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Abstract

There are some concepts that are accepted in our daily life but are not trivial
in physics. One of them is the cluster property that means there exist no rela-
tions between two events which are sufficiently separated. In the works re-
cently published by the author, the extensive and quantitative examination
has been made about the violation of cluster property in the correlation func-
tion of the spin operator for the quantum spin system. These works have
shown that, when we include the symmetry breaking interaction, the effect by
the violation is proportional to the inverse of the system size. Therefore this
effect is tinny since the system size is quite large. In order to find the effect
due to the violation even when the size is large, we propose a new system
where additional spins couple with the spin system on the square lattice,
where the coupling constant between these systems being assumed to be
small. Applying the perturbation theory, we obtain the effective Hamiltonian
for the additional system. This Hamiltonian includes Curie-Weiss model that
is induced by the violation of the cluster property. Then we find that this ef-
fective Hamiltonian has the factor which is the inverse of the system size.
Since Curie-Weiss model, which is known to be exactly soluble, has to con-
tain this factor so that the thermodynamical properties are well-defined, the
essential factor for the Hamiltonian is determined by the coupling and the
strength of the symmetry breaking interaction. Our conclusion is, therefore,
that it is possible to observe the effect by the violation of the cluster property
at the inverse temperature whose order is given by these parameters.

Keywords

Quantum Spin, Spontaneous Symmetry Breaking, Cluster Property,
Curie-Weiss Model

1. Introduction

The concept of entanglement strongly contradicts with the classical one about
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locality, which has been extensively studied by many researchers [1] [2] [3] [4]
[5]. One reason for this active study is the possibility of applying entanglement
to quantum computer [6] [7] and quantum information [8] [9] [10].

Entanglement found in many-body systems is reviewed in [11]. Its observa-
tion was discussed in [12]. Entanglement was discussed in terms of the sponta-
neous symmetry breaking [13] [14] [15] because the correlation must be found
even at the long distance where the whole system changes entirely from the clas-
sically ordered state to the disordered one. The work [16] discussed quantum
communication when the symmetry breaks spontaneously.

When the system is at the critical point, we could suppose that correlation
must be found even in the far distance. By this quite long-range correlation we
have to consider that the concept of the cluster property [17] or the cluster de-
composition [18] is not trivial. The works [19] [20] discussed the relation be-
tween the violation of this property and confinement in QCD. Also we find ac-
tive studies in quantum field theory [21] [22]. While in the macroscopic system,
authors in works [23] [24] studied the cluster property in the term of the stabili-
ty. Recently another type of the cluster property is discussed in [25].

In the previous paper [26] we have investigated the cluster property of spin
1/2 XXZ antiferromagnet on the square lattice. For this antiferromagnet, the
ground state realizes semi-classical Neel order [27], in other words, spontaneous
symmetry breaking (SSB) [17] [28] of U(1) symmetry. This semi-classical order
has been confirmed by spin wave theory [29] and the quantum Monte Carlo
method [30] [31]. The review article [32] is quite useful in this order in the spin
system. Also see [33] for the experimental review.

The essential point in these studies is that SSB requires the quasi-degenerate
states between which the expectation value of the local operator is not zero. The
energy difference between these quasi-degenerate states decreases as the lattice
size increases. Therefore, in order to determine the ground state definitely, we
introduced an additional interaction that explicitly breaks the symmetry. Then
we showed that the violation of the cluster property occurs in this model. The
magnitude of the violation is order of 1/ (\/gN ) , where g is the strength of the
explicit symmetry breaking interaction and N is the size of the system. We con-
cluded that it is possible to observe this effect, though it is tinny except for the
extremely small g. As for the Heisenberg model which has SU(2) symmetry, see
[34].

In this paper, we propose another approach which enables us to observe the
violation even when g is not so small. We consider a new spin system added to
the one on the square lattice we studied in [26]. The whole Hamiltonian is
I:Isq +I}g -H}ex. Here I:ISq denotes the Hamiltonian which operates the states
on the square lattice and I}g is the interaction which breaks U(1) symmetry ex-
plicitly. The newly added interaction, ¥, , consists of spin operators both on the
additional system and on the square lattice. It contains a parameter u to
represent the strength of the interaction.

Applying the perturbation theory with small i, we obtain the effective Hamil-
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tonian H o« fOr the spins in the additional system. We see that it includes Cu-
rie-Weiss model. In this model, it is known that the mean field approximation
for the thermodynamic properties gives the exact results. We then find that this
effective Hamiltonian H ofex Das the overall factor u2/ ( gN ) Since Curie-Weiss
model has to contain the factor 1/Nin order that the thermodynamical proper-
ties are well-defined, the essential factor for the system is u?/g. We conclude,
therefore, that one would be able to observe the violation when the inverse tem-
perature £ is of order of (uz/g)_l.

Contents of this paper are as follows. In Section 2, we describe our model in
some detail. The first subsection is devoted to a brief explanation of the spin 1/2
XXZ antiferromagnet on the square lattice. Also we collect the results related to
the Hamiltonian 1:1% . [26]. In the second subsection, we define ¥, which
describes an extended part of the model. In Section 3, using the perturbation

theory, we derive the effective Hamiltonian a from ¥, . A general discus-

eff ,ex

sion to derive the effective Hamiltonian is given in appendix A and the concrete
form of H

eff ,ex

is calculated in appendix B. We show that the effective Hamil-
tonian contains Curie-Weiss model, whose Hamiltonian is the square of the sum
of all spin operators on the extended sites. We also show that this Hamiltonian
H o contains the ferromagnet with the finite-range interaction induced by
Nambu-Goldstone mode.

In Section 4, we calculate the energy and the specific heat of Curie-Weiss
model. For this purpose, we use the mean field approximation, which is dis-
cussed in appendix C in detail. It should be noted that this method is absolutely
reliable for the model when the system is infinitely large. In order to assure that
our results are sufficiently accurate, we numerically calculate the specific heat on
finite lattices.

