
Journal of Applied Mathematics and Physics, 2017, 5, 31-38 
http://www.scirp.org/journal/jamp 

ISSN Online: 2327-4379 
ISSN Print: 2327-4352 

DOI: 10.4236/jamp.2017.51005  January 4, 2017 

 
 
 

Numerical Study of the Hydrodynamic 
Performance of Two Wiggling Hydrofoils  
in Diagonal Arrangement 

Xingjian Lin1, Guoyi He1, Xinyi He2, Qi Wang1, Longsheng Chen1 

1The School of Aircraft Engineering, Nanchang Hangkong University, Nanchang, China 
2The School of Software, Nanchang Hangkong University, Nanchang, China 

  
 
 

Abstract 
The hydrodynamics in fish school are studied through simulating the flow 
over two wiggling hydrofoils in diagonal arrangement by using the immersed 
boundary method, both in-phase and anti-phase wiggling motions are consi-
dered in this study, the effect of the longitudinal spacing on the hydrodynamic 
performance has been investigated. It is revealed that, when the longitudinal 
spacing is smaller than body length, the diagonal formation is helpful to the 
follower but harmful to the leader; when the longitudinal spacing is larger 
than body length, the opposite effect is occurring; and a significant enhance-
ment of the propulsive performance is obtained when the longitudinal spacing 
is optimized. 
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1. Introduction 

The diamond performance of fish school has been studied by biologists and 
physicists for several decades [1] [2]. The hydrodynamic interaction between 
flow and fish is the crucial question for understanding the intrinsic mechanism 
in fish school, since fish can swim efficiently through the active and passive res-
ponses to the hydrodynamic reaction [3] [4]. The passive flexible filaments are 
also used to investigate the passive responses to the fluid-structure interaction in 
fish school, for two paratactic filaments, two flapping states, in-phase flapping 
state and out-of-phase flapping state, have been observed experimentally [5] and 
numerically [6], which means that the hydrodynamic performance relates to the 
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arrangement [7], for two tandem filaments, a drag increase has been observed 
for the follower while the leader was unaffected [8] [9] [10]. To understand the 
active responses to the hydrodynamic reaction in fish school, the active wiggling 
hydrofoils have been used in the previous studies, for two tandem hydrofoils, a 
significant augmentation of the thrust has been obtained by the leader, while the 
follower experienced the decreased thrust [11] [12], for two paratactic hydrofoils, 
the increased drag and decreased power were observed when wiggled in-phase, 
but the increased drag and expensive power consumption were found when wig-
gled anti-phase [13]. The diagonal formation, which combines the tandem and 
paratactic formations, is a ubiquitous arrangement in fish school, investigating 
the hydrodynamic performance of two wiggling hydrofoils in diagonal forma-
tion is worthwhile for a complete understanding of the intrinsic mechanism in 
fish school, although some understanding has been obtained through the tan-
dem and paratactic models, this is the motivation of the current work. 

In this study, the flow over two wiggling hydrofoils in diagonal arrangement 
has been simulated using immersed boundary method [14], the thrust coefficient, 
the power coefficient, the propulsive efficiency and the vortex structure are ana-
lyzed. The rest of this paper is organized as follows. Section 2 presents the phys-
ical model and numerically method. Section 3 addresses the simulation results in 
detail with discussions. Finally, some conclusions are drawn in Section 4. 

2. Physical Model and Numerically Method 

In this paper, we consider the hydrodynamic interactions between two diagonal 
hydrofoils in a two-dimensional incompressible viscous flow, as shown in Fig-
ure 1, a NACA0012 airfoil is used as the contour of the hydrofoils, the wiggling 
motion is described as follow: 

( ) ( ) ( )0 1 1 1
2 πy x , t A x cos x ct
λ

= − ,                 (1) 

( ) ( )2
1 0 1 1 2 1 1. 0 1A x a a x a x x= − + ≤ ≤                 (2) 

where y0 is the lateral coordinate of the midline along the hydrofoil, λ is the wa-
velength, c is the phase velocity, x1 is defined as x1 = (x − x0)/L, x0 is the position 
of the leading edge of hydrofoil, L is the length of the hydrofoil, A(x1) is the am-
plitude along the hydrofoil, coefficients a0 = 0.02, a1 = 0.0825, a2 = 0.1625, are  
 

 
Figure 1. Schematic views of mathematic model of two hydrofoils arranged in diagonal 
formation, U0: the Initial velocity of the flow, L: the length of the hydrofoil, Gx and Gy: the 
longitudinal and lateral spacing between two hydrofoils. 
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calculated from the data of steadily swimming motion of fish [13], the period T 
of the wiggling motion is determined by λ and c, T = λ/c. The dimensionless se-
parations are defined as follows: the longitudinal spacing Dx = Gx/L, the lateral 
spacing Dy = Gy/L. 

