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Abstract

A novel approach to inverse spectral theory for Schrodinger Equation opera-
tors on a half-line was first introduced by Barry Simon and actively studied in
recent literatures. The remarkable discovery is a new object A-function and
intergo-differential Equation (called A-Equation) it satisfies. Inverse problem
of reconstructing potential is then directly connected to finding solutions of
A-Equation. In this work, we present a large class of exact solutions to A-Eq-
uation and reveal the connection to a class of arbitrarily large systems of non-
linear ordinary differential Equations. This non-linear system turns out to be
C-integrable in the sense of F. Calogero. Integration scheme is proposed and
the approach is illustrated in several examples.
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1. Introduction

Several years ago, Barry Simon investigated a new approach to inverse spectral
2
theory for the half-line Schrédinger operator, —%+ g(x) in L (0,00) in [3].

A new A-function introduced in [1] [2] [3], is related to Weyl-Titchmarsh func-
tion by the following relation:
m (x, —K* )

—K—I:A(a,x) e da (1)

where A(a,x) el (0, a) for all a.
In [3], the key discovery is that A(a,x) satisfies the following integro-diffe-

rential Equation:

04

" (2)

() =2—z(a,x)+ [“4(B.%) (- p.x)dp.
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Given the fact that
gglA(a,x)zq(x) (3)

(at least in the L' sense), g(x) can be determined directly from A(a,x).
And A(a,x) canbe calculated from A(e,0) (which is essentially the inverse
Laplace transform of the data), by solving an equation which does not involve
q(x). Thus the inverse problem to determine g from m, becomes a problem to
solve the integro-differential Equation (2). Properties of (2) are discussed in [4]
[5] [6] [7]. To construct numerical solvers to this integro-differential equation,
one needs to study sets of exact analytic solutions.

In this paper, we study a larger class of analytic solutions of (2), which is of
the form

n

A(e,x) =Y f, (x)e” ), (4)

=1
This ansatz is motivated by the explicit example in [1], where A(a,O) is
calculated for Bargmann potentials using inverse scattering theory (which is
valid only under restrictive assumptions). Our aim is to determine the behavior
of such solutions for all (,x) and to do so using only (2).
Substituting (4) in (2), we find that fj.(x)=—2;/j'. (x), and y, satisfy the

nonlinear equations:

"

, 2y, .
vi==2r7 +Z—fl, 1<j<n. (5)

Then we give a method for solving (5) explicitly in Section 3. The idea is to
introduce new variables ¢, the symmetric functions of y;, (j=1,---,n), thatis
c; :Zl]ﬁz s Vi Yy Via this “change of variable”, (5) yields a new non-
linear system:

20; = 2(:1'01,71 +c;f71 1<j<n+l.
¢ =1, ¢;=0 when j>n. (©

This nonlinear system turns out to be solvable. Calogero proved that a certain
family of n-body problems is solvable in a 2004 J. Math. Phys. paper and his
model includes system (6), and the method we use in this method is different
from his approach. Our method also shows some insightful connection to
scattering problems. In Section 3, first we find n constants of motion for the
system (6) which allow us to reduce it to a first order nonlinear system.
Explicitly we will prove

Theorem 1. () Supposing that for any x in an open interval I, c; are
solutions of the second order nonlinear system (6). Then on I, ¢, solves the

first order system

n

Z (_1)1;1c ik (Cli _ck+1) =H; (7)

k=—1

for j=0,---,n.Here u,(j#0) areconstantsand z,=1.
(ii) Conversely, if ¢, (x) is solutions of (7) with ¢, (x)#0 and y;(x)=
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7; (x) for xel,then (6) holds.

The latter is then solved by finding a nonlinear analogue of the method of
integrating factors (Theorem 13).

We note that y, is zeros of polynomials with coefficients c¢;. Calogero
pointed out in [8] [9] that some nonlinear systems can be linearized by non-
linear mapping between coefficients of polynomial and its zero, and thus is
integrable. The novelty in this paper is that the nonlinear mapping from y; to
¢; relates the system (5) to a solvable yet still nonlinear system. Interestingly, a
system similar to (6) arises ([10] [11]) if one seeks potentials for which the large
frequency WKB series is finite and yields solutions of the corresponding Sch-
rodinger equations (with no error).

Section 4 shows how we obtain analytic examples of (2) by following this

systematic procedure.

