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Abstract

The main aim in this work is to obtain an integral inequality with a clear es-
timate on time scales. The obtained inequality is used as a tool to investigate
some basic qualitative properties of solutions to certain nonlinear Volter-
ra-Fredholm integrodifferential equations on time scales.
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1. Introduction

The theory of time scales had been begun in 1988 by Stefan Hilger [1], in order
to develop a theory that can standardize a continuous and discrete analysis. Re-
cently several authors in this field have investigated various forms of integral and
integrodifferential equations under different hypotheses by using different ways,
see [4] [5] [6] [7] [8]. In this article we consider the nonlinear integrodifferential

equation of the following form

yi(t)= h(t, y(t),y* (t),f;hl(t,z, y(2), yA(z))Az,jjh2 (tzy(2), yA(z))Az)

te J, with the initial condition y(a) =y,,

"(1.1)

where yis unknown functionand h:J; xR"xR"xR"xR" - R",
h,h,:J2xR"xR" - R" and h,h,h, are given functions, assuming them to
be rd-continuous functions, a< 3,z<t and J;=JNT,J :[a,oo). We de-

note a time scale by T which is nonempty closed subset of R. R" denotes
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Euclidean space with a suitable norm defined by |..
We can investigate the existence and uniqueness results for (1.1) by using the

technique present in [6].

2. Preliminaries

The operators o(t) and p(t) denote the forward and backward operators
respectively which are defined by o(t)=inf{seT:s>t}eT and
p(t)=sup{seT:s<t}eT,forall teT.

For teT,If t<supT and o(t)=t, then ¢is said to be right-dense; while
If t>infT and p(t)=t, then ¢ is said to be left-dense. The graininess
p:T —[0,0) isdefinedby u(t)=o(t)—t.Theset T* isdenoted by

T T\(p(supT),supT] if supT < oo
T otherwise

Let 2:T—>R, teT*, then z° (t) denotes the delta derivative of z at ¢
which is exist with the property that given ¢ >0 there is a neighbourhood U of
t such that |z(a(t) 7)-2(s.7)-2" (t7)((1) =) )| <éelo(t)-s| for all seU.
Then g(t)= _[ z(t,7)Ar implies g*(t)= _[ 2 (tr)Ar+ Z(a(t) ) If a func-
tion g:T — R is continuous at any right-dense point teT and the left-hand
limits exists (finite) at any left-dense point teT, then g is said to be
rd-continuous. C,; denotes the class of all rd-continuous functions. We denote

the class of all regressive functions by R which is defined by
={peC,(T,R)and 1+ p(t)u(t)#0,vte T}

For peR, we define e, (t;s)= exp(J:g‘#(r)( p(r))Ar) for t,seT, with

log(1+hz) .
the cylinder transformation &, (7)= ith=0

z ifh=0
For more basic information about time scales calculus, see [1] [3].
We need the following result given in [2].

Lemma 2.1. suppose v,beC, and aeR".Then
vi(t)<a(t)v(t)+b(t), forall teT

Implies v(t)sv(a)ea(t,a)+I;ea(t,a(f))b(r)Ar,forall teT.

3. Main Results

In the following result we establish an integral inequality on time scales.
Theorem 3.1. Let v,r,b,b,,p,q,9,d €C(J;,R+) and assume that

v(t)<r(t)+b(t)] {[b (V) p(z) +1]v(7) +by(7)] p(2 3.1)
+q(r _[ g )AZ}Ar+d(t I g( )Azate‘]T’ |

If
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N =["g(r)N,(r)ar <1, (3.2)

Implies

v(t) <N, (t)+ AN, (t),ted,, (3.3)

where

Nl(t):r(t)+b1(t)J;[b§(r)p(z-)+l][ OEUCTICIINCE )

(3.4)
x (b5 (z) p(2)+ p(z)+1)r(z)Az}Ar,
N, (£) =d (6)+ B, (0] {[b”(z’)p )+1][d(z’)+b(r) [ 8 (70(2)
(3.5)
x([bg(z) p(z)+ p(z)+1]d(z)+q(z))Az}+q(1)}A1,
for teld,,
by (t)=b, (o (t)) =b, e o, b(t) = max,., {by(t),b,(t)+b5' (1)}, (3.6)
A== 90N (), 67
Proof. Let
A= j 9(2)v(2)Az (3.8)
we shall define functions B, (t) and B,(t) by
B, ()=, {[b.()p() +1] () +b,(r)[ p(2)v(2)Az
(3.9)
+q r)J' 9(z )AZ}AT
(1) +Lp z)[r(z)+b,(2)B,(2)+d(z)2]Az, (3.10)
then B (a)=0, B,(a)=0, B,(t)<B,(t) and we have
v(t)<r(t)+b(t)By(t)+d(t)A4, (3.11)

from (3.9), we get
ij(t)p Ar+[b"()
t).[[ z)Az+q(t j )v(z)Az
+1]r(t [ ; (t)p(t)+1]b:(1)B (t)

