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Abstract

In this paper, we shall present the strong laws of large numbers for fuzzy set-valued random va-
riables in the sense of dj;. The results are based on the result of single-valued random variables
obtained by Taylor [1] and set-valued random variables obtained by Li Guan [2].
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1. Introduction

With the development of set-valued stochastic theory, it has become a new branch of probability theory. And
limits theory is one of the most important theories in probability and statistics. Many scholars have done a lot of
research in this aspect. For example, Artstein and Vitale in [3] had proved the strong law of large numbers for
independent and identically distributed random variables by embedding theory. Hiai in [4] had extended it to
separable Banach space. Taylor and Inoue had proved the strong law of large numbers for independent random
variable in the Banach space in [5]. Many other scholars also had done lots of works in the laws of large num-
bers for set-valued random variables. In [2], Li proved the strong laws of large numbers for set-valued random
variables in G, space in the sense of dy metric.

As we know, the fuzzy set is an extension of the set. And the concept of fuzzy set-valued random variables is
a natural generalization of that of set-valued random variables, so it is necessary to discuss convergence theo-
rems of fuzzy set-valued random sequence. The limits of theories for fuzzy set-valued random sequences are al-
so been discussed by many researchers. Colubi et al. [6], Feng [7] and Molchanov [8] proved the strong laws of
large numbers for fuzzy set-valued random variables; Puri and Ralescu [9], Li and Ogura [10] proved conver-
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gence theorems for fuzzy set-valued martingales. Li and Ogura [11] proved the SLLN of [12] in the sense of
d;; by using the “sandwich” method. Guan and Li [13] proved the SLLN for weighted sums of fuzzy set-
valued random variables in the sense of d;; which used the same method. In this paper, what we concerned are
the convergence theorems of fuzzy set-valued sequence in G, space in the sense of d; .

The purpose of this paper is to prove the strong laws of large numbers for fuzzy set-valued random variables
in G, space, which is both the extension of the result in [1] for single-valued random sequence and also the
extension in [2] for set-valued random sequence.

This paper is organized as follows. In Section 2, we shall briefly introduce some concepts and basic results of
set-valued and fuzzy set-valued random variables. In Section 3, | shall prove the strong laws of large numbers
for fuzzy set-valued random variables in G, space, which is in the sense of Hausdorff metric d}; .

2. Preliminaries on Set-Valued Random Variables

Throughout this paper, we assume that (2,4, ) is a complete probability space, (X,[-|) is a real separable
Banach space, K(X) is the family of all nonempty closed subsets of X, and K, (36)(Kk (36)) is the family

of all non-empty bounded closed(compact) subsets of X, and K, (36) is the family of all non-empty compact
convex subsets of X.

Let A and B be two nonempty subsets of X and let 1 <R, the set of all real numbers. We define addition
and scalar multiplication by

A+B={a+b:acAbeB}
AA={la:ae A}
The Hausdorff metricon K (%) is defined by

dy, (A B)=max{supinf |a—b], supinf
acA DeB beB

B acA

a—b

for A BeK(X).ForanAin K(X),let |A| =d, ({0}, A).
The metric space (K, (X).d,,) is complete, and Ky, (X) is a closed subset of (K, (X).dy) (cf. [14],

Theorems 1.1.2 and 1.1.3). For more general hyperspaces, more topological properties of hyperspaces, readers
may refer to the books [15] and [14].
Foreach AeK(X), define the support function by

s(x*, A) :sup<x*,a>, X eX,

aeA

where X" is the dual space of X.
Let S° denote the unit sphere of X", C(S*) the all continuous functions of S, and the norm is defined

as "V"c = Spr*es* ’

The following is the equivalent definition of Hausdorff metric.
Foreach A BeK, (X),

d, (A B) :sup{‘s(x*, A)—s(x*, A)‘ X e S*}.
A set-valued mapping F:Q— K(X) is called a set-valued random variable (or a random set, or a multi-

function) if, for each open subset O of X, F*(0)={weQ:F(0)n0=T}eA.
For each set-valued random variable F, the expectation of F, denoted by E [F] , is defined by

E[F]={[, fdu: f es.},
where J'Q fdu is the usual Bochner integral in Ll[Q,%], the family of integrable X -valued random variables,

and S; :{f el [yx]: f(o)e F(a)),a.e.(y)}.
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Let F (X) denote the family of all functions v:X —[0,1] which satisfy the following conditions:

1) The level set v, ={xeX:v(x)=1}#Q.