2. The yEquation

As described in introduction, we relate a large class of exact solution of A-
Equation (2) to a second order non-linear system (5).

Without loss generality, we assume y, #y; forall i= j. Then the following
proposition can be followed by direct calculation.

Proposition 2. If A(a,x) is of the form (4), and satisfies (2), then f,(x)=
27(x), and y, (x) satisfy (5). Conversely, if 7,(x) satisty (5), then the
function A(oc,x)z—ZZj_:1 y}efmy" solves (2).

Our goal is to solve (5) explicitly. To begin with, we need some notations. Let
5/ be the th symmetric functionon y;, k=#j:

5= 2 nri-ri (8)

i< <gy
h#]

Lemma 3. If y;,---,y. are distinct, and &/ (0<I<n-1) are the symmetric
functionson y;, k= j, 1<k<n, then the matrix

53 502 e Oy
®
5,:4 5,1271 o 5:71

is invertible.
Proof. Suppose the matrix is not invertible; then there exists a non-zero vector

(alaaza".’an)T’ SuCh that

> 6la,=0 VL. (10)

j=1

Then
SaTle-72)=-£0 [ Sota o <0 vs a
J=l m#j I=1 Jj=1

Evaluate the above at z= yjz.o (jo=1---,n):

1322
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(7//2'0_;/3‘)20' (12)

m# j

We assumed y; are distinct, so a , =0 forall 1<j, <n. This contradicts

our assumption, and proves the given matrix must be invertible.

3. A Transformed System and Explicit Solutions

3.1. Non-Linear Integrable Equation

To solve Equation (5) explicitly, we construct a nonlinear mapping from y to

new dependent variables c. We take ¢; to be the j-th symmetric function of
Vi
= 2 7Y (13)

< <1
For convenience, we define ¢, =1,c, =0 for k<0 or k>n.
Proposition 4. If {7/.} satisty Equation (5), then {cj} as defined by (13),
satisty the system:
2’ =2cfc; | + 1<j<n+l. (14)

/1’

¢ =1, ¢ =0 when j>n. (15)

Proof. 1t follows directly by calculation, that for every 1< j<n,

12 ! " 271 7/1
2¢, =2cc,, —cl == Y, ) — (71, Vzm)Hyzv

<<l I<m<e< j-1 7/1 S#EmM
. s#t (16)
J-1
-2 X wirlln =0
iy <<y _1Sm<t<j-1 SEM
S#t
Andfor j=n+1, wehave
—2¢c, —cl ==2>"yle, =Y Yy Z—y'yj c,
i=1 =\ Vi Vi)
(17)

Syl

== (r-v)ry,

Conversely, we have
Proposition 5. If ¢; satisfy the system (14), and y,---y, are the distinct

n

roots of the polynomial with coefficients (—l)j c;, then y, satisfy the system
(5).

Proof. As in the previous calculations, for every 1< j<n+1, we have

’ ! 27/1,7/'
ch_zclcjfl ,’ Z Z H}/t [ 7/1 - 7/1 ylv Z—VIJ

i< o<i 1SV j-L sy 1#, 7,'V =7

(18)

_Z( ym_27m7m Z 7’”)/1) Z 711 1

I#m 7, 7/1 11< <1] 2
0

By assumption, y, #7;,Vi# j. The proof of Lemma 3 then shows that the

matrix (5/’"_2) (j=2,--,n+1,m=1,---,n ), where

K2
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i<e<i;
i, #m

5= Y prs
J

is invertible. Thus

27" v,
—7;'1—2ym)/r'n+zM:0 form=1L---,n
m Yi = Vi

and y, satisfy (5).

3.2.Second Order Nonlinear System to First Order Nonlinear
System

We have identified 12 constants of motion for the system (14). This will allow us
to reduce the second order system to a first order system.
Proposition 6. The nonlinear system (14) has the following constants of mo-

tion:

Civk| |Cjkmt Cjuk

} = Const (19)

!
k=0 Cika Chun Cik  Clkn

forallthe 0<j<n.Here ¢;=0,when j>n or j<O0.

"

Proof. Since 2c); =2cjc,  +c",, 1< j<n+1, we can write

J-1
¢, =2¢,=2cc, ,, (20)
ci=2c, —2cc;. (21)

Multiplying the first of these equations by ¢, and the second equation by

¢;.; > and subtracting, we have

’

" " __ ' _
e, —c; ¢ =2cc;—2¢;,.¢c,,

so that,

!