The governing equations of a two-dimensional incompressible viscous flow 
are written as follows: 

( ) 21p
t Re
u uu u f∂
+ ∇ ⋅ = −∇ + ∇ +

∂
                 (3) 

0u∇ ⋅ =                             (4) 

where u is the velocity, p is the pressure, the Reynolds number Re = LU0/𝜈𝜈, 𝜈𝜈 is 
the viscosity, and f is the Eulerian force density. A simple immersed boundary 
method [14] is employed to calculate the interacting force between the hydrofoil 
and the fluid, the complete details of the algorithm and the validations are 
available in the previous work [15]. 

The time-averaged thrust coefficient, the time-averaged power coefficient and 
propulsive efficiency for each hydrofoil are calculated as follows: 

t T
1

t 2
0t

1C dsdt
T ρU L/ 2

F+ −
= ∫ ∫ , 

( )t T
2 0

w 2
0t

y / t1C dsdt
T ρU L/ 2

F+ − ∂ ∂
= ∫ ∫ , t

w

Cη
C

=   (5) 

where F1 and F2 are the x-component and y-component of the Lagrangian force, 
respectively. 

For the whole two-hydrofoil system, the coefficients and efficiency are defined 
as follows: 

( )t 0 t1 t 2C C C / 2= + , ( )w 0 w1 w 2C C C / 2= + , 0 t 0 w 0η C / C=        (6) 

where 1tC , 2tC , 1wC , 2wC  are the coefficients for each hydrofoil, respectively. 

3. Results and Discussion 

The parameters in the current work are defined as follows: U0 = 1.0, L = 1.0, Re 
= 200.0. To generate the reversed Von-Kármán vortices and thrust, the wiggling 
parameters are set as λ = 1.0, c = 5.0, both in-phase and anti-phase motions are 
considered. The separation distances are set as: Dx = 0.0 - 3.0, Dy = 0.3 - 0.4, the 
values of lateral spacing selected here are similar to the optimal distance in the 
theory of Weihs [1], and the effect of the longitudinal spacing on the hydrody-
namic performance are analyzed typically. 

3.1. In-Phase Wiggling Hydrofoil 

The performance of in-phase wiggling hydrofoils, such as the thrust coefficient, 
the power coefficient and the propulsive efficiency, has been shown in Figure 2. 
It is indicated that, when the longitudinal spacing is smaller than the body length 
(Dx < 1.0), the downstream hydrofoil has a significant enhancement of the thrust 
coefficient, but the upstream hydrofoil has the reduction, compared to the single 
hydrofoil, and so as the propulsive efficiency, although the time-averaged power 
coefficient of the hydrofoils is larger than that of single foil in some cases. This  
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Figure 2. The time-averaged thrust coefficient for (a): each hydrofoils and (d): the whole 
system; The time-averaged power coefficient for (b): each hydrofoils and (e): the whole 
system; The propulsive efficiency for (c): each hydrofoils and (f): the whole system. The 
empty symbols of square and circle denote the variables of the leader and the follower in 
the diagonal formation of Dy = 0.3, respectively. The empty symbols of triangle and in-
verted triangle denote the variables of the leader and the follower in the diagonal forma-
tion of Dy = 0.4, respectively. The filled symbols of triangle and inverted triangle denote 
the variables of the whole two-hydrofoil system of Dy = 0.3 and Dy = 0.4, respectively. The 
dashed lines denote the values of each propulsive variables of a single hydrofoil. 
 
may arise because the vortices generated by the leader are captured by the fol-
lower, and merged into the wake of the follower, as shown in Figure 3. Moreo-
ver, if two hydrofoils are arranged in side-by side formation (Dx = 0.0), the 
thrust coefficients for each hydrofoils are smaller than that of a single hydrofoil, 
and the wake is weak, as shown in Figure 4(a), it is similar to the previous result 
that the paratactic hydrofoils experienced increased drag [13]. When the longi-
tudinal spacing is larger than body length (Dx > 1.0), the thrust coefficient of the 
upstream body is larger than that of the downstream body, and so as the propul-
sive efficiency and the time-averaged power coefficient, since the follower has 
experienced the jet flow produced by the leader, as shown in Figure 4(b). 
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Figure 3. Vorticity contours over one period in the in-phase case of Dx = 0.75, Dy = 0.3, 
(a) 0.3T; (b) 0.5T; (c) 0.8T; (d) 1.0T. The vorticity value ranges from –90 to 90 with in-
tervals of 10, solid and dashed lines denote positive and negative contours. 
 

