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Abstract 

A stationary loudness model has been built up on the basis of the former ISO 226: 1987 concerning 
equal-loudness-level contours. The loudness and loudness level expressions derived in the study 
include the same parameters as used when determining the equal-loudness-level contours of the 
former ISO standard. However, as an additional main idea, a loudness summation rule has been 
proposed in the study. Moreover, the loudness expressions have been normalised to give the same 
values for people who have a similar sense of hearing. It has also been found that the loudness ex-
pressions include basically two different weightings. The first weighting is a conservative fre-
quency weighting in the domain of sound pressure level, and the second weighting consists of co-
efficients applied to the weighted sound pressure levels. The latter have the greatest effect on the 
very low-frequency range. Finally, the paper includes a new way to use the A-weighting which 
takes into account the compressed character of the equal-loudness-level contours at the low fre-
quency range. This method remarkably transforms the character of the A-weighting as a measure 
for low-frequency environmental noise. 
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1. Introduction 

In [1] it was shown that an equal-loudness-level contour can be calculated according to an equation of the fol-
lowing type: 
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( )3.30i i iL k P τ= ⋅ − ,                                (1) 

where iL  is the stimulus sound pressure level, dB, and P  (or also NL  when not a constant parameter) is the 
equal-loudness level (parameter) of the contour considered, phon. The constant 3.30 comes from S. Stevens’ 
power law [2] which shows that at 1000 Hz, loudness is proportional to sound intensity (sound pressure squared) 
according to the relation 

( )3.3 100.3 1 3.3 10Ll I I ×∝ ≈ = .                             (2) 
Additionally, in Equation (1), ik  (the root notation) represents the inverse of the exponent of intensity at 

each frequency band which has the value of 3.3 (0.3 ≈ 1/3.3) at 1000 Hz band and takes the value shown in 
Table 1 at the other 1/3 octave band frequencies, and finally, iτ  (in Table 1) is a frequency weighting defined 
in the domain of sound pressure level at each frequency band. 

Both parameters ik  and iτ  in Table 1 were determined based on the former ISO 226: 1987 [3]. The para-
meter ik  was determined at each band from ( )i iP L∆ ∆  because this quantity was found to be practically con-
stant at each frequency band (the former ISO 226: 1987 and the current ISO 226: 2003 [4] differ in this respect), 
so that 

( )3.3i i ik P L= ∆ ∆ .                                 (3) 

The weighting iτ  was determined from the 40-phon contour using the equation 

( ) 40 403.30i i ik P Lτ = ⋅ − .                               (4) 

The equal-loudness-level contours [3] and the contours constructed according to Equation (1) are shown in 
Figure 1. The contour complexes are so similar that they could be replicas of each other. In [1], the author also 
suggested that the method to calculate loudness or loudness level would be 

( ) 10
LL 33lg 10 iL ki iL τ+′ = ∑ ,                             (5) 

(here “lg” is log based on 10) by assuming that the loudness in different 1/3-octave bands integrate by direct add-
ing. However, perhaps this is not the case. On the other hand, it seems prominent that Equation (5) and the former 
equal-loudness-level contours ISO 226 [3] have the same acoustically definable parameters k  and τ  although 
the parameters do not exist in the former ISO 226. 
 
Table 1. Roots (determined based on the range between equal-loudness-level contours 20 - 70 phon [3]) and the τ - 
weighting (calculated based on the 40-phon contour [3]) and the A-weighting { }ia .                                   

if  
Hz 

ik  
- 

iτ  
dB 

ia  
dB 

if  
Hz 

ik  
- 

iτ  
dB 

ia  
dB 

20 1.74 –69.9 –50.5 630 3.16 +0.6 –1.9 
25 1.86 –60.4 –44.7 800 3.23 +0.5 –0.8 

31.5 1.98 –51.4 –39.4 1000 3.30 0.0 0 

40 2.12 –43.3 –34.6 1250 3.31 –0.1 +0.6 

50 2.26 –36.6 –30.2 1600 3.31 +0.5 +1.0 

63 2.41 –30.3 –26.2 2000 3.27 +1.5 +1.2 

80 2.53 –24.3 –22.5 2500 3.24 +3.6 +1.3 
100 2.61 –19.5 –19.1 3150 3.22 +5.9 +1.2 