’ _ ’ ! 2
2,6, = (cjflcj —clyc;+c; ) . (22)

Similarly, from

"o r_ ’
Ciy =2¢;, - 2¢c

J+l
and
¢, =2¢,—2cc, ,,
we find
ijzc;'u - cj+lc;"—2 = zcj—zc;'ﬁ - 2cj+lc;'—1'

Using this equation we obtain (compare with (22))

’
’ _ ' ' '
2¢i,0, =—2¢) 0,5+ (2cj+,cj_| +C,,C — cj_zcj+l) .

It follows by induction that
n—j . n—j _ , '
2¢5¢, = {Z(_l)k l 2€,4C + ;(_l)k l (C/—k—lc;% _Cj—k—lcﬁk)} :

k=1

This identity, together with (22) shows that

1324
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n—j n—j

H(—l)k*1 (€)iCrk —CirCiut ) +c - ;(_I)H 2¢,,,¢,. = Const,
for 0<j<n.
We can also write (19) as
Z (_1)‘/7]{ Crjk (C/,c = Crn ) =H; (23)

k=1

for j=0,---,n.Here u,(j#0) areconstantsand z,=1.

Theorem 1 presents the equivalence of the first order system (23) and the
second order system (14).

Proof. of Theorem 1

(i) this result follows directly from Proposition 6.

(ii) let 7, = c}’ -2+ 20,’0,. Differentiate (23), for 1< j<n,

J+l

JjHmin{ j-1,n—j}

0= [kz: (_l)jik Crjk (Cl'c ~Cr )j = Z Co gLy

=1 k=j—min{ j—1,n—j}

If we write the above equation in matrix form, we have

—c, 0 e 0 0
c, e . 0 0 T,
-, c e 0 0 T,

\ ) Pl=o )
(_1)5_1611 (_1)56»171 (_I)E_ICZ (—1)56‘1 :

0 O T _can cnfS 7:1
0 0 .. c —C,

n

nxn

The coefficient matrix of above Equation (24) is a Sylvester resultant matrix. A
well known theorem from linear algebra then expands the determinant of the

Sylvester resultant matrix as the resultant of the two polynomials,

g L) n
a(s):—c152 +ey87 _"'+(_1)2 Co1>
n ny ) n
b(s)=cps? —cys? +es? —o+(-1)2c,

The coefficient matrix of (24) is nonsingular if and only if a(s) and b(s)
are coprime for xe/.Let Q(s) be the polynomial

n

0 (s)zZ(—l)l s (25)

1=0

We observe that (—1)"/2 (b(—sz)—sa(—s2 )) =0 /(s), and since ¢; is j-th
symmetric function of y,, we have

n

(=) (b(=5*)=sa(=*)) =@ () =TT(s-7,)- (26)

J=1

If a(s) and b(s) are not coprime, they have a common root s,, such that

s, #0. Let s;, s, be the two distinct square roots of —s,. Substitute 5=y,

%%
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and s=s, in (26); this yields O (s,)=0 and Q(s,)=0 respectively. Thus
there exist y,, 7, suchthat y, =s, 7, =s,.

Since y7,---,y, are assumed distinct, we obtain s, #s;, which contradicts
the fact that s =53 = —s,,.

Therefore a(s) and b(s) must be coprime for xe/, and (24) has the
unique trivial solution:

T,=cl-2c, +2cic; =0 for j=1,--,n.

Thus ¢; solve the second order system (14).

3.3. Method of Integrating Factor

We have reduced the second order non-linear system (14) to the first order
non-linear system (23). To solve the latter system explicitly, we begin by writing

it in matrix form. Let

—¢, 0 0 0 0
c, - o 0 0
—c, C —-c, 0 0
Cs —C; [ 0 0
A
(—1)2"¢, (-1)2¢,, (12 ¢, (-1)2'¢, 0
0 0 (e, - (e ((1)g
0 0 0 —c c

n n-1 (n+1)x(n+2)

We will assume n is even from now on. When n is odd, we obtain similar

results. The Equation (23) can be written as a matrix equation.