In Section 5, we investigate the thermodynamic properties of the effective
Hamiltonian off e+ Lhe first subsection is to calculate the energy and the spe-
cific heat when the temperature is high. Here we employ the high temperature
expansion described in appendix D. We find the effect by Nambu-Goldstone
mode only in this region. In the second subsection, we calculate these thermo-
dynamic properties at a low temperature. Here we employ the mean field ap-
proximation which is exact for the ferromagnet due to the degenerate states and
reasonable for the one due to Nambu-Goldstone mode. The final section is de-
voted to summary and discussion.

Since many symbols are used in our paper, we list them in Table 1 for con-

venience.

2. Our Model
2.1. Spin System on the Square Lattice

We will consider the quantum spin system on the square lattice. On each site f
(i=1,---,N,) we have the spin operator Si“ (a=x,y,z). Then we define the
Hamiltonian H,, by
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Table 1. Symbols used in our paper. The third column denotes the equation number, if
any, where the symbol is defined.

Symbol Meaning Def. Equation
H v Hamiltonian on the square lattice (1)
H e Hamiltonian on the square lattice with I;L (5)
H DS Hamiltonian for the degenerate states (7)
H NG Hamiltonian for Nambu-Goldstone mode 9)
I:IWH Whole Hamiltonian of the extended system with l}g (11)
H er Effective Hamiltonian on the extended system (12)
1, Hamiltonian of Curie-Weiss model (19)
ol Hamiltonian on thel6+8 lattice
g o Effective Hamiltonian on thel6+8 lattice (31)
I}g Interaction of the explicit symmetry breaking (4)
l% . Additional interaction for the extended system (10)
E, qu) Ground state energy of }AIM for the degenerate states (7)
Eg Lth energy of H DS (50)
E Ground state energy of H NG 9)
E. (Joy) Energy of Curie-Weiss model (20)
E, Energy by the high temperature expansion (27)
E, i (J:7.) Energyof H, .. (32)
E,(u,J.) Energy calculated on the small lattice
N, Size of the square lattice
N, Size of the extended system
N, Size of Curie-Weiss model
g Strength of I}g
u Strength of ¥,
S'i” Spin operator on the square lattice
S':(‘) Spin operator in the extended system
S‘f Spin operator in Curie-Weiss model
c(a,i) Coefficient in the first order of uin H . (12)
c(a,B.i, j) Coefficient in the second order of zin I:IW&r (12)
Cps (a, Bii,j ) Second order coefficient due to the degenerate states (13)
Cyo (a, B.i,J ) Second order coefficient due to Nambu-Goldstone mode (13)
DOI: 10.4236/wjcmp.2020.102003 30 World Journal of Condensed Matter Physics
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Continued
me,, Solution of mean field appx. in Curie-Weiss model
m Solution of mean field appx. in . er
C o Specific heat in Curie-Weiss model
Cru Specific heatin A, o
AC, Gap of specificheat C , at g
B. Critical inverse temperature in A s

A, E(%[S,.XS; +8787+25875: ) (1)

Here (i,j) denotes the nearest neighbor pair on the square lattice and 4 is
the parameter between 0 and 1. The eigen state is given by the linear combina-
tion of states |{s,}> = ‘S,,s2,~'-,stq>, where §l|sl> = |sl.>sl. (s, =%1/2). The vec-
tor space of the states |{sl. }> is denoted by V.

For this antiferromagnet, we divide the whole lattice into two kinds of
sub-lattices called A sub-lattice and B sub-lattice. In order to define these
sub-lattices we introduce a symbol F, using integers i, and i, for the site
i=i +i (N, .

0 forie A sub-lattice

P =mod(i, +i,,2)= . , ()
1 for i € B sub-lattice

Then we introduce the spin operator on each sub-lattice,

P
o= Y &0 :zmgﬂ,
ieU sub-lattice i 2
+1 (U=A)
€ = {_1 (U- B). (3)

In order to obtain the ground state, we introduce the symmetry breaking in-

teraction Vg ,

Vy=—gX(-1)" 5 =—g[ 81 -85 (0<g<1). (4)
Then we have the Hamiltonian H .7
H, ,=H, +V, (5)

It is well known that in this system there exists Nambu-Goldstone mode,
which can be described successfully by spin wave theory. On the other hand,
adding the explicit symmetry breaking interaction into the Hamiltonian, we
have obtained the lowest energy eigen state and the excited states which are li-
near combinations of the degenerate states [26] [34]. This leads us to consider
two kinds of excited states, which are states due to degenerate states and those
from Nambu-Goldstone mode. In order to describe these excited states we will

employ two kinds of Hamiltonian H,, ,s and H , ;.
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A

Following the previous work [26], we present the Hamiltonian H_ , ,; which

describes the excited states by the degenerate states |D,). They are defined by
0|D,)=|D,)n, 0=38}. ©)

Here O is the generator of U(1) symmetry and 7 is an integer. Then we de-
fine H

sq,g,DS as

A

H

sq,8,D.

qQ—+Vg. 7)

sq

S EE'O(]vsq)—"_as
Here E, (qu) denotes the lowest energy with n=0 and a, is the con-
stant which is fixed by H . The eigen state |G,) of H,, , g is given by a li-

near combination of |D, ),

|G,>=;|Dn>cl(n). (8)

Detailed expression of |G1> is found in Appendix B.1.
Next we define , , v , which describes the excited states of Nambu-Goldstone

mode, based on the spin wave theory.

HXq,g,NG = ENG + Zwkdlrdk- (9)
k

Here @, is the annihilation operator of Nambu-Goldstone mode with the
wave vector k, and E,; denotes the ground state energy. The effect due to
the symmetry breaking interaction ¥, is included in @, , which is the energy

of Nambu-Goldstone mode. Detailed expression of @, is given in Appendix B.2.