125 2.70 –14.8 –16.1 4000 3.22 +6.5 +1.0 

160 2.77 –10.7 –13.4 5000 3.23 +4.2 +0.5 

200 2.82 –7.5 –10.9 6300 3.21 –2.6 –0.1 

250 2.88 –4.8 –8.6 8000 3.10 –10.2 –1.1 

315 2.94 –2.6 –6.6 10000 3.01 –10.0 –2.5 
400 3.02 –0.8 –4.8 12500 2.95 –2.8 –4.3 

500 3.08 +0.0 –3.2     
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Figure 1. Equal-loudness-level contours from ISO 226: 1987 [3] and the respective contours 
derived in [1].                                                                  

 
However, irrespective of the similarities of the contour complexes above, no rules to connect the different fre-

quency bands with respect to achieve the total loudness seem to be available. Therefore, some questions arise here. 
The questions are: 
• What is the meaning of the factor 33 before the log operator “lg” and should the loudness level equation in-

clude a constant additive term? 
• Does the assumed adding process work? 
• What is the connection between the loudness level equation and the equations based on the A-weighted 

sound pressure levels? 
This study attempts to give an answer to these questions. Of course, many questions remain outside this paper. 

These include for example: numerous time-varying effects concerning signal types in general, signal/loudness 
summation (time), effects of signal duration, caused adaptation, etc. In addition, critical bands (overlapping, for 
example) are also not considered in this paper. The latter may also have consequences on the stationary model 
considered here. On the other hand, however, a well-defined stationary loudness model may be necessary when 
developing more advanced dynamic loudness models. 

2. Terms, Summation and Weightings 

2.1. Factor “33” 

In the following, to avoid the use of the unit “phon” and its definition [5], we define a decibel as having a loga-
rithmic base of two (2) including an additive constant of 40 and denote the units of such a decibel by dB2. Then, 
for any positive quantity S  

2 2
10 1010log 40 lg 40 lg 40 33lg 40 dB
lg2 0.30103

S S S S+ = + ≈ + ≈ + .                (6) 

Thus here, 210log 40S +  clearly makes sense so far as 10lgS  makes sense, and S  unequivocally deter-
mines the defined logarithmic quantity in units of dB2 and vice versa. Therefore, in this paper, the quantity S  
(later also l  or l′ ) has been used as the primary quantity for direct loudness sensation. In particular, if S  
happens to be a loudness function or expression [5], the following relation between the loudness level P  or 

NL  in phons and the loudness in sones is valid [5] 
( )40 102 PS −= .                                    (7) 

Here the loudness level P  (or generally NL ) of a sound is expressed as P  phons when it is judged by 
normal observers to be equally loud to a pure tone (or a narrow band noise) at the frequency of 1000 Hz which 
has the sound pressure level of P  decibels. In particular, the relation has been defined to hold exactly by de-
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noting as 40 phons the equal-loudness-level contour which crosses 40 dB at the decibel axis. Additionally, the 
standard [5] includes the following note: 
• The term phon, without a qualifying abbreviation, should be reserved for the expression of loudness levels 

determined by direct subjective measurement. 
Moreover, the standard [6] states the following note: 

• Experimental confirmation of this relation (Equation (7)) exists over the range 40 to 105 phons, and its use 
outside this range should be recognized as an extrapolation. 

Therefore, in the following, we use the term “loudness level”, but “dB2” as the unit of such a level defined 
above. Namely, in this study the direct loudness sensation S (in sones) is proportional to the subjective magni-
tude as estimated by normal observers and the loudness level has been defined only mathematically as stated 
above. Therefore, the notes in standards [5] and [6] are not restrictive in this study. In addition, some definitions 
are needed for reference purposes. As stated in [7] by the author, a sound in sound pressure levels (dB) at 1000 
Hz (see above) is designated to represent the loudness S of one sone (=40 phons respectively). Such a sound 
must be defined for reference purposes (referring to normal hearing) and to fix the subjective loudness level and 
the loudness function unequivocally at the physical dB axis. If such a sound is designated to be a tone or narrow 
band noise of 40 dB at 1000 Hz frequency band (representing one sone for normal observers), the logarithmic 
decibel and phon coincide at 1000 Hz by definition. However, that also concerns dB2, because the definitions of 
the phon and dB2 levels do not differ at the point considered, so that 