—C Hy
-G H
aq—c H

S : =| | forj=0,-,n (28)
Ch = Chat Hy
<, H,

Let

C 0

Cl ! cl’
C= hR C'= : (29)

¢, ¢,

The nonlinear system (28) can be written as
S(c)JIC'—S(c)J2C=,u, (30)

where

1326
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000 0
1 00 0
Ji=|0 1 0 - 0 . (31)
0 O 0 1 (n+2)><(n+l)
1 0
0 1
Jy=i oo . (32)
0 00
000

(n+2)x(n+1)

Our goal is to find an integrating factor M such that after multiplication on
the left by A4, (30) takes the form

MS(¢)J,C' = MS (c)J,C =(NC) =M u=0. (33)
Thus we would like to find an nx(n+1) matrix M and an nx(n+1)
matrix N'such that

MS(c)J, =N; (34)
MS(c)J,=-N'; (35)
Mp=0. (36)

This leads to
MS(c)=(BN)=(-NB,,). (37)

B, is the first column vector of MS(c) and B,,, is the last column vector
of MS(c).
For any nxn+1 matrix N= (al./.) which satisfies (37), and B, =

T

(ﬂll’ﬂZl"”’ﬂnl)T’ Bn+2:(ﬂlwzaﬂuua”"ﬂnwz) ’

’ ’ ’
ay ap A, Pao By ay oy, a,
’ ’ ’
@y Ay v Gy P _ By ay oay, ay,, — MS
’ ’ ’
An Ay " Gy ﬂn n+2 ﬁnl Ay Gy Gypn
ro_ ro_ — PRy p—
We must have a,, =-a,,,, a,=-p,,for u=L--,nv=2,--,n+l.
Let f =a,,, >then these conditions show that N'must be of the form

fl(”) _fl("*l) fl("’z) o fs

fn(n) _fn(H) fn("*z) e f

1
and moreover 3, =—f"" for u=1,--,n.

To find M, we now rewrite (34) and (36) in matrix form,

%%
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T B!
(S(CT) JMT: NT . (39)
H 0

Thus each of the n rows of M solves an over-determined linear system, con-
sisting of n+3 equationsand n+1 unknowns.

Studying the structure of the matrix §(c), we notice the following algebraic
identity,

Lemma 7. S(c)J,C=0

As an immediate corollary, we have the following

Lemma 8. Given a nontrivial solution {c,}(i=1,---,n) of(28), the overdeter-
mined system (39) is solvable only if N satisties NC =0 . Moreover, we also have
N'C=0.

For each overdetermined system

S(e)' M =| _gorn |, i=Leesn. (40)

fi

where M. is the i-th column vector of M ", Lemma 7 and Lemma 8 show that
the rank of the augmented matrix is less than n+2. The over-determined
system has at most n+1 linear independent equations.

Let S,(c)’ denote the sub-matrix of S(c)' obtained by deleting the first
row, the n-th row, the (n + 1)-th row, first column and last column of S(c)T .
We observe that S, (c)T is also a Sylvester resultant matrix. The determinant of
a Sylvester resultant matrix is the resultant of the two polynomials

271 ﬁ,z n

a(s)=—c¢s> +es? —4(-1)2¢,,,

n n 1 n

b(s)= cys2 —Cys? +eys? Lt (—1)2 c,.

Two cases need to be considered here. (1) a(s) and b(s) are coprime:
Then S, (c)T is nonsingular. The augmented matrix of (40) has the same rank
n+1 as the corresponding coefficient matrix. Thus (40) is solvable. (2) a(s)
and b(s) are noncoprime: We then use the following result of Laidacker [12]:
let d(s) be the greatest common divisor of two polynomials a(s), b(s),
then the rank of the Sylvester resultant matrix is n—deg(d(s))—1. Thus the
rank of the augmented matrix should be also » +1—deg(d(s)) , if (40) is to be
solvable.

We obtain an algebraic fact about the Sylvester matrix.

Lemma 9. Suppose that cyt" —ct" 't +c,t"” —cit" "t ++-+c, =0, and that
a(—tz), and b(—tz) do not vanish simultaneously. Then the following alge-
braic system is always solvable.

1328
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-, G (—l)gcnl 0 ... 0 m
2 n
S(c) i =| o e o (Fen (D2 0 |
n " m,
0 O (—1)26‘1 (—1)2 CS _Cnfl
tn
_| "
2

Proof. Let n, (s) be the polynomial with coefficients consisting of the i-th
row of S, (c)T and let ¢, (s) be the polynomial with coefficients consisting of
the i-th row of S, (c)' in echelon form. It should be noted that ¢ (s) is a
linear combination of the polynomials of 7, (s). The algebraic system is solva-
ble if and only if each zero row of Sl(c)T in echelon form corresponds to a
zero row of the augmented matrix in echelon form.

