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ABSTRACT

A new estimate of the Stokes drift is made based on a model that earlier predicted the pres-
sure fluctuations of surface gravity waves to die away with increasing depth significantly
faster than the velocity fluctuations do. At the surface, the Stokes drift is calculated to be
very nearly twice the classical value of 1847. Measurements will be needed to decide which
value comes closer to the truth.

1. INTRODUCTION

Observations of propagating surface gravity waves show that all their characteristic features diminish
monotonically with increasing distance down from the air/water interface. For depths exceeding about one
wavelength, instruments that measure pressure or velocity can no longer detect the movement on the sur-
face. Awareness of these facts has been happening over several hundred years.

The orbital motion of the fluid particles also decreases with increasing depth. It is due to this cir-
cumstance that the circular orbits are not quite closed: a slow movement of fluid mass takes place in the
direction of wave propagation. This small forward motion has come to be called the Stokes drift, probably
because Stokes obtained a mathematical expression for it in 1847 [1]. Connecting the Stokes drift with li-
near momentum, and the concept that these waves transport linear momentum as well as energy, came
along much later [2]. Because of the orbital particle motion, the waves transport angular momentum also,
which in the past has not always been considered self-evident.

What the exact form the decrease with increase of depth takes for the wave properties does not mat-
ter. A Stokes drift will occur if the particle motion is orbital and the rate of decrease is exponential, as
Stokes used, or some other way as explored in [3].

To come up with the drift quantitatively, Stokes used a mathematical method and arrived at his alge-
braic formula. Or it could have been an accidental outcome of the mathematics; the original paper does
not make that point clear. Unfortunately, the method itself is a bit complicated. It occurs to me to try a
different approach, given below, that is more physical and shorter. After that is done, the two independent
results are compared and discussed. No perturbation expansions are employed here and the usual irrota-
tional assumption is not made.
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2. DEVELOPMENT

The first three steps (equations) of the development are taken from Section 2 of Reference [3], but
then a branching away occurs toward the Stokes drift.

Adopt the reference frame in which the wave shape is fixed and the water flows under the wave sur-
face past the observer. Bernoulli’s equation for steady frictionless flow along a streamline is

1
p=const—EpV2—ng (1)

where pis the pressure, Vis the speed of flow, p is the constant fluid density and gis the acceleration of
gravity. At the top of the crest the zaxis points up.

The cross-stream force balance at the top of the crest is

dp pv?
Ly pg=L )
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where Ris the radius of curvature of the streamlines and it is a function of z.

Between (1) and (2) the pressure can be eliminated by first taking the z derivative of (1) and then

combining that with (2), which produces
darv 14
&2 (3)
dz R

Both sides of which are functions of z. From (3) new manipulations follow.

When both sides of (3) are multiplied by 2a, twice the wave amplitude, the left side is essentially the
Stokes drift, because it is then the vertical difference in horizontal velocity over the diameter of particle
orbits at the surface. That is so since the forward motion at the crest slightly exceeds the backward motion
in the trough by just this amount, in the reference frame attached to the bottom of the ocean, for example.

Therefore, the Stokes drift U at the surface is
U =23V _2aV
dz R

Insert into R on the RHS of (4), where the minus sign has been dropped for convenience, the radius of

(4)

curvature at the surface of a sinusoidal wave of wave number £ (R = —zj , without approximation, to get

ak

U=2(ak)'V (5)
Compare (5) with the classical expression U’ from Stokes

U'= (ak)2 c (6)

where cis the wave phase speed. For small mean wave slopes (ak < 1)V is smaller than cat the crest but
not very much smaller, certainly not by a factor of %. Consequently it has been found that the new esti-
mate (5) is almost double the classical result!

3. DISCUSSION

Since the Stokes drift is a relatively small quantity, there are difficulties measuring it. In any case a la-
boratory situation would be needed. However, a factor of two difference between two small results might
turn out to be possible to distinguish in a wave tank. Work for the future possibly.

For the present purposes the depth decay rate of the Stokes drift itself, which Stokes found to be pro-
portional to e**, is not needed, but nevertheless it is forecast from the analysis in [3] that the depth decay
associated with (5) will not in all probability have an exponential rate. Therefore the Stokes transport, in-
volving a vertical integration of the Stokes drift, very likely will not turn out to agree with the classical result.
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There has been academic interest in the Stokes drift for a considerable period of time, but practical
applications exist as well. For example, plastic trash and other flotsam landing on beaches are brought
there partly by surface gravity waves which get it to the point where breaking waves bring it the rest of the
way. At most beaches around the world waves are observed to come in to shore but rarely does a person
see a wave go back out to sea.

4. CONCLUSION

By a short derivation, using more physics than mathematics, a value for the Stokes drift of a progres-
sive surface gravity wave is obtained which is about two times as large as the one that has been the stan-
dard for over 170 years. Future data from wave tank studies, presumably, may be able to decide which
value comes closer to reality.
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