240 phon 40 dB 40 dB= = .                                (8) 

when deriving the equal-loudness-level complexes in [1], Stevens’ power law [2] was assumed to hold over the 
whole sound pressure level range. Therefore Equation (2) must be written [7] as 

( )( ) ( )( )40 3.3 10
1000 Hz 233lg 40 dB 40 33lg 10 40 40 dBl C ×+ = ⋅ + = .                  (9) 

Then Equation (9) is satisfied if C  takes the value ( )40 3310C −= , and as a consequence, Equation (5) takes 
the form 

( )( ) ( )( ) ( )10 1040 33
LL 33lg 10 10 40 33lg 10i iL k L ki i i iL τ τ+ +−′ = + =∑ ∑                (10) 

which is the same as Equation (5) and thus no additive constant is needed here. The conclusion here is: the 
loudness function (the direct subjective, normalised strength of auditory perception) is now (in sones) a non-lo- 
garithmic equation of type 

( )( ) ( ) 1040 3310 10 iL ki il τ+−′ = ∑ .                               (11) 

when replacing the root ik  by ( ) ( )3.3i i i ik P Lα = = ∆ ∆ , Equation (11) can be written as follows 

( )( ) ( ) ( )( ) ( )( ) N1040 33 40 33 40 3333 3310 10 10 10 10 10
i i i

i i
L LL ki il

τ
τ α

+
+− − −′ = = =∑ ∑ ∑               (12) 

where the last equation shows how the loudness levels in 1/3-octave bands ( NiL , dB2) should be taken into ac-
count when the calculations are based on S. Stevens’ power law and the logarithmic definitions above. 

2.2. Loudness Summation 

As concluded above, the actual loudness is proportional to the total sum nS  of n  terms 

( )( ) ( ) ( )( )1040 33 40 33 3310 10 10 10
i i

i i
LL ki i

nS
τ

τ α
+

+− −= =∑ ∑ .                      (13) 

Then if, for example, one considers a case where only two terms exist, the sum becomes 

( )( )40 33 33 33
2 10 10 10

j ji i
i j

LL

S
ττ

α α
++

−
 
 = ⋅ +
 
 

.                            (14) 

If, now, it happens that both bands ( )i j≠  have approximately the same loudness level value (45 dB2 with  
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i jL L≈  for example), 2S  becomes ( )40 33 45 332 10 10−× × . Thus one can see that we have doubled the one sin-
gle loudness value. That would mean that, in this case, the loudness level has increased by approximately 10 dB2. 
However, the sound pressure level has increased by only 3 dB. Therefore some reservations arise here. Namely, 
based on the power law we needed 10 dB to be added to the sound pressure level at 1000 Hz to get double 
loudness and 10 dB2 more in loudness level. Therefore here, we define the summation (by hypothesis) by the 
following rule: 

( )( ) ( )40 33 10 33 33
110 10

i i
i

L

nS n
n

τ
α

+
−  = ⋅ ⋅ 

 
∑ .                         (15) 

Thus, Equation (15) differs from Equation (13) in that respect that the exponent of n  is –(23/33) instead of 
zero in Equation (13). In addition Equation (15) has been written in a certain manner including an average in the 
last parentheses. The loudness level (dB2) now becomes 

33LL 233lg 33lg 10 23lg  dB
i i

i
L

nL S n
τ

α
+

= = −∑ .                         (16) 

In the case of the sum 2S  above, one now gets ( ) ( ) ( ) ( )40 33 10 33 45 33
2 10 2 1 2 2 10S −= × × × ×  having a value of 

( )( )40 45 331.23 10− −≈ ×  which is 1.23 times the one single loudness value giving 3 dB2 more in loudness level. By 
using Equation (15), (16) can also be written in the form 

( ) 33LL 233lg 1 10 10lg  dB
i i

i
L

L n n
τ

α
+ = + 

 
∑ .                         (17) 

A formally similar equation to Equation (17), with respect to the number n  of the frequency bands and av-
erage, can be written for the usual A-weighted sound pressure level, i.e. 

