weak gravitational field 
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shown in Equation (3-6) [13]. 

g hµν µν µνη += , 1hµν
                   (3-6) 

In our case, only the 1st and 2nd terms in Equation (3-2) are used, and the 
gauge term in Equation (3-4) has substituted only in the 1st and 2nd terms in Eq-
uation (3-2) with the same logic. The difference between Equation (3-6) and 
Equation (3-4) when substituted in Equation (3-2) is that in Equation (3-6), 

µνη  is a constant term, so it disappears from the derivative. On the other hand, 
g µν  in Equation (3-4) does not disappear. The remaining ( )O ε  and ( )2O ε  
or more are ignored according to the 0ε →  condition stated in Equation 
(2-6). 

Now, to check the gauge symmetry of the 1st and 2nd terms of the Ricci tensor 
of Equation (3-2), we organize it using Equation (3-3). 

( ) ( )1 1
2 2

i i
i jk j ik

il il
i j kl k jl l jk j i kl k il l ikg g g g g g g g

∂ Γ − ∂ Γ

= ∂ ∂ + ∂ − ∂ − ∂ ∂ + ∂ − ∂
    (3-7) 

(the gray terms cancel each other out and according to Equation (3-6), we obtain). 

( ) ( )

( )( )

1 1
2 2

1
2

il il
i k jl l jk j k il l ik

l l
k jl j lk l jk j k

g g g g g g

g g g g

= ∂ ∂ − ∂ − ∂ ∂ − ∂

≈ ∂ ∂ + ∂ − ∂ ∂ − ∂ ∂

         (3-8) 

So, the Ricciscalar, jk
jkR g R= , is 

( )( )1
2

l j k l l
jl lk l l

l m l
lm l

R g g g g

g g

= ∂ ∂ + ∂ − ∂ ∂ − ∂ ∂

= ∂ ∂ − ∂ ∂
            (3-9) 

Finally, the Einstein tensor is 

( )( )
( ) ( )

1
2

1
2

1
2

jk jk

l l l m l
k jl j lk l jk j k jk lm jk l

l l l m l
k jl j lk l jk j k jk lm jk l

R g R

g g g g g g g g

g g g g g g g g

−

= ∂ ∂ + ∂ − ∂ ∂ − ∂ ∂ − ∂ ∂ + ∂ ∂

= ∂ ∂ + ∂ − ∂ ∂ − ∂ ∂ − ∂ ∂ − ∂ ∂

  (3-10) 

Now, we will check the symmetry of ( )j k k jε ∂ Λ + ∂ Λ  of Equation (3-4). We 
will do it in contravariant type. Equation (3-11) is the contravariant type of Equ-
ation (3-10) [12] [13]. 

1
2

R g R

g g g g g g g g

µν µν

λ µν µ ν ν µλ µ νλ µν λ µν λσ
λ λ λ λ λ σ

−

= ∂ ∂ + ∂ ∂ − ∂ ∂ − ∂ ∂ − ∂ ∂ + ∂ ∂
 (3-11) 

Substituting µ ν ν µ∂ Λ + ∂ Λ  into Equation (3-11), 

( ) ( ) ( )
( ) ( ) ( )

1
2

R g R

g g

µν µν

λ µ ν ν µ µ ν σ σ ν µ λ λ µ
λ σ σ λ

µ ν λ λ ν µν λ σ σ µν λ σ σ λ
λ λ σ σ λ σ

−

= ∂ ∂ ∂ Λ + ∂ Λ + ∂ ∂ ∂ Λ + ∂ Λ −∂ ∂ ∂ Λ + ∂ Λ

−∂ ∂ ∂ Λ + ∂ Λ − ∂ ∂ ∂ Λ + ∂ Λ + ∂ ∂ ∂ Λ + ∂ Λ

 (3-12) 
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Looking at Equation (3-12), there are pairs that cancel each other as follows. 
In the 1st and 8th terms, 