(0)+1]v(1)
9(2
) by (t
()2 [ t)+b2(t M (2)Az +q(t)A
)+b (1

+by(

<[b7 (t)p(t)

[b“() (t)+1]d
<[bg ( )+1]rt t)b(t)B, (1)

+b(t[ )+ p(2) ][b”(t) (t)+ ]()l+q()/1 (3.12)
<[ b7 (t)p(t)+1][r( t)+b t)B,(t)+d(t)A]+q

integrating the inequality (3.12) and using B, () =0, we have
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Bl(t)sj;{[bg(r (r)+1][r(r)+b(2)B,(r)+d () 4]+ a(z) A}Ar, (3.13)
therefore
By (t)=B(t)+p(t)[r(t )By(t)+d(t)4]

[b"(t t)+1}[ (t )+b(t )Bz(t)+d(t)ﬂ+q(t)ﬂ
+p(t)[r(t)+b(t)B,(t)+d(t)4] (3.14)
[ 7 (t)p(t)+ p(t)+1] (t)B,(t)

[ t)p(t)+ p(t)+1:|[ (t )+d(t)ﬂ]+q(t)ﬂ.
now applying lemma 2.1, we get

B, (t) < .[;e(bgp+p+1)b (t’ O-(Z))

t

)P
)
)
2 (

(3.15)
x([bz"(z)p( )+p(z)+1][a(2) z)ﬁ]+q(z)/1)Az
from (3.11), (3.13) and (3.15), we obtain that
V() < Ny (1) AN, (1), (3.16)

and from (3.8) and (3.16) we observe that
A<A (3.17)
using (3.17) in (3.16) we obtain (3.3). O
We provide the result that includes the estimate on the solutions of (1.1) as
follows.

Theorem 3.2. Assume that the following conditions satisfied

|h (tv, Ve v v, |£ L[]+ [va] +[val +|val ] (3.18)
|h (t,zuv |<c (t)s,(2)[Jul+|v] ], (3.19)
|, (t.z,u,v)| < ¢, (t)s, (2)[ Ju] +]v[]. (3.20)

for the functions h,h;,h, in (1.1), where 0<L <1 isa constantand
€,8,,C,,S, €Cpy (I, R +)

If y(t) isasolution of (1.1) on J;, then

(O +[y* (1) < My (t) + DM, (1)t e 3y, (3.21)
where
0= 2 T (800 2 b(0) g, ()
(3.22)
x(cf(z)sl(z)+ sl(z)+1)l|y°||_ Az}Ar teld;
M,(t) =——cu 1)

+ﬁ_f;{[0{7 (f)sl(f)+1}[ﬁcz(r)+b(r)J.;e(cfsﬁsﬁl)b(r,a(z))
([ @s@ @) e @ e fantes,

(3.23)
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Assume that

b(t) = max,_,. {ﬁ,q(t) ot (t)}, (3.24)
'1=If%(7)M2(7)A7<1, (3.25)

1 (s
D1=Ijzja%(7)M10ﬁA7, (3.26)

Proof. Let a(t)= |y(t)| +|yA (t)|,t €J;, since y(t) is a solution of (1.1),
then by using this and the hypotheses, we get

a(t)=vo + [Lh( v (7). (7). [ (r2.¥(2). v (2)) A2

Ifhz(r,z,y(z),yA(z))Az)Ar

(e O b L2y () @)a [h (12 (2).y" (2) 2]

<|yol+ [ L a()+ [[e.(c)s (2)a(2)az+ [, (¢)s, (2)a(z) Az |ac

L a()+ [ a(D)s(2)a(z)az+ [c, (t)s,(2)a(z)z

from the above inequality, we have

()< 2L L [ 0s(0)+a(e) 6 (1) s(2)ala)ae

ve, ()] s (2)a(z)az)ar + . (1) s, (2)a(z)az

Now applying theorem 3.1 in (3.27) we obtain (3.21). O

Remark 3.3. Since y(t) is a solution of (1.1). Then (3.21) yields the bounds
on y(t) and y* (t) . If the estimate in (3.21) is bounded, implies the solution
y(t) and y*(t) arealsoboundedon J..

Consider (1.1) with the following corresponding equation
YA =H (LY (0. (0. (12 (2).Y 4 (2))a2
[/ (12 (2).Y* (2)) a2 te 3,

with the initial condition

(3.27)

Y (@)=Y, (3.28)

where H eC,, (JT xR"xR"xR" ><R”,R"),h1,h2 asin (L.1).
The next result concerning the closeness of solution of (1.1) and (3.28).