2) Each v is upper semicontinuous, i.e. for each « e(O,l], the o level set v, ={XG3€:V(X)2a} is a
closed subset of X.

3) The support set v,, =cl {x eX: v(x) > O} is compact.
A functionvin F (X) is called convex if it satisfies

v(Ax+(1=2)y)=min{v(x),v(y)},

forany x,yeX,1¢(0,1].

Let F(X) be the subset of all convex fuzzy setsin F, (X).
It is known that v is convex in the above sense if and only if, for any « €(0,1], the level set v, is a convex
subset of X (cf. Theorem 3.2.1 of [16]). For any veF, (X), the closed convex hull coveF (X) of v is

defined by the relation (av) =cov, forall a<(0,1].
For any two fuzzy sets v',v?, define
(vl +v2)(x) :sup{a €(01]:xev, +v§},

forany xeX.
Similarly for a fuzzy set v and areal number A, define

(Av)(x)=sup{a (0,1]:x e Av,},

forany xeX.
The following two metrics in F, (36) which are extensions of the Hausdorff metric dy, are often used (cf. [17]
and [18], or [14]): for V*,v* e F (X),

4z (Vl,VZ) =asél(JOF)l]dH (Vi,Vi),

d;, (vl,vz) :j:dH (vi,vi)da.

Denote |V|. =dj (v, 15) =sup,.o|V, |, . where 1, is the fuzzy set taking value one at 0 and zero for all
x = 0. The space (Fk (%),dﬁg is a complete metric space (cf. [18], or [14]: Theorem 5.1.6) but not separable
(cf. [17], or [14]: Remark 5.1.7).

It is well known that v, =) V., for every o (0,1]. Due to the completeness of (Fk (%)d,‘j) every

p
Cauchy sequence {v":neN!| hasalimitvin F (X).

A fuzzy set-valued random variable (or a fuzzy random set, or a fuzzy random variable in literature) is a map-
ping X :Q—F (X), such that Xa(a)):{Xe%: X (a))(x)Za} is a set-valued random variable for every
ae(0,1] (cf. [18] or [14]).

The expectation of any fuzzy set-valued random variable X, denoted by E[X], is an element in F (X)
such that, for every « <(0,1],

(E[x]), =E[X.].

where the expectation of right hand is Aumann integral. From the existence theorem (cf. [19]), we can get an
equivalent definition: for any xe X,

E(X)(x)=sup{a e[0,1]:xe E[X,]}.
Note that E[X] isalways convex when (€, A, x) is nonatomic.

3. Main Results

In this section, we will give the limit theorems for fuzzy set-valued random variables in G, space. | will firstly
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introduce the definition of G, space. The following Definition 3.1 and Lemma 3.2 are from Taylor’s book [8],
which will be used later.

Definition 3.1. A Banach space X is said to satisfy the condition G, forsome « e (O,l]. If there exists a
mapping G:X — X", such that

1) e (x)]=Ix";
2 6=l
3) ||G (x)-G (y)” = Alx—y|" forall x,yeX andsome positive constant A.

Note that Hilbert spaces are G, with constant A=1 and identity mapping G.
Lemma 3.2. Let X be a Banach space which satisfies the condition of G, , {Vl,Vz,n-,Vn} be independent

random elements in X, such that E[V,|=0 and E ["\/k ||1+"J <+ foreach k=1,2,---,n. Then

1+a s l+o
B[N+ +V [ < AY E[ M|
k=1
where A is the positive constant in 3) of definition 3.1.
In order to obtain the main results, we firstly need to prove Lemma 3.5. The following lemma are from [14]

(cf. p89, Lemma 3.1.4), which will be used to prove Lemma 3.5.
Lemma3.3.Let {C,:neN} beasequencein K, (X).If

limd, (%ZEGK,CJ:O,
k=1

n—o

forsome CeK, (%), then

limd, (EZCWCJ=O.

n—oo n k=1

Lemma 3.4. (cf. [13]) Forany v e F, (X), there exists a finite 0=t, <t, <---<t, =1, such that
dy (Vtk"”t; )£5, forall k =1,---,M.