( ) ( ) 0λ µ ν µ λ ν
λ λ∂ ∂ ∂ Λ − ∂ ∂ ∂ Λ =                (3-13) 

In the 2nd and 6th terms, 

( ) ( ) 0λ ν µ ν λ µ
λ λ∂ ∂ ∂ Λ − ∂ ∂ ∂ Λ =                (3-14) 

In the 3rd and 4th, 5th and 7th terms, 

( ) ( ) 0µ ν σ µ ν λ
σ λ∂ ∂ ∂ Λ − ∂ ∂ ∂ Λ =                (3-15) 

In the 9th and 11th terms, 

( ) ( )  0g gµν λ σ µν λ σ
λ σ λ σ− ∂ ∂ ∂ Λ + ∂ ∂ ∂ Λ =             (3-16) 

In the 10th and 12th terms, 

( ) ( ) 0g gµν λ σ µν σ λ
λ σ λ σ− ∂ ∂ ∂ Λ + ∂ ∂ ∂ Λ =            (3-17) 

If all of Equations (3-13) to (3-17) are applied, Equation (3-12) becomes as 
follows. 

1 0
2

R g Rµν µν− =                      (3-18) 

Therefore, it can be seen that the gravitational equation is symmetric about 
the gauge transformation expressed as Equation (3-4). 

4. Derivation of Maxwell’s Equations 

Applying gξν  to each of the Equations (3-13) to (3-17) and using the condition
ξ ν= , all converges to the form of the Equation (4-1). 

0λ σ σ λ
λ σ σ λ∂ ∂ ∂ Λ − ∂ ∂ ∂ Λ =                   (4-1) 

In short, 

( ) 0λ σ σ λ
λ σ∂ ∂ ∂ Λ − ∂ Λ =                    (4-2) 

From now on, we will try to decompose Equation (4-2). The components in 
parentheses in Equation (4-2) can be defined as one tensor Pλσ  as follows. 

defPλσ λ σ σ λ∂ Λ − ∂ Λ=                      (4-3) 

If we apply λ∂  on both sides of Equation (4-3), 

( ) ( )Pλ σ σ λ λσ
λ λ∂ ∂ Λ − ∂ Λ = ∂                  (4-4) 

If we define the right side of Equation (4-4) as a new tensor J σ , 

defJ Pσ λσ
λ= ∂                         (4-5) 

If we take σ∂  on both sides of Equation (4-5), according to Equation (4-2), 

0Pλσ
λ σ∂ ∂ =                         (4-6) 

Using Equations (4-5) and (4-6), 

0J σ
σ∂ =                          (4-7) 
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In addition, since there is a definition of Equation (4-3), the following identity 
can be obtained by using it. 

0P P Pα λσ λ σα σ αλ∂ ∂ ∂+ + =                   (4-8) 

The above equations are completely similar to the existing electromagnetic 
equations, which can be summarized as shown in Table 1 [14]. 

From Table 1, it can be seen that the form of the four equations inferred from 
the gauge transformation so far is completely consistent with the existing elec-
tromagnetic equation, and the basic equation is Equation (4-2). This means 
Maxwell’s Equations can be expressed as one equation as shown in Table 2. 

The meaning of equations developed so far is as follows. 
When the metric tensor is gauge transformed and applied to the gravitational 

 
Table 1. Relations between electromagnetic equation and gauge transformation equation. 

 Electromagnetic equations Gauge equations  

Electromagnetic field F A Aµν µ ν ν µ= ∂ − ∂  Pλσ λ σ σ λ= ∂ Λ − ∂ Λ  from (4-3) 

Field equation 4F j
c

µν ν
µ =

π
∂

 
P Jλσ σ

λ∂ =  from (4-5) 

Field equation 0F F Fα µν µ να ν αµ∂ + ∂ ∂ =+  0P P Pα λσ λ σα σ αλ∂ + ∂ ∂ =+  from (4-8) 

Continuous eq. 0jνν∂ =  0J σ
σ∂ =  from (4-7) 

 
Table 2. Various types expressing Maxwell’s equations. 