Theorem 3.4. Suppose that the following conditions satisfied

|h(t,v1,v2,v3,v4)—h(t,t71,172,‘73,174)|

(3.29)

S'-[|"1_‘71|+|V2_‘72|+|V3_‘73|+|V4_‘74|]'
Iy (t.z,uv)=h (t,2,0,7) < ¢ (t)s, (2)[Ju—T]+|v - 7]], (3.30)
|h (t.z,u,v)-h,(t,z,0,v |s c,(t)s, (2)[ ju—a]|+|v-¥[], (3.31)
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where the functions h,h;,h, in(1.1),and 0<L <1 isa constant.
Also ¢,,s,,C,,S, €Cy(J;,R+), and

|h(t,vl,v2,v3,v4)— H (t,vl,vz,v3,v4)| <g, (3.32)
Yo =Y, <6, (3.33)

where y, and H,Y, asin (1.1) and (3.28) respectively.
If y(t) and Y(t) be solutions of (1.1) and (3.28) on J;, then

V(D) =Y ()] +]y* () =Y * ()| < My (1) + DM, (1)t e 3y, (3.34)

where M,(t) is described by the right side of (3.22) by substituting
m(t) =0+ 5(l+t—a) instead of |y0| , Mz(t),b(t) and A1 be as in (3.23),
(3.24) and (3.25) respectively and

1 (s
1-A7e

Proof. Let w(t)= |y(t)—Y (t)| +|yA (t)—YA(t)|,t e J,, we have
)<[¥o=Yol

(e vy () [h(r2y(2) v ()82 [ (7.2 y(2). v (2)) a2
(Y ()4 (0). (2 Y (2) Y2 (2)82. [ (7. 2Y (2). 4 (2)) Az A
+[0(ey (r),YA(r),IThl<r,Z,Y (2).Y*(2))az [ b, (r,2.Y (z),YA(z))Az)
SH{EY ()Y () I (m2Y (2) Y2 (2) 82 [y (r2.Y (2) Y2 (2)) 22
+h(t,y(t>,yﬁ(t>,J;hl<t, ,
“h(LY (.Y (O (12 (2). 4 (2) a2 [ (12 (2). 4 (2)) a2 ‘
+h{tY (5).Y*( j;hl(tzv (2)Y*(2)a2 [/, (L2.Y (2) Y * (2)) 22
SH(EY (OO (12 ()Y (2) Az [ h (2 (2). 4 (2) a2)

s§+j L[ +J';cl(r w( z)Az+.[:cz(r)sz(z)w(z)Az}Ar

L (7)M,(7)Ay, (3.35)

2:

AT

N
<
—_~

N
N—
<

>
—~
N
N—
=
>
N
R
=2
N
—_—
‘:—0-
N
<
—
N
N—
<
>
—~
N
N—
N—
>
N

N— S — N—

¥ L[W(t)+J'acl(t)sl(z)w(z)Az +c, (t)jjsz(z)w(z)Az}
then we get

w(t)sLL) ﬁj {[cl )s,(7) +1]w(z)+c(r )j' s, (z)w(z)Az
(z

1
voy ()]s (2)w(2)azfar+——c, ()]s, (2)w(z) Az

Now applying theorem 3.1, yields (3.34). O

(3.36)
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The following theorem provide the continuous depends of solutions of (1.1)
on given initial values.

Theorem 3.5. Assume that the conditions (3.29), (3.30) and (3.31) are satis-
fied for the functions h,h;,h, in (1.1). Let y,(t) and y,(t) be the solutions

of equation
v (O =h(ty (0.5 (0. [ (L2 y(2).y* (2)) A2
j:hz(t,z,y(z),yA(z))Az),teJT,
with the given initial values
yi(@)=¢, and y,(a)=c,, (3.37)
where h,h,h, asin(1.1), ¢, and C, are constants. Then
[ (6) = ¥, (O] + ]y (t) = v (1) <M, (£) + DM, (1), t e 3y, (3.38)

where M, (t) is described by the right side of (3.22) by substituting |C1 _C2|
instead of |y0|, M, (t),b(t) and A be as in (3.23), (3.24) and (3.25) respec-
tively and

1
D, :mf:rz(;f)M4(7)A7/, (3.39)

Proof. Let n(t)= |y1(t) -y, (t)| +|y1A (t)-vy; (t)|,t e, , we get

H<le-c
+I;‘h () () [0 (r2 (), ()82, [y (7.2 (2), 2 (2) a2
(v (2)y2 (7). (232 (2). 2 (2)) 82, [y (.2, v, (2), 2 (2)) 22
(63 (092 (0. [ (2 (2). 92 (2)) 8 [y (12,3, (2). 2 (2) 42
—h(t,y2<t),yﬁ(tu;hl(t,z.yz(z),y?(z))Az.Jﬁhz(t,z.yxz),yﬁ(z))Az)\
<le;—e | L]} n(r) +ar( r)! s.(2)n(2)az+0,(7) [, (2)n(z) e ar
L n()+ [ a(D)s(2n(2)az+c, () s, (2)n(z)az