( ) 10A 10lg 1 10 10lg  dB
i iL a

L n n
+ = + 

 
∑ .                          (18) 

Thus it seems that the numerous measurements and calculations with the A-weighted sound pressure levels 
support the chosen summation rule (the hypothesis of the study). Then, the total summation-adjusted loudness 
expression, the direct subjective normalised strength of auditory perception, is finally (in sones) an equation, 
still non-logarithmic, of type 

( )( ) ( )40 33 10 33 33110 10
i i

i
L

l n
n

τ
α

+
−  

= ⋅ ⋅  
 
∑ .                           (19) 

Here the first factor in parentheses includes a normalising procedure giving one sone whenever the rest of the  
expression takes the value of ( )40 3310 , and the second factor in parentheses with the averaging n control the  
loudness summation as defined above. 

2.3. The A-Weighting 

In [1] the author performed some comparisons between the frequent A-weighted sound pressure levels AL  and 
levels which take into account Stevens’ power law. The expressions considered were respectively as follows: 

10A 210lg 10  dB
i iL a

L
+

= ∑                                  (20) 

33 233lg 10 23lg  dB
i iL a

LRAL n
+

= −∑ ,                           (21) 

where LRAL  was an abbreviation of the words Loudness Related A-weighted Level. Here the unit dB2 as de-
fined above has also been assumed to apply to Equation (21) and the A-weighted sound pressure level Equation 
(20). This helps to see behind the logarithmic total levels by determining the total loudness function using the  
inverse relation between the loudness and loudness level. In such a case the loudness expression Al  (A-wei-  
ghted) from which Equation (20) has been derived is 
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( )( ) ( )( )
1 1

3.3 3.3
40 33 40 33 10 3310 10

A
110 10 10 10

i i i iL a L a

l n
n

+ +
− −   

= ⋅ = ⋅ ⋅      
   
∑ ∑ .                (22) 

The respective loudness expression LRALl  for Equation (21) is 

( )( ) ( )( ) ( )( )40 33 23 33 40 33 10 3333 33
LRAL

110 10 10 10
i i i iL a L a

l n n
n

+ +
− − −  

= ⋅ = ⋅ ⋅  
 

∑ ∑ .             (23) 

One can easily verify that the applications A33lg 40l +  and LRAL33lg 40l +  give the desired dB2-levels  
shown in Equations (20) and (21). Concerning the difference between the expressions (22) and (23), only the 
root 3.3 has been removed with respect to the parentheses and sum, and in Equation (23) the root 3.3 does not 
concern the number n  of frequency bands. Of course, such a difference is very important [1] and on the basis 
of the measurements by Tachibana and his colleagues [8]-[10], it seems that the variation of the last average in 
the parentheses with the exponent of 1/3.3 takes too great and uncontrolled values. Namely, in [1] the respective 
identities to Equations (20) and (21) were also written 

( ) ( ) ( )
( ) ( )

10

A 11
10

1 10
1 10lg 10lg

10

i i

i i

L a

i i
n L a

n
L n L a n

+

+∑
≡ + + + ∑∑ ,                    (24) 

( ) ( ) ( )
( ) ( )

33

11
33

1 10
1 10lg 33lg

10

i i

i i

L a

i i
n L a

n
LRAL n L a n

+

+∑
≡ + + + ∑∑ .                    (25) 

The author [1] deduced here that in Equations (24) and (25), only the third log terms 1d  and 2d  differ and 
that the latter term ( )2d  is always smaller than the first term ( )1d . Additionally, both terms are positive or 
equal to zero. The equality sign only appears when both terms are zero. This result supported the measurements 
by Tachibana and his colleagues [8]-[10] showing that the loudness level is closely related to the arithmetic 
mean (by adding 10lgn ) of the sound pressure levels. An example here was a calculation with different noises 
added with a 1000-Hz tone performed by Hellman and Zwicker [11] with the loudness calculations based on the 
standard ISO 542B [5] (and partly supported by subjective measurements). The data for broad band noise (BBN) 
in the frequency range 100 - 7000 Hz with the tone (Tone) are listed in Table 2. 

The results [11] concerning pink noise and added different tones are shown in Figure 2, showing that the 
loudness of the tone-noise complexes and the respective A-weighted total sound pressure levels (Equations (20) 
and (24)) are partly negatively correlated. 