Now we prove that the result of Lemma 3.3 is also true for fuzzy sets.
Lemma 3.5. Let {v“ ‘ne N} be a sequence in F (X). If

Iimd,ﬁ[%Zc_ k,vj:O, (3.1)
n—o k=1

for some v e R, (X), then
Proof. By (3.1), we can have

and

n—oo

limd,, GZEV{;,VWJ:O,
k=1

for  €(0,1]. Then by Lemma 3.3, for « €(0,1], we have
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and

By Lemma 3.4, take an & >0, there exists a finite 0=¢, <o, <--- <, =1, such that
Ay (Vi Ve, )< forall 1o, M.

Thenfor a;, <a<a;,

1 1 k 1 d k 1 4 k
dy| =D vo,v, |Sd | =D v v, . |+dy| =D v, v,
H(n; a aj H(né aj’ajy j H(né j-1 j
13« 13«
<d, (sz_;vaj ,Vajj—i- dy, (sz_;va“wva,-ﬁj +2d, (Va,- ,vajiﬁ)

Consequently,

13 13 13
sup d,, (—Zvﬁ,vaJﬁ max d,, (sz_;v;j,vaj)—i_ max d,, (sz_;v211+,va“+j+25.

a<(01] N\ <jM 1<j<M

Since the first two terms on the right hand converge to 0 in probability one, we have

n
limsup sup d,, (%ZV;'V“)S 2¢,
k=1

nowo  aeg(01]

but & is arbitrary and the result follows. O
Theorem 3.6. Let X be a Banach space which satisfies the condition of G_, let {X":n 21} be indepen-
dent fuzzy set-valued random variables in F, (X), such that E [X ”] =1, foranyn. If

e[ (X} <+

=1

where ¢ (t)=t"* for0O<t<Zland ¢ (t)=t fort>1 then > X' converges with probability 1 in the sense
-1

of dj.
Proof. Define

Ul =x1l Wi =Xx1|

Ixl<)’ x4
Note that X! =W’ +U! for each j, and both {Wj S 21} and {Uj D 21} are independent sequence of
fuzzy set-valued random variables. When ||X J "F >1, we have "\N’"F = ||X J'"F ,and g, ("X I ||F): ||X j ||F . Then,

'

And from gE[qﬁo ||X j"F} <o, we know that {E{

forany m,n

>w!
j=n

gl )-Selale)

>w!
=1

} ‘m> 1} is a Cauchy sequence. So, we have
F
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m .
2w
j=1

E{_

:l converges as m — oo.
F

Since convergence in the mean implied convergence in probability, Ito and Nisios result in [9] for independent
random elements (cf. Section 4.5) provides that

m

2w

i1

converges in probability 1.

E

So, for any n, m>1, m > n, by triangle inequality we have

dﬁ[iwj,iwj]zd:j Enjwi,znjwu i W
j=1 j=1 j=1 j=1

j=n+1

|

<d;

dz

|0iwj

j=n+1

iwi,iwijm:j[
j=1 j=1

|

—0,a.e. ash,m— oo.

|

|O,iwj

j=n+1

j=n+1

=

It means {ZWJ. n 21} is a Cauchy sequence in the sense of d/]. By the completeness of (Fk (%),dﬁ),