Suppose the i-th row of S,(c)’ in echelon form is zero, that is ¢ (s)=
0=k, (s)+km, (s)+--+k,_,m,, (s). From the structure of S, (c)",

n

e (s)= (kosz_] —kzs?2 +---+(—1)71 kn_zJa(s)

+[k152_2 hys? et (<12 kn_SJb(s) -0,

Let d(s) be the greatest common divisor of the two polynomials a(s) and
b(s), let a(s) =d,(s)d(s), b(s)=d,(s)d(s), where gcd(da (s).d, (s)) =1.
The above shows that there exists a polynomial d,(s) such that

n

kys? —kys? et (<1)2

k,,=d,(s)d,(s)

n n n

ks? —kys? et (=1)2k, s =—d, (s)d, (s)
We need to prove
(hot" +hest™ ot e ot ) = (Rt + ket oo+ e, 7)1, = 0.

Using the above identities, the left side of the equation can be written as

|

(-1)

2 2
£, (-0)(d, () + 1, (1)) = (-1)"" pay () L)
d(~’)
The left side of this equation vanishes, since the condition in the hypothesis
can be represented as « (—t2 ) + b(—t2 ) t,=0.
Inspired by the fact that N'C =0 and by Lemma 9, we prove the existence of
Nby constructing f, such that f]=Const- f;. To be more specific, let

fl=xif; for j=1,,n, (41)

where Kf are arbitrarily distinct and non-zero constants.
Lemma 8 also shows that (39) is solvable only if N satisfies NC=0.

K2
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To calculate NC, we first introduce some new notation. For each «;, we

define O, E, asfollows,

O, =Klcy+x/7c, ++c,, (42)
E = Kin_lcl + Kin_363 Tt G, (43)
Then, we have
1 '
Olfl __Elfl
n n-2 pr Kl
K| fico =Kk S+ + fie, 1
Ne=| Keha KT S fey || Gh B (44)
Ko KL S |
O,f,——E.f,
. 1 . , 0.
NC=0 onlylf O/fi __Ejfjr:() for j=1,---,n,ie fj :KJ'E_jfj'
: P .

J J
The following propostion proves that Nsatisfies both NC=0 and N'C=0.
Proposition 10. 7£(28) is satistied and K, Oj,E , are defined as above, then
1 ’ ’ 2 2
;~(0jEj—0jEj)+0]. =E. (45)
J
Proof. Straight forward calculation.

Recall that our objective is to construct an integrating factor to reduce (23) to

an algebraic system. As described above, let

% 4
£()=c 5" for j=1mm (46)
Thus
fi=x; %f,-» (47)
J
2
fr=x, [%Jf 7 [%] fy=r3, ()
J J

We assume E ;* 0 in this transformation.
L 1. 0% p i1 iseddand 1O =kls i1
emma 11. fj —KjEfj I Is odd an f/ _Kjfj I Is even.

J

N can be rewritten as

— -2
Kifoo-KT—fo&k L
El
O
Kn _K,n—l_zf K.n—Zf f
2J2 2 E2 2 2 2 2 ) (49)
o
-1 -2
A A A
n
1330 28 scientific Research Publishing
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With f; asgiven above, we can define a matrix M,,

K12nfi _K12n—2ﬁ . (_1))1 fi

|l S G (50)
&' f =S (B,
. - 1 ) .
The following proposition shows that M =—————M, is a solution of
EIEZ'”EH
(39), i.e. M is an integrating factor of (30).
1
Proposition 12. Given M =—————M,, £, by (46), and «; (j=1,--,n)
EE, -E,
be distinct roots of ¥ (z)= ;’:O(—l)l wz"", then M solves (34), (35), (36).
Proof. Straightforward calculation shows
—k 0, Klnil.flEl - —hO
M,S(e)s, =| 20 S o0
-5, 1,0, & f,E, - ~£0,

thus, MS(c)J, =N . Similar calculation proves MS(c)J,=N'. At the same

time, we have

(1) (2)" 1,

Theorem 13. if S(c; —c,.,)=(u,), then M,-S(c; —c,,)=0, Conversely, if
M,-S(c;—¢,)=0 and f;#0, then S(c,—c,,,) :(,uj), moreover, ¢, satisty

the linear system,

NC=3 £ (1) e =0, 0<jzn 6D

The system (28) is integrable and equivalent to this linear system.
Remark 14. fj can be solved directly from Equation (48) as fj =
sinh (Kj (x +9; )) . The algebraic system (51) will then lead to the solution c, .
Proof. Multiplying Equation (30) by M|, and using Proposition 12, yields
1
M,-S(c; —¢,,, ) =0. Further, multiplying both sides by FEE we have