 
Figure 4. Vorticity contours in the in-phase case of (a) Dx = 0.0, Dy = 0.3; (b) Dx = 1.1; Dy 
= 0.3. The vorticity value ranges from −90 to 90 with intervals of 10, solid and dashed 
lines denote positive and negative contours. 
 

For the whole in-phase system, as shown in Figures 2(d)-(f), the thrust coef-
ficient and propulsive efficiency are smaller than that of a single hydrofoil when 
Dx = 0.0, 0.25, but larger when Dx = 0.5, 0.75. The best propulsive efficiency is 
obtained when Dx = 0.5, although the more power is required. When the longi-
tudinal spacing is larger than body length (Dx > 1.0), the propulsive performance 
of the whole two-hydrofoil system is similar to that of a single hydrofoil. 

3.2. Anti-Phase Wiggling Hydrofoils 

The propulsive performance of anti-phase wiggling hydrofoils has been shown 
in Figure 5. It is revealed that, both the thrust coefficient and the propulsive ef-
ficiency for the downstream hydrofoil is higher than that for the upstream hy-
drofoil when the longitudinal spacing is smaller than the body length (Dx < 1.0), 
since the vortices generated by the former are also captured and merged into the 
wake of the latter, as shown in Figure 6. Moreover, the hydrodynamic perfor-
mance for two paratactic hydrofoils (Dx = 0.0) are better than that for a single 
one, and a strong wake is generated by the paratactic system, as shown in Figure 
7(a). When the longitudinal spacing is larger than body length (Dx > 1.0), the 
propulsive performance of the upstream hydrofoil is better than that of the 
downstream hydrofoil, since the downstream body has experienced the jet flow 
produced by upstream one, as shown in Figure 7(b). 

For the whole anti-phase system, a significant enhancement of thrust coeffi-
cient has been obtained when Dx = 0.0, 0.25, compared to a single hydrofoil, and  
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Figure 5. The time-averaged thrust coefficient for (a): each hydrofoils and (d): the whole 
system; the time-averaged power coefficient for (b): each hydrofoils and (e): the whole 
system; and the propulsive efficiency for (c): each hydrofoils and (f): the whole system. 
Refer to Figure 2 for the meaning of symbols. 
 

 
Figure 6. Vorticity contours over one period in the anti-phase case of Dx = 0.5, Dy = 0.3, 
(a) 0.3T; (b) 0.5T; (c) 0.8T; (d) 1.0T. The vorticity value ranges from –90 to 90 with in-
tervals of 10, solid and dashed lines denote positive and negative contours. 
 

 
Figure 7. Vorticity contours in the anti-phase case of (a) Dx = 0.0, Dy = 0.3; (b) Dx = 1.1, 
Dy = 0.3. The vorticity value ranges from –90 to 90 with intervals of 10, solid and dashed 
lines denote positive and negative contours. 
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so as the propulsive efficiency (except the case of Dx = 0.25, Dy = 0.3 which is 
similar to a single one), although the increased power is required. The best per-
formance is obtained by two paratactic hydrofoils (Dx = 0.0), and no better per-
formance than that of a single hydrofoil is achieved by the anti-phase system 
when Dx ≥ 0.5. 

4. Conclusion 

In the present work, the flow over two wiggling hydrofoils in diagonal formation 
has been simulated using the immersed boundary method, both the in-phase 
and the anti-phase wiggling motions are investigated. It is found that, whether 
the hydrodynamic beneficent obtained depends on the longitudinal spacing be-
tween individuals, when the longitudinal spacing is smaller than body length (Dx 
< 1.0), the downstream hydrofoil has the increased thrust and efficiency while 
the upstream hydrofoil is dragged, when the longitudinal spacing is larger than 
body length (Dx > 1.0), the upstream hydrofoil obtains the increased thrust and 
efficiency but the downstream is dragged. For the whole two-hydrofoil system, if 
wiggles in-phase, the best performance of the largest thrust coefficient and pro-
pulsive efficiency is gained when the longitudinal spacing equals to half of the 
body length (Dx = 0.5), but if wiggles anti-phase, the paratactic formation is 
beneficial to obtain the highest thrust coefficient and propulsive efficiency. The 
results obtained here may be helpful to understand the hydrodynamics in fish 
school, although the two dimensional model used in this study is simplified, and 
the three dimensional model will be made in the further work. 
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