2.2. Extended Spin System

Let us consider a new system which consists of the spin system on the square lat-
tice and the one on N, additional sites. The state for the additional sites is
represented by |{sa }> (a=1,--,N, ) where s, =+1/2. The vector space V,_
is spanned by these states. We will consider the spin system on the square lattice
and the additional spin system. Whole vector space is V,, ® V,, . The extended
interaction ¥, is given by
V. =-u > . > _ S'iaS':‘(i) (u>0). (10)
a=x,y icA sub-lattice
Here q(i) is the additional site fixed by the site 7 as is shown in Figure 1.
Note that the summation for 7 runs over A sub-lattice only. The whole Hamilto-
nian H of the system is then defined by

5q,8,ex

A A

5q,8,ex = qu,g + Vex' (1 1)

3. Effective Hamiltonian of the Extended Spin System

In Appendix A we have derived the effective Hamiltonian using the perturbation

theory. We apply it to our model, where A, is H_, (5) and the perturbed

5.8
interactionis ¥, (10).
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Figure 1. The extended system to the spin system on the square lattice. The ordinal spin
is located at the cross point of the horizontal lines and the vertical lines. The line between
two nearest points denotes the interaction. The full circle shows the additional spin and
the line between the full circle and the cross point shows the additional interaction.

We have two kinds of the excited states. One is the excited state |G,> (I=1)
that consists of the degenerate state and the other is the one-magnon state |k)
with the wave vector k&, which is Nambu-Goldstone mode. Following the dis-
cussions in the previous works [26] [34], we suppose that these excited states are
independent.

A

We obtain the effective Hamiltonian H ; , that operates statesin V,_,

I:Iej]-’ex =—u z Z c(a,i)S':(I.)

a=x,y i€A sub-lattice

+ut Yy > C(“’ﬂ’i’j)gj(f)gﬁf)'

a,f=x,y i,jeA sub-lattice

(12)

Here c¢(a,p.i,j) are sum of the coefficients ¢, (a,p,i,j) due to the de-

generate states and ¢, («,/,i,j) dueto Nambu-Goldstone mode.
c(a.fuij) = eps (e Buis ) + exg (@ ot ])- (13)
From Appendix A we obtain
c(a,i)=(G,|57|G,),

A 1 S
evs (. f:1,]) = 20|87 |G) (@IS |G,
= E. —E

GO Gl

GO k

~ 1 ~
v (e, Buis )= ;(GO|Si"|k>ﬁ(k|Sf|Go>. (14)

We have calculated these coefficients in Appendix B. We obtain
c(x,i)=0, c(y,i)=2w. (15)

Here v denotes the expectation value of the spin operator in the ground state.
When we consider the terms of (Ax)2 only and neglect those of (Ax)4 for
cps (@, B.i, j)» we obtain

1 v
che (X,%,0, 1) =2v*n( Ax ? = )
DS( ]) 77( ) Ego— Eg gN

sq
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cps (X, 2,0, 7) =0, cpg(y,3.0,7) =0. (16)

As for contributions by Nambu-Goldstone mode, we obtain

cxg (%20, 7) ~ —ﬁKO (r|i; —rj|), T~ g/(2v),

v (%,3,0,7) =0, ¢y (¥o2.0,j) =0. (17)

Here K,(z) is the modified Bessel function. When N, is as large as 10*
and g> 1/ m , the simple expression by the modified Bessel function is reli-
able for ¢, (x,x,i,j) [26]. From (15), (16) and (17) the effective Hamiltonian
for our model on the vector space V., is given by

I:Iq/f,ex = —2uvZ$’;([) —u’ Z (—c,.!j )S’;‘(i) . S’;‘(j),

i, j€A sub-lattice

v 1
¢ =Cps (X, %,0, ] )+ cye (X, %,0, ) =— +—K,(z|r—r]);. (18)
J os J)+ e ( J) {gqu 4n 0( | /|)}
The first term of ¢, ; has the factor 1/N, = 1/(2N,,) and is independent of
the site. We then come to an important conclusion that this effective Hamilto-
nian contains modified Curie-Weiss model induced by the degenerate state. In

the next section, we will discuss this model in some detail.

4. Curie-Weiss Model

Curie-Weiss model [35] [36] [37] is defined by, with the site number N, ,

R 1 NorNew= -
Y358 (19)
a=1 a'=1

Hey = -
Ney

In this model, we can exactly calculate the specific heat for the infinitely large
lattice at any temperature by the mean field approximation. Since this fact is
quite important we will make a numerical examination in this section. We com-
pare the specific heat calculated by the eigen values on the large lattices with the
result obtained from the mean field approximation.

In Curie-Weiss model, the partition function Z., () with the inverse tem-

perature [ is given by

New /2
Zew(B)= D, mul(Je, )e*ﬂEc‘W(ch)’
Jew =0
v Uy +1)

Ecy(Joyw)= m , mul (J oy )= (2 g +1)muly (J oy ),
cw

mul, (ch) = C(NCW,NCW/Z+JCW)—C(NCW,NCW/2+JCW +1),

n!

C(nk)= W

(20)
Here N, , which we suppose to be even, is the lattice size and E_,, (J )
denotes the energy eigen value with the magnitude J_, of the total spin.

The multiplicity mul(J, ) is given in the following way. First, we consider the
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state of A up-spins and (N, —k) down-spins. For this state M, , the z-com-
ponent of the total spin, is given by M, =k/2—(N,, —k)/2=k— N, /2. For
the fixed M, we have the multiplicity mul, (M, )=C(Ny k) because we
pick up kspins among N, spins. Using M, instead of kwe have

mul, (M, )=C(Ngy, My + Ney, /2) . Since the multiplicity mul, (J,,, ) is a
number of possible J, > M, foreach M, >0 the difference

mul, (J ¢y ) — mul, (J oy +1) is the number mul, (J, ), which is the multiplicity
for the fixed J_., . We take account of the multiplicity of M, for the fixed
J ey » since the energy E, (J, ) does not depend on M, . Thus we obtain
the multiplicity of states mul(J, ) for the fixed E_, (/. ).