AT

then

n(t)sﬂ - I{[cl (t)s,(r) +1]n(r) +¢,(7) [ s, (2)n(2) Az

1-L

e (o)’ 2( )n (z)Az}Ar+ﬁcz(t).[fsz(z)n(z)Az,

(3.40)

Now applying theorem 3.1 in (3.40) we obtain (3.38). O

Remark 3.6. The inequality (3.38) gives the uniqueness of solutions of (3.37).
If we have ¢, =¢, =0, then we get My(t)=0 and D, =0, implies the right
hand side of (3.37) is equal to zero.

Now consider the initial value problems
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YO =h(LY (.40, (L2 (2) Y (2)) a2
[ (62 (). (2)) Az, a) t e 3Y () =Y,
YA () =h(LY (1.2 (0. ] (t2Y (2).Y° (1)) 82
Lﬂhz(t,Z,Y(Z),YA(z))Az,yo),teJT,Y(a):YO,

where heC, (JT xR"xR" xR" x R",R”) and g, 4, are parameters.

(3.41)
(3.42)

The dependency of solutions of (3.41) and (3.42) on parameters follows in the
next theorem.
Theorem 3.7. Suppose that the conditions (3.30) and (3.31) are satisfied and

Ih(t,vl,vz,_va,m,u): h(t,ﬂ.vz_,vs,a,y)l_ (.43)
< L[|v1 —v1|+|v2 —1/2|—i-|v3 —1/3|+|v4 —V4|:|,
|h(t,vl,vz,v3,v4,,u)—h(t,vl,vz,v3,v4,,uo)| < k(t)|,u—,uo|, (3.44)

where 0<L<1 is a constant and keC(J;,R+). Let Y, (t) and Y,(t) be
respectively, the solutions of (3.41) and (3.42) on J;, then

YL (6) =Y, ()] + Y2 (1) = Y5 (1)] < Mg (1) + DM, (1) t e I, (3.45)

where My (t) is described by the right side of (3.22) by substituting
|;1—,uo||2(t) instead of |y0|, M,(t),b(t) and A be as in (3.23), (3.24) and
(3.25) respectively.

Let

+['k(r)az, (3.46)

1

D, :mjﬂ r, (7)Ms (7) Ay, (3.47)

Proof. Let P(t)=|Y,(t)=Y,(t)]+[¥;* (t) - Y,* (t)|.t € I, we have
P(t)
<! h(r,Yl(r),YlA(z'), o (m2.%, (2).%, (2)) A2, [y (2%, (2), V2 (2)) Az,
(Y, ()Y () [0 (7,22 (2).Y5 (2) 82, (712X, (2). Y2 (2)) A2,
+f! h(r,Yz(r),YZA(r),j;hl(r,z,Yz(z),YZA(z))Az,j:hz(r,z,Yz(z),YzA(z))Az,y)
(Y (1) Y2 (7). [ (7.2 (2) Y2 (2) 82, (7,2, (2) X (2)) Az, |

AT

AT

‘(tY(t (.62 ()Y (2) 8 [ hy (.29, (2). % (2) Az,
(tY (0. (0).] by (62, (2). Y, (2)) Az j ,(t2.Y,(2) (z))Az,,u)‘
+‘h(t,Y2(t),Y;(t),j;hl(t,z,Yz £(2))82, [y (2.1, (2).Y2 (2)) 42,10
(tY (1),Y. t)_[ h(t.2.Y,(2).Y,' (2)) Az j  (1.2.Y, ( (z))Az,yo)
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Sf;L[P(r)+j;cl(r)sl(z)P(z)Az+Ifc2(r)sz(z)P(z)Az]Ar

+ [ k() |u— AT

L P()+[La(0)s(2)P(2)az+ [ e, (1)s,(2)P(2) 2 |+ k(0)]—s
~|u=wlk(O)+ L[| P()+au(r) [ .(2)P(2) a2+, (5) (s, (2) P (2)az e
L[ P()+[ a(0)s(2)P(2)az+ [, (1)s, (2)P(2) 2|

o

then we have

P(t)< |/“ _1/‘f)|l_|z(t)
L

+ﬁf;{[cl(t)51(f) +1]P(7) +¢,(7)] s, (2)P(2)Az (3.48)

+02(r)jjsz(z)P(z)Az}Ar+ﬁcz(t)jfsz(z)P(z)Az,

Now applying theorem 3.1, we have (3.45). O
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