The same figure has been repeated (Figure 3) when replacing the A-weighted sound pressure level by the 
level expression according to Equation (25), the only difference with respect to Equation (23) being that the 
power law has been taken into account in the third log term ( )2d . The difference between Figure 2 and Figure 3 
is dramatic. In particular, in Case 2, the difference between 1d  and 2d  is very large: the values are 18.7 and 
4.6 dB2 respectively and the difference becomes 14.1 dB2. On the other hand, in Case 7, the respective values 
are 3.1 and 1.0 dB2 with a difference of only 2.1 dB2. The conclusion here is that the A-weighting would corre-
late much better with loudness if the power law was taken into account when assessing noise in general (see the 
order of the case points (x-axis) in Figure 2 versus in Figure 3). 

In terms of loudness, the respective levels LLL  according to Equations (16) or (17) become as shown in 
Figure 4. The deviations from a straight line in Figure 4 are also small, but LLL  cannot separate Cases 1, 4 and 
6. That seems to occur because of the same broad band noise spectrum in these cases. The respective tones are 
76, 81 and 86 dB, which is not enough to separate the levels with respect to loudness. If the tone was removed 
from the 1000 Hz to 200 Hz frequency band, the respective levels LLL  were 87.6, 88.1, and 88.8 dB2. The rea-
sons for these deviations can be explained by writing for LLL  an equation similar to Equation (24) or (25), i.e. 

( ) ( ) ( )
( )

( ) ( )

33

LL 211
33

1 10
1 10lg 33lg  dB

10

i i i

i i i

L

i i i
n L

n
L n L n

α τ

α τ
α τ

+

+∑
≡ + + + ∑∑ .                    (26) 
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Table 2. Unweighted sound pressure levels and respective tone levels [11], and A-weighted pink noise total levels.           

Case BBN/dB Tone/dB Total/dB Total/dB (A) 

1 85 76 85.5 84.3 

2 70 86 86.1 86.1 

3 75 86 86.3 86.2 

4 85 81 86.5 85.5 

5 80 86 87.0 86.7 

6 85 86 88.5 88.0 

7 90 81 90.5 89.3 

 

 
Figure 2. A-weighted levels and the respective loud- 
ness levels [11].                                  

 

 
Figure 3. A-weighted levels LRAL, dB2 [1] and the 
respective loudness levels [11].                      

 

 
Figure 4. LLL levels, dB2 and the respective loudness levels 
[11].                                                  
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Equation (26) has generally similar properties to Equation (25). However, the main part of the loudness level 
consists of the first sum/average (a linear sum with the coefficients iα ) and 10lgn . The third log term is such 
that it takes the value zero if the spectrum { }iL  coincides with an equal-loudness-level contour within the 
whole frequency band range ( n  bands) under consideration. On the other hand, now the total loudness level in-
cludes two frequency weightings: the first weighting is the conservative τ -weighting in the domain of sound 
pressure level and the second weighting is a coefficient iα  concerning the weighted terms i iL τ+ . The coeffi-
cient iα  takes the values from 1.90 to 1.00 and the maximum values appear at the lowest frequencies. There-
fore, the tones separate more effectively in the low-frequency range. In particular, this is of great importance 
when assessing low-frequency noise. Finally, the double-weighting property of Equation (26) vs Equation (25) 
has a dramatic consequence: none of the equal-loudness-level contours is an inverse frequency weighting of a 
known or defined frequency weighting alone (A-weighting concerning 40-phon, for example). 

In [12] Schomer stated: “The hypothesis to this paper is that the equal-loudness-level contours can be used as 
a dynamic weighting function that varies with frequency and level.” However, when taking into account the 
above statement concerning the double-weighting, this hypothesis does not make sense, and it must be rejected. 
In fact, Schomer did not define any weighting but only determined the loudness levels using the equations given 
in the former ISO 226 [3]. Schomer also suggested calculating the overall phon level from 1/3-octave band phon 
levels by summation on an energy basis. In this paper the summation is based on the power law. Therefore, 
Schomer’s overall phon levels differ from the levels calculated in this study in such a way that the following ap-
plies: 

LSCHOMER LLL L≥                                     (27) 

which can be easily verified using Equations (12), (22) and (23), for example. 
Finally, because the comparison of the different equal-loudness-level contours with the frequency weightings 

applied to sound pressure levels does not make sense, a new way to apply the A-weighting is achieved by re-
placing the τ -weighting in Table 1 by the A-weighting. Then, the A-weighted loudness/annoyance function 
from Equation (19) becomes 

