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Abstract

With the help of skew-symmetric differential forms the hidden prop-
erties of the mathematical physics equations are revealed. It is
shown that the equations of mathematical physics can describe the
emergence of various structures and formations such as waves, vor-
tices, turbulent pulsations and others. Such properties of the math-
ematical physics equations, which are hidden (they appear only in
the process of solving these equations), depend on the consistency
of derivatives in partial differential equations and on the consistency
of equations, if the equations of mathematical physics are a set of
equations. This is due to the integrability of mathematical physics
equations. It is shown that the equations of mathematical physics
can have double solutions, namely, the solutions on the original co-
ordinate space and the solutions on integrable structures that are
realized discretely (due to any degrees of freedom). The transition
from the solutions of the first type to one of the second type de-
scribes discrete transitions and the processes of origin of various
structures and observable formations. Only mathematical physics
equations, on what no additional conditions such as the integrabili-
ty conditions are imposed, can possess such properties. The results
of the present paper were obtained with the help of skew-symmetric
differential forms.
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1. Introduction

We studied the equations of mathematical physics that are a set of
equations and on which no additional conditions are imposed.

When studying the consistency of equations in system of equations,
the evolutionary relation in skew-symmetric differential forms is ob-
tained. The evolutionary relation obtained possesses a peculiarity,
namely, it appears to be nonidentical one, which indicates the incon-
sistency of the equations.

From the nonidentity of evolutionary relation it follows that the
mathematical physics equations have double solutions, namely, the
solutions that are not functions (they depend not only on the variables,
their derivatives be do not made up a differential) and solutions that
are discrete functions. The specific feature consists in the fact that
such solutions are defined on different spatial objects. The solutions
of the first type are defined on the original coordinate space (their
derivatives defined on a nonintegrable tangent manifold). And the
solutions of the second type are defined on integrable structures. The
transition from the solutions of the first type to one of the second type
describes discrete transitions and the processes of origin of various
structures and observable formations.

The results of the present paper were obtained with the help of
skew-symmetric differential forms [1]. In this case, in addition to
closed exterior skew-symmetric differential forms, which possess the
invariant properties, it has been used the skew-symmetric differential
forms, whose basis is non-integrable manifolds (as opposed to exteri-
or skew-symmetric differential forms whose basis is integrable struc-
tures). These skew-symmetric forms, unlike closed exterior forms, are
evolutionary ones. Such evolutionary forms (which contain an uncon-
ventional mathematical apparatus that includes such basic concepts
as degenerate transformations and nonidentical relations) can describe
evolutionary processes and generate closed exterior forms correspond-
ing to invariant structures.

In the present paper, a study of the hidden properties of mathemat-
ical physics equations will be carried out by the example of equations
that describe material media such as thermodynamic, gas-dynamic,
cosmic media, systems of charged particles and so on.

It is known that the mathematical physics equations for material
media consist of the equations of conservation laws for energy, linear
momentum, angular momentum, and mass [2, 3], that is, they are a
set of equations.

The integrability of such a set of differential equations depends on
the consistency of equations in the set of equations.

2. Analysis of Consistency of the
Conservation Laws Equations.
Evolutionary Relation for the State
Functionals

The peculiarity of present investigation consists in the fact that the
conservation law equations are transformed into equations expressed
in terms of state functionals [4]. The functionals such as wave func-
tion, entropy, the action functional and so on are functionals of the
equations describing state material media. (Since the physical quan-

DOLI: doi.org/10.4236 /jamp.2020.87095

1256 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2020.87095

L. I. Petrova

tities such as temperature, energy, pressure, density relates to a single
material medium, a connection between them should exist. The s-
tate functionals describe such a connection on which the state of the
material medium depends.) !

Let us analyze the correlation of the equations that describe the
conservation laws for energy and linear momentum. Consistency of
equations can only be investigated using two coordinate systems.

We introduce two frames of reference: the first is an inertial one
(this frame of reference is not connected with the material system),
and the second is an accompanying one (this frame of reference is
connected with the manifold built by the trajectories of the material
medium elements).

In the accompanying frame of reference, that is connected with the
manifold made up by the trajectories of material medium elements,
the equation of energy and the equation for linear momentum may be
written in the form

oy

oe Ay (1)
oy B
oer A, v=2 .. (2)

Here v are the state functional, A; and A, are the quantities that
depends on specific features of material medium and accordingly on
energy and force actions onto medium, &' and £” are the coordinates
along the trajectory and in the direction normal to the trajectory.
(In [5] Equations (1) and (2) are given for a gas-dynamic medium.)
Equations (1) and (2) can be convoluted into the relation

dip = w (3)

where w = A, d&# is the skew-symmetric differential form of the first
degree [1].

In the general case (for energy, linear momentum, angular momen-
tum and mass) this relation will be the form

dip = wP (4)

where wP is the skew-symmetric form of degree p takes the values
p=0,1,2,3.