In Figure 2, we plot the specific heat calculated from the partition function
Zew (B) in (20) for N, =400,1000,4000 and 20,000. For comparison we
also plot the mean field results we obtain from discussion in Appendix C, noting
that A, =0 and {;, =1 for Curie-Weiss model (19). When the positive so-
lution my, of the equation m, =tanh(Bm, )/2 exists, the specific heat is
given by
1-4m},,

(ﬂ/z)(l_“'méw).

Cv,CW = (ﬂmCW )2 1— (21)

Since no positive solution exists for S < f, =2, we have C, ., =0 in this
region. Note that this is the characteristic property of Curie-Weiss model. Fig-
ure 2 indicates that the result for N, =400 lattice differs from the mean field
result, specially around the critical temperature. When the lattice size becomes
large, however, the difference clearly decreases. For N, =20000, we find the
excellent agreement between the results by both methods except for the narrow

region around f.. We conclude, therefore, the mean field approximation for

Curie-Weiss model on large lattices is satisfyingly reliable at any temperature.

1.6 ————————————————————
. N, =400 ]

[ N ; ]

14 F | N_. = 1000 3

. \ N, = 4000 ]

12 - N,,, = 20000 7

1 L Mean Field — ]

> ; ]
S 08 [ ]
QO L ]
0.6 [ ]
04 F =
02 F :

0 F L N L | . L L L | L L L | i

0 1 2 3 4 5

B

Figure 2. The specific heat of Curie-Weiss model (19) for finite size N, . They are cal-
culated by the exact partition function Z, (f) in (20) for the fixed N, . The red

curve is calculated from the mean field approximation, which is given by (21).
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5. Thermodynamical Properties of the Effective Hamiltonian
5.1. High Temperature Region

Let us study the thermodynamical properties at very small £ . It is known that
the high temperature expansion described in Appendix D is a powerful tool in
this region. We apply the results by this method to our effective Hamiltonian
]:Ieﬁr,ex given in (18), for which

h, =2uv,
1 v’ (T|

EJi,j.ex =u’ {CDS (2,2,0, /) + Cxg (x,x,i,j)} ~ N, +4_nK°

r— rj|). (22)

Then we have

LR - Sk )
(o] v (||>}2 @

2
2 2 R
] o ST
Here N, =N, /2.We obtain, with x=ix/A,y=iy/A,
1
2K (lrl) = %Ko(a/if #i}) >z faxfay K, (w407 /a)

1 © 1 A? (o 2n 4y
= P2n'[0 dr 1K, (z1/A) = 2RF?I0 dss K, (s)=—F=—

T g

(29)

Similarly,
Z[KO (r|r;.|)]2 - 2n_[0wdr r[KO (rr)]2

:|2 4TCV KZL’ K O 5
g

(25)
27 po
= 7_1;'[0 ds S|:KO (s)

Therefore, we obtain

1 2wt s (vY K, (v
42 Une) ﬁ{Nt@ *T@} o

Note that the first term of (26) is quite small compared to the second term
when N, is quite large. The energy E, and the specific heat per site C, .

are then given by
4 4
2 U 2 2 u'v
~ Bl (uv) + K,. |, C, ..~ w) +——K,_ | 27
R e o C

In (27), we see the effect due to the first term of the effective Hamiltonian and

N,

ex

that due to Nambu-Goldstone mode only.

5.2. Low Temperature Region

In order to calculate the thermodynamical properties at a low temperature, we
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employ the mean field approximation described in Appendix C to the effective
Hamiltonian H,; , . Taking the translational invariance into account and using
(24), we obtain

:iNex2|: 4 +LK0(T|"1|):| (28)

—>u’ %+L e A _3u2v
gN,, 277 2¢ g 2g'

Let us study how the specific heat C

v,ex

depends on the parameters uz and g

Based on results in Appendix C we see that

i (ﬂ{exm)z(l—4m2)/[1—([)’é’ex/Z)(l—4m2)] for h, /L, <2m

. (29)
(Bh../2 )2 (1 —4m’ ) otherwise

In the case of A, /¢, <2m, we find the effect due to the degenerate states.
Since m<1/2 we need the condition £, /{, <1, which is equivalent to
4g/(3u) <1, to observe this effect.
for various values of 4g/(3u). We find that there

at the critical temperature f,. We plot . asa function

In Figure 3, we plot C

exists the gap AC, .
of 4g/(3u) in Figure 4, which shows that S, is finite when 4g/(3u)=0 while
it becomes infinitely large as 4g/(3u) goes to 1. Also in Figure 5, where we
show the gap AC,,, , we see that AC,, gradually decreases as 4g/(3u) in-
creases and it vanishes when 4g/(3u) is 1.

For the analytic discussion, we expand S, and AC,, by the polynomial of

h, /.. . At the second order, we obtain

1.6 —— — ——
; 4g3u=12 —o—

14 4g/3u=0.6

12 b 4g/3u=0.4

4g/3u=02 ——
1

i 08
06 |
04 [

0.2

vl b b b b b Ly

0 &

o
N
N
o
oo
)

BC..

Figure 3. The specific heat of the effective Hamiltonian H (18) given by (29) in

off ex
mean field approximation. The horizontal axis is A<, . When 4g/3u>1 we do not

find any gap of the specific heat. If 4g/3u=1 the gap is ~3/2 as is shown in (30).
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4 ————————— — S
I Mean field —e— b

i Apprx. ——— ]

36 .

32 + _

Q_ - -
28 A

24 [ i

2
0 0.2 0.4 0.6 0.8 1

4g/3u

Figure 4. The critical temperature B of the effective Hamiltonian /7, in mean

field approximation as a function of 4g/ (3u). The vertical axis measures B¢, . The

red curve is for the case g/u <1, which is given in (30).

1.6 —— — ——— T
Mean field —e— -
L Apprx. ———— 1
1.2 ~ _
US O 8 (— —]
g L |
0.4 -
0 I P P R {
0 0.2 0.4 0.6 0.8 1

4g/3u

Figure 5. The gap of the specific heat AC,, at the critical temperature £, in (86)
(¢=¢,. and h=h,) asafunction of h,/{, =4g/(3u). The red curve is for the case
g/u<1 given in (30).