£, E,
M-S(c,—c,,)=(NC) =0. (52)

Thus Z:ZO(—I)k F"Me, =Const . The fact that

J

%%
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MSI,C =3 (<1 £ e, =0
=0
forces the constant to be zero.

Conversely if M,-S(c, —c,,)=0,since M, isa nx(n+1) matrixand &’
are assumed distinct, [, #0, so the dimension of the kernel is 1. The solution
u which satisfies M,-x=0 and g,=1 is unique. Since the first entry of
S(cp =) is (—¢y)-(—c,) =1, it follows that S(c; —c,,,)= (,uj.).

This proves that (28) is integrable and provides a procedure to obtain explicit

solutions from the linear system (51).

4. Exact Analytic Examples

We will illustrate the procedure of section 2 and section 3 by a simple exact ana-
lytic example in this section.

We explicitly discuss the case, where n=2 in (4). Then A(a,x)=
271 (x)e? 1) 0yt (x)e? 2} We construct the non-linear mapping from

y to c,

Q=077
C =07

(53)

Then c,c, satisfy (14). To solve for ¢, we reduce the second order system
(14) to the first order system (30):

-,
¢ 0 0 0 Hy
-
¢ —¢ ¢ 0], = 4 | (54)
a-6
0 0 - ¢ ' Hy
)

Given k;, k, where k, #k,,we construct M of the form (50)

M:[Kff‘ _Kffl f') (55)
o K5 f

where f|, f, are solution of (48):
=K1,
=k f
We can write
f; =sinh(x, (x+6,)) fori=1,2.

with 6,-5, #0.
After multiplying (54) by M on the left, the first order system is solved expli-
citly. Indeed, ¢, satisfy linear system (51). Let

z, =k, coth(/ci(x+5i)). (56)
Then (51) takes the form
Z6,—Cy = Klz, (57)
2,6, —Cy = K‘22, (58)
1332 ‘.‘:o
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with solution:

2 2
(%) :%, (59)
2 1

2 2
¢ (x) _ka-Kn (60)

)~z

To invert the mapping (53) we find 7,(x), 7,(x) as the roots of the

equation
s —¢ (x)s+¢,(x)=0.
This gives the following exact solutions of A-equation:
q(x)=-2y(x) -2y (x) =-2¢/(x)
A(e,x) =2y (x)e? ) —2p1 (x) e,

2

n?

Theorem 15. For any distinct non-zero complex &,--,x., and d;,-.d
there exists a solution A(a,x) of the A-equation with the form
A(ax)= 37,27, (x)e ", where ,(0)=d

j?

i (0)=TT'L (2 -1, (¢ -a2) " for 1<j<n.

Proof. This theorem is a direct corollary of the results in section 3.

Remark 16. This theorem does not cover all solutions of the form
A(a,x)= Z'}zl -2y (x)efzwf(x) . Consider an example from [1],

Ala)= —Ii—Zez“k‘) +Z—Ze’2“k°, (61)
=8 1 [Fsinn (& )d 62
q(x)—— yn +E'(° sin ( Oy) ly |. (62)

Working through the procedure in section 3, we get
e (0) =7 (O) =k,

’ ’ C
71(0):_72(0):2]: ’
0

6(0)=0, (0)=0,
¢, (0)=—k;, ¢,(0)=c,.
Here the values of the constants are:
o, =, =2k;,
o, =t =k,
Kl =K; =ky;

sothat x7 and & are not distinct.
This leads to O, =0,E, =0. Proposition 10 holds, but the nonlinear trans-

formation (46) is not defined.

%%
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5. Conclusion

A large class of exact Equations to A-Equation was found in this work. Tech-

niques used in our approach include non-linear transformation between coeffi-

cient of a polynomial and its zero, constants of motion, and an interesting inte-

grating factor method. The nonlinear system studied here is of interest not only

for its connection to inverse problems. It represents a larger category of integra-

ble system than C-integrable system and is worth further investigation.
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