The relations obtained and the skew-symmetric forms w? are evolu-
tionary ones, since conservation laws equations are evolutionary ones.

The evolutionary relation obtained from the equations of conserva-
tion laws has, as will be shown, possesses unconventional properties.
Such an evolutionary relation describes processes of emergence of var-
ious structures.

3. Properties of Evolutionary Relation

The evolutionary relation possesses nontraditional properties. This
relation appears to be nonidentical and self-changed one. The skew-
symmetric differential form, which is on the right-hand side, is not
a closed form (its differential is not equal to zero) and cannot be a
differential like the left-hand side. This relates to the fact that such

1 It can be noted that for a thermodynamic and gasdynamic media this state
functional is entropy. But for a thermodynamic medium, this is entropy,
which depend on thermodynamic variables, and for a gas-dynamic medium,
it is entropy, which depend on space-time coordinates.
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skew-symmetric form [1] (as opposed to exterior form which basis is an
integrable manifold) is defined on an accompanying manifold, which is
a deforming non-integrable manifold. The differential of such a form
contains a differential of the manifold metric form, which specifies a
manifold deformation and hence is nonzero.

(For example, the differential dw of the form w = A, d¢* can be
represented as dw = K(,ﬁdfa‘dﬁﬁ , where K, is the commutator of
evolutionary form which can be written in the form (see Ref. [1]):

0As 0A. - -
Kuop = (850‘ - 855) + ( Ba — Faﬁ)AG‘

Here I'Z,, is connectednesses of an accompanying manifold. The com-
mutator K,g is nonzero as the coefficients A, in real processes not
potential (their mixed derivatives are not equal), and connectedness-
es of a accompanying manifold (which is a deforming non-integrable
manifold) is not symmetric [6] . Thus it turns out that the commutator
of the form w and its differential does not equal to zero.) 2

The non-identical evolutionary relation turns out to be self-changing
one, that is, a change of one term leads to a change of another one
and so on.

The non-identity of evolutionary relation, obtained from the equa-
tions of conservation laws, indicates that the conservation laws equa-
tions appear to be inconsistent. And this is due to the fact that
the described system (in particular, the material medium) experiences
non-potential effects.

The hidden properties of the equations of mathematical physics are
connected precisely with the inconsistency of the equations that form
the equations of mathematical physics.

4. Double Solutions of the Equations of
Mathematical Physics

From the evolutionary relation it follows that the equations of mathe-
matical physics can have double solutions, namely, the solutions, which
are not functions (their derivatives do not made up a differential) and
generalized solutions, i.e. solutions that are discrete functions.

Solutions to the mathematical physics equations on the o-
riginal coordinate space.

The nonidentical evolutionary relation diy = wP cannot be integrat-
ed directly since its right-hand side contains unclosed skew-symmetric
form which is not a differential. This means that the equations of
mathematical physics prove to be non-integrable (they cannot be con-
voluted into identical relation for differentials and be integrated). In
this case the solutions to equations of mathematical physics are not
functions (their derivatives do not made up a differential). Such
solutions will depend on the commutator of the evolutionary skew-
symmetric form wP which is nonzero. (If the commutator be equal to
zero, the evolutionary relation would be identical and this would point
out to integrability of original equations.)

It turns out that solutions to the mathematical physics equations
on the original coordinate space not a function. It depend on the
commutator of the evolutionary skew-symmetric form w?.

2 A concrete form of evolutionary relation for p = 1 was considered for the
Navier-Stokes equations in [5] for a gas-dynamic medium, and for electro-
magnetic field in the paper [1].
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Solutions to equations of mathematical physics on inte-
grable structures.

It turns out that equations of mathematical physics can have solu-
tions that are discrete functions.

From evolutionary relation it follows that under degenerate trans-
formation, that does not conserve differential, from the evolutionary
form (whose differential is not zero) the closed inexact (on a some in-
tegrable structure only) exterior form (whose differential is zero) and
corresponding the closed dual form (describing the integrable struc-
ture) are realized.

The degenerate transformations can take place under additional
conditions, which are due degrees of freedom. The vanishing of such
functional expressions as determinants, Jacobians, Poisson’s brackets,
residues, and others corresponds to these additional conditions. The
conditions of degenerate transformation can be realized under a change
of nonidentical evolutionary relation, which, as it was noted, appears
to be a self-varying relation.

The realization of closed inexact exterior form on a some integrable
structure m means that on integrable structure from nonidentical evo-
lutionary relation dip = wP it follows the identical relation dy, = WP
, since the closed form w? is a differential.

Since the identical relation can be integrated (because it contain-
s only of differentials), this means that on integrable structures the
equations of mathematical physics become locally integrable only on
integrable structures which is a pseudostructure with respect to its
metric properties.

The solutions to the mathematical physics equations on integrable
structures are generalized solutions, which are discrete functions, since
they are realized only under additional conditions (on the integrable
structures).