=i

n
we have ZWJ. converges almost everywhere in the sense of d; .
=1

n . .
Next we shall prove that ZU ! converges in the sense of d; . Firstly, we assume that {U '} are all convex
j=1

fuzzy set-valued random variables. Then by the equivalent definition of Hausdorff metric, we have

bl

_ﬂe(o,l]
>.U;.{0}

j=n

l+a 1+a

m

Su

j=n

m

2V,

|

m .
s| x*, YU
j=n

For any fixed n, m, there exists a sequence X, € S”, such that

(s3]l

j=n
That means there exist a sequence X, € S*, such that
m
s| x¢, > U

l+a
E =E| sup lim J :
pe(04] k—o0 ion

Then by Cr inequality, dominated convergence theorem and Lemma 3.2, we have

j=n K

sup dj*
S
=E| sup sup
Be(01] x* s

lim = sup
k—

x"eS”

l+oa
m

ZU i

j=n

=

588
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:|1+a

fe50)

<E| sup |ImZm: ‘
j=n

pe(04]k—>*

l+a B
j }:E sup lim

sup fim (x;,uﬁ")r
<E mﬂsgg} (Xk’Ué)@M
ctme] s $s01)- €[50 - s
:mEL;WnS(XE,UA)-E[S(X:'Uzjﬁ)]*E[S(X:*ij%)ﬂm
-t ime £ o4 -elstop e lstsn)]]

(0|0 Mfﬂ spcop)]]

(x.u
o s wm““}

<I|mI|mE{in
< limlim 2+ {AiEUs X, UJ [ X, UJ ]

k—o0 i—w

< limlim 2

k—o0 i—0

k—w i—0w

<limlim2"*“ 24 AY E ‘S X UJ
j=n

k—ow i—w

1+a
}+21"

m
<limlim2"« 24 AN E ‘S x.U})
j=n

k—>c0 i—w

: Lzl“AZEU%X;'%>””}+[iEHs<x:vw/s; )H]M}

m
—I|mI|m21"{22 "AZE ‘S X UJ

k—00 i—mw j=

<I|m21 a{zz aAZE|:SUp‘S X UJ )‘l+a:|

j=n X €S

o(Eelaabecm]]
e s i (S |
{ el (el

{ AiE[¢o(||xJ‘upﬂ{."if[%(llx""Jﬂw}

]

for each n and m.



L. M. Shen, L. Guan

L+o
m

U’

j=1

Then, we know {E[

]} is a Cauchy sequence. Hence, {E[”ZT_IU l“ }} is a Cauchy sequence.
= F

F

Thus by the similar way as above to prove ZWj converges with probability 1 in the sense of d/j. We also
=1

can prove that
>U’ converges
j=1

with probability 1 in the sense of d,} . In fact, foreach n<m,

d:(iuj,iui}dg(iui,zﬂjui Py ui]
= = =]

j=n+1

>u’

j=n+1

<

F
—0,ae. asn,m-— oo,
So, we can prove that

> X7 converges

j=1

with probability 1 in the sense of d; . If {U j} are not convex, we can prove ZEUj converges with proba-
j=1

n .
bility 1 in the sense of d,; as above, and by the Lemma 3.5, we can prove that ZU’ converges with proba-
j=1
bility 1 in the sense of d;; . Then the result was proved. O
From Theorem 3.6, we can easily obtain the following corollary.
Corollary 3.7. Let X be a separable Banach space which is G, forsome O0<a <1. Let {X” 'n 21} be

a sequence of independent fuzzy set-valued random variables in F, (%) , such that E [X ”] =1, for each n. If

¢n (t ) tl+a
t

¢, :R"—>R",n=12,---, are continuous and such that

and p (t) are non-decreasing, then for each

a, cR" the convergence of

e[n (<)
2 (@)
implies that
o Yo
n=1 &y

converges with probability one in the sense of d};.

Proof. Let
. j ) j
UJ=X—I j and W‘=X—I j .
a; =) a; |l
' : ¢ (1)
If ||X L, by the non-decreasing property of o we have
¢n(an) < ¢”( X! F)

- n
a, ”X

E
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That is
X" (X"
|| . F < ¢((a )F) (41)
If ||X” CSa, by the non-decreasing property of i we have
#(1)
L e
¢”(|Xn F) ¢n(an)
That is
||Xn1F+a<¢” XnF). (4.2)

(
ot ¢n(an)

n

Then as the similar proof of Theorem 3.6, we can prove both ZU I and ZWj converges with probability
j=1 j=1

one in the sense of d,;, and the result was obtained. O
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