SRR S AT
ﬂcggx 2 1+3(§ex} 2{14_3[3”) },

2 2
s -3 g(na T3], eraey] -
2 5\ ¢, 2 5\ 3u
These results are also plotted in Figure 4 and Figure 5 for comparison. We
see that the polynomial expansion of £, /¢, is reliable for h, /{, <0.6. This

suggests that the perturbation theory on /#, gives us the good approximation,
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which will be important in future study on the effective Hamiltonian.

Note that if the degenerate states are absent we should use ¢, =u’v/g in-
stead of 3u2v/ (Zg) because the system is the ferromagnet induced by Nam-
bu-Goldstone mode only. Measuring the specific heat, therefore, we would be
able to judge if the degenerate states exist or not.

To summarize this section we present in Figure 6, a region formed by gand u,
where one can observe the effect by Curie-Weiss model due to the degenerate
states. The red curve in the figure gives the boundary for the validity of the per-
turbation theory. The black curve shows the boundary where we can observe the
specific heat by this model. Therefore one can confirm the effect by the violation

of the cluster property in the region between the red and the black curves.

6. Summary and Discussions

The cluster property is deeply connected with the classical concept about locality,
but it is not trivial in quantum physics. In the previous papers [26] [34], we
showed the violation of the cluster property (VCP) in spin 1/2 XXZ antiferro-
magnet and Heisenberg antiferromagnet on the square lattice. Our results indi-
cate that the magnitude of VCP is order of l/ <\/§N ) , where gis the strength of
the explicit symmetry breaking interaction and Nis the size of the system, which
we suppose N ~10”. The observation of VCP in experiments is not easy,
therefore, because of its smallness.

In this paper, we proposed an extended spin system so that we find a better
chance to observe the effect by VCP. We added a new spin system to the original
spin system on the square lattice. The Hamiltonian is H =I:Isq,g +I}ex. Here

H,, contains spin operators of the original system only, while V. contains

0.01 ; LI lllllll T T TTTT L Il||ll| T T llll:
0.0001 £ 4
1x10¢ 3 E

80 [ ]
1x10° & =
; u¥/g =107 :
ﬁc=w —
1x107 B,=10° :
; B,=10" —— 1
B,=10°
1x10-12 PEERETIT | | M|
1x10*° 1x10® 1x10¢ 0.0001 0.01

u

Figure 6. Region of the parameters g and u, where we can observe the effect by Cu-
rie-Weiss model. For the validity of the perturbation theory we must impose condition
u’ / g <107, which is above the red curve. We also need the condition that the critical
inverse temperature is finite. The yellow (blue, green) curve shows the values of gand u

where the critical inverse temperature S, =10° (10% 10%).
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spin operators on both systems. Applying the perturbation theory to H for a

small coupling constant in V.

ex?

we obtained the effective Hamiltonian H,;
which operates only on the vector space of the additional system. Then we found
that Hef]-’ex contains Curie-Weiss model induced by the degenerate states. In
order to calculate thermodynamic property of the effective Hamiltonian at a low
temperature, we employed the mean field approximation, where the difference
between the effect due to the degenerate states and that due to Nambu-Goldstone
mode is found in the magnitude of the specific heat. Our conclusion is that it is
possible to find the effect of the violation of cluster property in our extended
model.

Our study in this paper is based on the effective Hamiltonian, which is derived
by the perturbation theory. In order to examine the validity of the theory, we
consider the Hamiltonian H small = H ot I}ex on a small lattice, where the energy
gap is so large that we do not need the symmetry breaking interaction I}g. Here
let us give a brief description of the model and show the results obtained by the
diagonalization on the N, =16 and N, =8 lattice (16 + 8 lattice). From (49)
in Appendix A the effective Hamiltonian H ofasman T€2ds, fand jbeing the site
on the A sub-lattice,

A

2.2
__u Vsmall ax  Gox dy Qv
Heogamar === " Z{Samsa(f)+Sa(f)Sa<j>}' (D)
L]

Here we consider only the first excited states so that AE=FE, —E;, and
Vol = <0|Sl.“ |1> (@ =x,y). Then the energy eigen values for H offasman Should
be given by

2
v

2
Eyp oot (J:1.) = E, —%{J(J +1)-J2) |1 |<s (32)

4

For comparison, we directly diagonalize H on the 16 + 8 lattice to obtain

small
the energy eigen values, which we denote E_, (u,J, ), for fixed values of
u=0.03,0.04 and J, =0,1,2,3,4. By making the least square fitting for
E.(4,J.) by E(u,J,)=¢ +u’ (elJz2 +e, ) , we can estimate the value
0.43(u=0.04) and 0.44(u=0.03) of e, which should be compared with the

value of v2 ,/AE=0.46 for 1 =0.5. The agreement between both values is

small
satisfactory to assure the validity of the perturbation theory.
Several comments are in order for our calculations and results.

* First let us discuss on effects of higher-order terms in the perturbation theory.
On large lattices the energy gap is of order of \/g and
|<excited state|V/,, | ground state>|2 is of order of 1/ (\/gN ) Then the next or-
der term is of order of uz/ (gN ) , but the factor N should be included into the
Hamiltonian for the consistency. Therefore we conclude u?/g should be
small in order to neglect higher-order terms.

* Let us consider to estimate the parameters u and g in experiments. One can
estimate u by measuring the specific heat at high temperature because, as we

. 2 .
have seen in (27), the first term (uv) dominates compared to the second
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term with the factor u*v/g. In order to estimate g on the other hand, one
should measure the correlation function of the spin operator which is given
in (96) in Appendix D.

Next we discuss the qualitative difference between the effect due to the dege-
nerate states and that due to Nambu-Goldstone mode. Since we do not see
any effect due to the degenerate states at a high temperature, we need to ex-
amine the thermodynamic quantities at a low temperature. In this region,
where the mean field approximation is valid, it is difficult to distinguish the
effect due to the degenerate states from that due to Nambu-Goldstone mode.
Therefore we have to investigate the property connected with the excited
states which cannot be calculated in the mean field approximation. This sub-
ject will be studied in a future work where we investigate the effective Ha-
miltonian in the extended system with SU(2) symmetry.