( )( ) ( ) ( )40 33 10 33 33AL 10 1 10
i i

i
L a

l n n α
+

−  = ⋅ ⋅ 
 

∑ ,                        (28) 

and the respective levels from Equation (16) become 

( ) 33AL 233lg 1 10 10lg  dB
i i

i
L a

L n nα
+ = + 

 
∑ .                         (29) 

Here, Equations (28) and (29) are based on a similar structure to the equations concerning loudness and loud-
ness levels. Only the weighting has been changed to the A-weighting, because this weighting is mostly used 
when assessing noise from the annoyance point of view. Because of the similarities to the terms in the former 
ISO 226 [3], the equal loudness/annoyance level contours can now be constructed (maintaining the compressed 
character of the equal-level contours in the low-frequency range) using Equation (1) above. In Figure 5, the 
40-phon contours [3] and [4] have been drawn. The 40-dB2(A) equal-level contour (the A-weighting replacing 
the fixed frequency weighting { }iτ  derived for the former ISO 226 [3]) has been drawn in the same figure. 

One can see that the most severe (or the most sensitive) contour, in particular in terms of the low-frequency 
range, is the contour including the A-weighting which replaces the frequency weighting in an auditory percep-
tion system. At the high-frequency range the respective sensitiveness remains unchanged because of the small 
values of the coefficients iα . Finally, one may suggest that the system has no singularity below the 20 Hz fre-
quency band. Rather, the system continues to the left. Therefore, the new way of applying the A-weighting may 
also render it suitable for assessing very low-frequency noise from, for example, wind turbines [13]. 

3. Conclusions 

A loudness or a loudness level function requires that it is normalised so that it gives the same loudness value and 
loudness level for people who have similar (normal) hearing. In the study, a certain logarithmic base of two was 
used with an additive constant of 40 dB2 when determining the loudness levels, and the levels were only used 
for numerical assignment (separated from the direct loudness sensation which is seen as non-logarithmic  
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Figure 5. The 40-phon equal-loudness-level contours of ISO 
226: 2003, and of ISO 226: 1987 and the 40-dB2(A) equal-level 
contour.                                               

 
through out the whole study) in the way that we use decibels for characterising the sound pressures. The loga-
rithmic base was chosen on the basis of Stevens’ power law and gave the first final result (Equation (10)) that 
the derived loudness level does not need any additive constant in this respect. 

As regards loudness summation it was stated that loudness or a loudness level expression includes a main 
problem of how to proceed when connecting the loudness values at different frequency bands. The problem is 
important because, in practice, the number of the frequency bands has to be a variable. In the study the hypothe-
sis was that when applying a direct summation of loudness at each frequency band, the number of the frequency 
bands has too great an effect on the final result. Therefore, the exponent of the number of bands in a loudness 
expression has to take a negative value instead of zero in the direct summation process. The exponent value has 
been chosen (by hypothesis) to be –23/33 in this study. The proposed method was supported by the finding that 
the A-weighted total sound pressure level formally includes a similar summation rule. Lacking subjective data, 
this rule has not been otherwise tested in the study. However, this was the second main result (Equation (16) and 
(17)) of the study. 

It was also shown that the expression of loudness and loudness level expressions can be written as identical 
formulas so that one can separate some essential parts which finally define the behaviour of the whole loudness 
system and expressions. The third main result (Equation (26)) revealed that the total loudness level includes two 
frequency weightings of different types: the first weighting is a conservative weighting in the domain of sound 
pressure level, and the second weighting is a coefficient iα  applied to the weighted sound pressure level terms 

i iL τ+ . Finally, the double-weighting property of the auditory perception system seemed to have a surprising 
consequence for loudness and loudness levels: none of the equal-loudness-level contours is an inverse frequency 
weighting alone. 

Finally, because the comparison of the different equal-loudness-level contours with the frequency weightings 
did not seem to make sense, a new way of applying the A-weighting for annoyance purposes was proposed 
which entailed replacing the loudness system weighting by the A-weighting. Then it was found that the most 
severe 40-phon (or 40-dB2) contour, for example, in particular as regards the low-frequency range, is the contour 
derived on the basis of the A-weighting. This was the final main result (Equation (29)) of the study. 
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