So, from the evolutionary relation it follows that the equations of
mathematical physics can have double solutions.

But evolutionary relation has another unique property, which re-
veals the importance of double solutions to describe discrete transi-
tions and processes of emergence of various structures and observed
formations.

5. Physical Meaning of Double Solutions

Evolutionary relation dip = wP has an unique physical meaning be-
cause this relation includes a differential of a state functional 1, which
characterizes the state of material medium.

If from evolutionary relation the differential of a state functional
could be obtained, this would point to the fact that state functional
is a state function. And this would mean that the state of a material
medium is a equilibrium one.

But, since evolutionary relation is a nonidentical relation, from that
one cannot obtain the differential of state functional and find the state
function. This means that the material medium is in a non-equilibrium
state.

One can see that the solutions to the mathematical physics equations,
which are not functions, describe a nonequilibrium state of material
medium.

The nonequilibrium means that in the material medium an inter-
nal force acts. It is evident that the internal force is described by
the commutator of skew-symmetric form w. (If the evolutionary form
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commutator be zero, the evolutionary relation would be identical, and
this would point out to the equilibrium state, i.e. the absence of inter-
nal forces.) Everything that gives a contribution into the commutator
of the evolutionary form w leads to emergence of internal force that
causes the non-equilibrium state of the material medium.

Evolutionary relation also describes a variation of non-equilibrium
state. This is due to another peculiarity of nonidentical evolutionary
relation, namely, this relation is a selfvarying relation.

As it has been shown above, under degenerate transformation the
identical relation is obtained from nonidentical one.

From identical relation one can obtain the differential of state func-
tional diy and find state functional v as a function of state. The
availability function of state would point out to equilibrium state of
the material medium. However, since the identical relation is satisfied
only under additional conditions on integrable structures, such a state
of the material medium will be a locally-equilibrium one.

One can see that the solutions to the mathematical physics equa-
tions, which are discrete functions, describe a locally-equilibrium state
of material medium.

6. Transition of Material Medium from
Nonequilibrium State to
Locally-Equilibrium State. Origination
of Observable Formations and Physical
Structures

One can see that the transition from nonidentical relation to identical
one points out to transition of material medium from non-equilibrium
state into locally-equilibrium state.

As it has been shown above, the transition from nonidentical rela-
tion to identical points out to a transition from solutions of the first
type to the generalized solutions.

It turns out that such transition is assigned to the transition of ma-
terial medium from non-equilibrium state to locally-equilibrium state.

Since the non-equilibrium state has been induced by an availability
of internal force and in the case of locally-equilibrium state there is
no internal force (in local domain of material medium), it is evident
that under transition of material medium from non-equilibrium state
into locally-equilibrium state the nonmeasurable quantity, which acts
as internal force, changes to a measurable quantity. This manifests
itself in the form of arising a certain observable measurable formation.
Waves, vortices, turbulent pulsations and so on are examples of such
formations.

The generalized solutions to the equations of the mathematical
physics describe such observable formations arisen.

It should be noted that closed dual forms and closed inexact exterior
forms, which are realized under degenerate transformations, made up
a differential-geometric structure, i.e. a integrable structure (pseudo
structure) with conservative quantity (closed exterior form describes a
conservative quantity because its differential equals zero). Realization
of such differential-geometric structure (under degenerate transforma-
tion) points out to emergence of physical structure. The character-
istics, the singular points, the envelopes of characteristics, and other
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structures with conserved quantities are examples of such physical
structures.

7. On the Problem of Numerical Solving
the Equations of Mathematical Physics

Problems of numerical solving the equations of mathematical physics
relate to the fact that these solutions are defined on different spatial
objects. The solutions of one type are defined on initial coordinate
space whereas the solutions of another type are defined on integrable
structures. Such solutions cannot be obtained by a continuous numer-
ical simulation of derivatives.

The solutions of first type can be obtained only by numerical mod-
eling the equations on the original nonintegrable manifold (it is im-
possible to find such a solution by analytical method). To obtain the
generalized solutions by numerical simulation, one must use second
systems of reference (on integrable structure). The generalized solu-
tions can be obtaine also by analytical methods if the integrability
conditions are imposed on the equations. The methods of character-
istics, symmetries, eigen-functions and others are examples of such
methods.

Therefore, to describe the emergence of observable formations and
physical structures by numerical simulation, one must use two sys-
tems of reference, or by using simultaneously numerical and analytical
methods.

8. Conclusions

It has been shown that the equations of mathematical physics can
not only describe the change of physical quantities (such as energy,
pressure, density), but also possess unique possibilities in describing
evolutionary processes and the processes of emergence various struc-
tures and formations such as waves, vortices, turbulent pulsations and
others.

Such properties of the equations of mathematical physics connect-
ed to the integrability of equations, which depends on consistency
equations that form the equations of mathematical physics (and in
particular depends on consistency derivatives according to different
coordinates).
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