The last comment is about experimental realization of the proposed spin sys-
tem. One idea to realize our model is following. In experiments for the spin
system on the square lattice, the material contains multi layers. It will be
possible to consider the material that has the sandwich structure where the
magnetic layer and the quasi non-magnetic layer appear alternately. The
magnetic layer realizes the spin system on the square lattice, while in the qu-
asi non-magnetic layer we can partially add the magnetic elements such as
Cu. In this additional system, the magnetic elements are sparse so that the
coupling between spins on the additional system is weak. Therefore we can

suppose that such material realizes ¥, in our model.
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Appendix A

In this appendix we show how to derive the effective Hamiltonian by means of
the perturbation theory. Here we suppose that the whole vector space V is the
direct product of the vector space V_, and the vector space V, , namely
V=V, ®V, . We also suppose that the unperturbed Hamiltonian H, oper-
ates only states on V,, and there is no degenerate state for H, on the vector
space V. They are expressed by
|l =|)E, |I)eV,. (33)
Here />0, E,,>E, and |0) is the lowest energy state. The basis state in
V,, is given by |/), while the basis state in V, is denoted by |{sa }> Then the

sq
basis state in V is given by

(15 3) =10s.)- (39
For the unperturbed Hamiltonian #,,

Ay|1{s,})=|1.{s, ) E,. (35)
We suppose that the perturbed Hamiltonian contains the products of the op-

on the vector space V. and the operator 7, on the vector

ex,0'

erator V,

space V..
H=H,+udV, Vo (36)

The eigen state of H is given by

)= Z0)s. e+ SN e 7

121 {s,}
The coefficient ¢, , is a polynomial function of u and contains the term of
u’. In order to formalize the perturbation theory we employ the variational

method, where we introduce a function defined by

Fle,,)=(@]A]0)-p(o|0). (38)
By the variation on the coefficients we obtain the eigen equation,
oFfoc,,, , =0. (39)

In order to calculate F (C/,{ }) we divide the Hamiltonian A to A, and

Sq

the perturbed interactions. For the expectation value of H, we obtain, from

(37),
A 2 2 )
<q)|Ho|(D>: €| Lo +ZE1‘CI,{.YG} u. (40)
1>1
As for the expectation value of u Asq’ol}ex,o, ,
<q)|ul}sq,o'l}ex,a' CD>
T '}<0 R LA IEH LAREYS

Vsq,o'

0)({s:}]7,

wzl ¥ g

=1 (o))

. 41
{S“}>cl,{sl’,}co,{sa} +C.C.} ( )

A

5q,0"

wxiz e

(731 {5}

I({s;)
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In the second order perturbation theory, we neglect the terms of u’ in F

Then the variation on ¢, 0fsa) becomes

8F/é’co’{ =E, c +”ZZ<
+MZZZZ<

o' l>|s

V"

ex,0

o |0){{si}

A

V

3t }>C;{sa}

{ }> Crisyy ~ PCfs,)

><

The variation on ¢, s} is, on the other hand,

O = o SO

ts.hesiy —perg, s (43)

sq,0' ex,o0'
Requesting OF / oc, =0 we obtain the expression for Cz*,{s,,} ,
ZZ( sq,0' ><{ } I}ex,o' {Sa }>c;,{s;}' (44)
1 o' {s;

We then replace c Ls,) 1D (42) by the above expression (44). The result is

OFfac,,, | = Eycy +uZZ( O) (s} Vv [{5a 1) €1
+w;z§x o575}
)(ts sy } ~ Pl
0)

< I}ex,o'

A

14

ex,o0'

s5q,0'

5q,0'

el
= Eyc, +u22(

~
I/e)r,o"

j

5q,0"

4
{s.

{sa }>C;,{s;}

s5q,0'

1 I " I I *
T, 0 00 5o s )
1210"0"{s;} P ]

Pl
(45)
Here we exchange the order of the summation on {s,} and that of {s/}

and use

Z<{S;} I}ex,o' {Sa}><{s:ll} I}ex,o" {S;}>:<{S(,1,} Vﬂvex,u" ex,0 {Sa}>' (46)

{sa}

From OF /800’{%} =0 we obtain the equation for p. Since we can replace
1/(p—E,) by 1/(E,—E,) in the second order of u we obtain the eigen equa-

tionon p,

(P =By = LeigyMe(isidhs.):
Mf({s;}:{sa})zu;w O{si} Ve [(5.3)
00 23 O D7 0){(s2)

0',0"1>21 ()
Using this M ({S;}:{sa }) we introduce the effective Hamiltonian [:[eﬁ» on
V., which should satisfy

({s}

V;q,o'

) (47)
V.

5q,0"

PP

ex,0

e {5,

i

{5)) = ({2 {s). )

eff
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Since the matrix elements of /, on V, apply to any state, we can express

them by the operators on V, . Finally we obtain the effective Hamiltonian

Ay =uZ 0|0+ 23 D,

ool>1E E< !

A

OV oV ey (49)

5q,0" 5q,0"

Appendix B
4

Here we calculate the inner product <0 o’ l> in (49), where
Vo= (—I)Pi §* =8 (a=x,y) for the site fon the A sub-lattice.

54,0

Part1

In this subsection we calculate the contributions due to the degenerate states.
In [26] we obtained the eigen state |G,) of I:Isq,g,DS and the eigen energy E
(/=0,1,2,--- ), which are given by (with f =0 in (28) and (29) of [26])

I:[sq,g,Ds |G1> - |G1>EG/’
Eg =E,(N,)-2gWN,, + M(zz +1),
1G)=1.)a () = T2, (= nax W,
a 1

le(x):NzHI(\/;x)einxz/z’ n= gSZ N (Ax)z

sq

(50)

Here H,(u) denotes the Hermite polynomial and N, is the normalization
factor. Note that we do not need any explicit expression for Ax, since any
physical quantity contains the form of 77(Ax)2 .