Differential type Tensor type Condensed type  

4D ρ∇ ⋅ = π  
J Fν µν

µ= ∂  

( ) 0λ σ σ λ
λ σ∂ ∂ ∂ Λ − ∂ Λ =

 
from 
(4-2) 

4 1 DH J
c c t
π ∂

∇× = +
∂  

1 BE
c t
∂

∇× = −
∂  0 F F Fλ µν µ νλ ν λµ= ∂ + ∂ + ∂  

0B∇ ⋅ =  

0J
t
ρ∂

∇ ⋅ + =
∂  

0J λ
λ∂ =  

 

 
Figure 1. Derivation of Maxwell’s equations through Gauge symmetry. 
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equations, two equations are obtained: the conventional gravitational equation 
and the Maxwell’s equation as can be seen in the flow of Figure 1. These two 
equations mean that they are completely independent of each other according to 
the aforementioned symmetry property, so that they do not have any influence. 
This is consistent with the physical phenomena so far. 

As seen in Equation (2-6), the gauge term is iΛ , and it can be interpreted as 
obtaining Maxwell’s equations by substituting it with an electromagnetic vector 

iA  of exactly the same form. 

5. Geodesic Equation 

In relativity theory, an important equation along with the gravitational field eq-
uation is the geodesic equation. The geodesic equation in the gauge-transformed 
system (prime coordinate system) is as follows. 

2

2

d d d 0
d dd

i j k
i
jk

x x x
τ ττ

′ ′ ′
′+ Γ =                    (5-1) 

where [12] 
2i i

i
jk j k j k

x x x x x
x x x x x x

σ τ ν
ν
στν ν

′ ′∂ ∂ ∂ ∂ ∂′Γ = Γ +
′ ′ ′ ′∂ ∂ ∂ ∂ ∂ ∂

             (5-2) 

ix′  in Equation (5-1) follows the definition in Equation (2-6). 
The geodesic equation using the Kaluza Equation (2-1) is as follows [9]. 

2 5
5

2

d d d d d d d
d d d d d dd

i j k j j k
i i j i

jk j j
x x x x x x xkF kg A

τ τ τ τ τ ττ
+ Γ = − −        (5-3) 

Also, the geodesic equation using Equation (2-2) supplemented by Klein is as 
follows [9]. 

2 5

2

d d d d d d d
d d d d d dd

i j k j j k
i i i

jk j k j
x x x x x x xkF kA F

τ τ τ τ τ ττ
+ Γ = − −        (5-4) 

Above both, the metric tensor has 5 dimensions, so the right side is not 0. In 

Equation (5-2), the first term on the right side, 
5d d

d d

j
i

j
x xkF
τ τ

 is similar to the 

Lorentz force term, but the second term 5jg  unless it is 0, Equation (2-1) does 

not become a tensor [9]. Equation (5-3), 5j i
jkg A  of the 2nd term has no classic-

al correspondence [9]. 
Since the geodesic equation proposed as a metric tensor in this paper is in the 

form of coordinate transformation, the problems that appeared in the Kalu-
za-Klein theory cannot be found as the existing equation form is maintained. 

6. Conclusion 

The four-dimensional metric tensor proposed in this paper was applied to the 
Einstein tensor to derive both the existing gravitational equation and the Max-
well’s equations. Here, a new condensed type of Maxwell’s equations has been 
proposed, which more comprehensively includes a continuity equation other 
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than the Maxwell’s equations. In addition, when the geodesic equation is used as 
the proposed metric tensor, it is in the form of coordinate transformation and is 
applied to the existing equation. From this, we conclude that the metric tensor 
proposed in this study can overcome the limitations of the metric tensor pro-
posed in the existing Kaluza-Klein theory. 
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