For (—l)Pi S.y we have [26]

(- 1) S’G >—VZ|D" [c, n+1)+c¢/(n —l)}
_VZ|D H2e (n)+[ e/ (n+1)+¢,(n=1)=2¢,(n) ]} (51)

—)v;|Dn>{2‘I’,(x)+(Ax) o } Ax ~vY|D,)-2%, (x)Ax.

Then we obtain
(Gy|(=1)"87|G) > 2v[” dxW (x) W, (x) = 2v5,. (52)
Similarly we have

(-1)" 8

i

G)= —in|D">[cl (n+1)=¢,(n-1)]
)[2—’Ax}/§

(53)

Then the inner product is given by
(G| (-1)" 87 Gy) = —iv-2ax” v, (x)% =—i(Jnax)V2vs,.  (54)

Finally we obtain
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A 1
o) = (657
GO Gl

-1 %
=22 (Ax) | ——— =2,
77( )[2 axqvgJ gN
s (%,3,0,7) =0, ¢ps (¥, 1,0, 7)=0. (55)

Here we use 77(A)c)2 = \/Z/(\/EN) and Eg =Eg +2a,vgl.
Part 2

Next we discuss the matrix elements due to Nambu-Goldstone mode. We em-

(@] S7160)

ploy the results calculated in the previous work [26] based on spin wave theory.

Here the ground state |G,;) is |G,) and the excited state is the one magnon
state with the wave vector k, which we denote by | k).

In spin wave theory, it is known that
(GNG |(_1)Pi S |GNG> =S, <k|(_1)Pi S |GNG> =0. (56)

As for the operator (—I)P’ S‘ix we obtain [26]

Gyg)= %zk]k)(—l){\/%[l +5LJ + \/%(—1 +%J}e”"‘f'. (57)

Here we use the symbols defined by

(1)

1

@

4s(1+§+_1;/17k)’
0, =48\(1+28) +(1+8)(~1+ )7, - A7,
g=g/(45). 7, =(cosk, +cosk,)/2.
K :(kx,ky)s(znnx/\/ﬁ,hny/\/ﬁ) (n,.n, :integer). (58)

The inner products are then given by

(Guol(-1)" 57

GNG):%(—I){\/%(H%] +J%(—1+5lk]}e”“n (59)

Therefore we obtain

2
.. S 1 1 1 1 1 —ik(x-—x-)
Cye (X,x,1,])=— —|1+—= |+, 1+=|; —e 7,
va ( J) zNg{\/Z( a)kj \/2( a)kj} o,

cNG(y,y,i,j):O, CNG(x,y,i,j)=0. (60)

@y

Gyg)=0,

(k1) 5

1

For large r= |xi -Xx j| the contribution from small k& dominates in the sum

of ¢y (x,x,i,j). For small |k| and small gwe see that

@, ~4S %\/r2+k2, a_)k~\/11+_/1\/r2+k2,
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, 4g(l+g+4)
2=

=—————-~g/8S. 61
1+2+g(1-1) g/ (61
Using these approximations and replacing the sum by the integration, we ob-
tain
R S 1 —ik(x-—x-)
Cne (X,%,0, ) ~ dk dk, ——e "V
NG( ) (27‘[)2 _[ @,0,
1 1 —ik(x 7,\9)
= — '—e J ' 62
2(271)ZJ Y & )
l k 1
:E 0 dkm.]o(kl’) =4—TEK0(TI”).

Here we use Bessel functions J(z) and K, (z).

Appendix C

The mean field approximation is based on Gibbs-Bogoliubov-Feynman inequa-
lity [38] [39], which is given by
<eW> >, (63)
Here (-) denotes the statistical average.

Let us apply this inequality to the classical Hamiltonian H = H,+(H - H,).
The statistical average here is defined by

)y =(Zew) /L. (64)

By this definition we have
-BH _ ~BHy ~B(H-Hy) _ [ ,~B(H-H,) -BHy -p{H-Hy), -pH,
Ze Ze e <e >0 Ze >e Ze . (65)
For Z= Ze_ﬂH and Z,= ZefﬂHO we then obtain
logZZlogZO—ﬂ<H—H0>0. (66)
This inequality is valid for the quantum mechanics, too [38] [39].
logZ 2logZ, —ﬂ<I:I —If]0>0,
7= tr(e"ﬁﬁ), Z,= tr(e”mo ), <;1>0 = tr{zzle’ﬂﬁ" }/tr(e’[’ﬁ(’ ) (67)

Let us start our discussion with

i

N N N n A
H= —hgsg‘ - %ZZ J, 8085, (h=0,J,,20.J,,=0),

i=1 j=1
A N ~
Hy=-k)S, (k>0). (68)
i-1

Here we introduce operators,
S =cos@-S” +sin@-S*, S'=—sinf-S +cos-S>. (69)

i

The parameters k¥ and @ are determined later so that they maximize
logZ, —ﬂ<1:1 —ﬁ0>0 . It is easy to see that, with N = Zi jJi’j/2 ,

logZ, = log{tr[eﬂr«ziéi J} = Nlog[ 2cosh(Bx/2)],
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<$’l.> :—tanh(ﬁk/2) <A,’>0:0,

>

(57),

<5‘f>0 = <sin¢9 .S, +cosf- S‘,’>0 = %sin@tanh(ﬂK/Z),

=72

<cos¢9 -8, —sin@- Si'>0 = %cos@tanh(ﬂx/Z),

<HO>0 = —Nxétanh(ﬁ/c/Z),

<ﬁ>0 = —hN%cosHtanh(ﬁK/Z) - {N{%sin@tanh(ﬂxﬂ)} . (70)

Thus, using ¥ =cos# and X =tanh(fx/2) for <ﬁ —ﬁ0>0 , We obtain

Fy(x.Y)=logZ, —,B<I:I —1'-AIO>0
I 1 1 71)
- N{log[Zcosh(ﬁx/Zﬂ +EﬂhYX + (1—Y2)§Zﬂx2 —ﬂKEX}.

In order to find values x* and Y~ which maximize F,(x,Y), we examine

following equations.

0 {1 } 1 5 oX
) S —p hY+ 1- Y g“X K
S e
E,B{Yh CXY)+EX - K}aK 0.
0 {1F(K Y)}—lﬂx(h_gxy)—o 73)
oY 2 e

Since —1<Y <1 we see from (73) that, with X = tanh(ﬁK*/Z) ,
* . h
Y =min| ——,1|. (74)
X

Let us first consider the case (CASE 1) where ¢ X" >h holds and there exists

a positive solution for the equation
K =CX = .{tanh[ﬁTK} (75)

Note that x* >/ is necessary for this case. The maximum value of
Fy(x,Y)/N isthen

1 1 . h
~F(B) E—F{K —]
N N ¢ tanh(Bx’ /2) 76)
= 10g[2cosh(/)’/(*/2)} + ﬁé(hz - K*Z).
The average energy E'and the specific heat per one spin C, are then given by

_E_1dF, 1(h2 ,d E Bk di
N Ndp 4 dgN 20 dB’

For dx’/df , we carry out the differential on the condition.

?). C.=-8 (77)
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_dr. . _d_/c*_ 1 K_ Bdx’
0= dﬂ[’( é’tanh(ﬂic /2)}- a5 gcosh2(ﬁ/c*/2){ 5 + 2 4p } (78)

Then we obtain
dx”’ 3 K’ 1

B 2 cosh® (Bx"/2) (B¢ /2)

prc’ ’ 1
CV: 2 * . (79)
[ 2 ] cosh (/31( /2)—(/3{/2)

Next let us consider another case Y =1 (CASE 2), which means 6=0.
Note that /4 >0 is necessary for this case. We have

%FO (x.1)=1log[ 2cosh(Bx/2)] +%ﬁhX —%ﬁKX,

o (1 1 oX

The solution for dF/dx =0 is trivial, whichis x =/ . Then we obtain

%FO (h,1)= log{Zcosh[%ﬂ,

2
_Ezﬁtanh(ﬁj’ Cv = (ﬁj —2 1 . (81)
N 2 2 2 ) cosh®(Bh/2)
For later use, we employ the quantity m instead of «",
m Eltanh P . (82)
2 2

From (70), we see that m is <§i>0 at K=K . Using this m the energy and
the specific heat in CASE 1 are given by

E K , ) 1—4m?
——=—+{m", C, = m . (83)
N 4 : (Agm) 1-(B¢/2)(1-4m’)
Here, since " =¢ X" =2¢m , mshould satisfy the equation
m :%tanh(ﬁé’m). (84)
In CASE 2, where m = tanh(h/2)/2 , we obtain
E phY )
- = cv=(7j (1-4m*). (85)

Finally let us examine whether the Equation (74) has a solution which is
greater than A. We see that there must be a critical value of £, f., above
which we can find the solution. One can easily see that S, =2/ if h=0 and
B.>2/¢ if h>0. Also we have to pay attention that there is no solution for
any S if h>¢ . Therefore we obtain S, =c0 when A=¢ . It should be
noted that the energy in CASE 1 coincides with that in CASE 2 at /., while the
specific heat does not. Namely, using x" —>/ in the limit #— 8, +0 and
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h= Q’tanh(ﬁch/z) ’
_LAEE_i{ lim E(B)- lim E(ﬁ)}

N N (B-8.+0 B—p.—0

= lim l(hzﬂc*z) = tim ™ ann[ 22|20,
pober0 | 4¢ b0 | 2 2

AC,(B,)= lim C,(p)- lm C,(8)

B=>Pe+0

_(ﬂchj 1 B 1 oo
2 ) |cosh®(Bh/2)-B.L/2 cosh®(Bh)2)|

Especially, when 4 is small, we obtain the results
2 2
I h 3 6(h
~21+—| = | b oAC(B)~241-=| = | L 87
pe { 3@} %) 2{ S[J} (57)

Appendix D

The Hamiltonian H we consider here is given in (68). The partition function
Z(pB) isdefined by

Z(p)= tr[exp(—ﬂl:l)]. (88)

In the high temperature expansion Z(f) is expanded by small £,

2
Z(ﬂ)~;{1—ﬂﬁ+%1—?2}. (89)
We employ the following equations

r[1]=2", o[ S ]=0, [ §785 ] =2 5, Ouas 1 818185720,

ofssesesi]-2 (5 ] (6,10 00 sBoss 48,80 BB (90)
3 4 1>2 1,642 13514 3,04 1-13 1,43 12504 2-%4

+5 8 55}

i,ig a0 iy o ,a

In the last equation, we exclude the case where o, =a, =a; =, and

=i, =i, =1i,.
From the Equation (90) we see that the first order term of £ vanishes.
tr[lfl ] =0. (91)

In the second order,

o[ ]=1 T 515 +§. > I [ 81515157

2
_ Zz“a‘ +ZZJ,/J“2N[ j{5 S 8,38, 48,8, )

i,j,k,l

i j,j i,jY 0, iL,jv j,i

2
_leh z1+42NGj Z(J ST ) (92)
_2N1h 21+ LY j

¢
e
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Here we use J,;=J,, and J,, =0 as well as the translational invariance.
Thus we obtain

N Vs 1., 1 2
Z(B)~2 {1+7Nhh +3—2’Z(J0~,.) }} (93)

Therefore the energy and the specific heat are given by

L oe(2(8) A 1+ T |

o1, 1 2
C,~p hh +3—22i:(J0,,.) } (94)

Finally we consider a correlation function of the spin operator $* which will
be useful to estimate the coupling constants of the model. It is defined by
tr{e’ﬁgg,j‘ﬁ,f}
Fe(Bor=ln=n|)=———— (b#P). (95)
tr{e s }

For small f, we obtain
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