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Abstract

In this paper, we study the existence of nodal solutions of the following gen-
eral Schodinger-Kirchhoff type problem:

(a+bJ'JRNg2 (u)|Vu|2 dx)[—div(g2 (u)Vu)+ g’(u)g(u)|Vu|2]+u
=h(u), inR",

(KP1)

where a,b>0, N >3, g:R—>R" isan even differential function and
9'(s)=0 forall >0, h:R—R isan odd differential function. These eq-

uations are related to the generalized quasilinear Schédinger equations:
—div(g2 (u)Vu)+ g’(u)g(u)|Vu|2 +V (x)u=h(u), inR".

Because the general Schédinger-Kirchhoff type problem contains the nonlocal
term, it implies that the equation (KP1) is no longer a pointwise identity and
is very different from classical elliptic equations. By introducing a variable re-
placement, we first prove that (KP1) is equivalent to the following problem:

G*(v) _h(6*(v)
g(G™(v)) 9(G6™(v))

where G(s)= LS g(t)dt and G™ is the inverse of G. Next, we prove that (KF2)

JinRV,

_(a+ b . [Vv[° dx)Av+ (KP2)

is equivalent to the following system with respect to (v, z) e R" xR":
G (v)

e _ h(G’l(v))
9(67(v)) 9(6™(v) (9

N-2

,u—a—b,uT_[RN |Vv|2 dx=0.

For every integer k > 0, radial solutions of (KP1) with exactly X nodes are ob-
tained by dealing with the system ($) under some appropriate assumptions.
Moreover, this paper established the nonexistence results if N >4 and bis
sufficiently large.
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1. Introduction

In this paper, we consider the existence of nodal solutions for the following ge-

neralized quasilinear Schédinger-Kirchhoff type problem:

(a+b'[]RN g? (u)|Vu|2 dx)[—div(g2 (u)Vu)+ g'(u)g(u)|Vu|z}+V (x)u
=h(u), inR"

(1

where a,b>0, N>3. g:R—R" isan even differential function and
9'(s)=0 forall >0, h:R—R isan odd differential function, the potential
\ (X) :RY > R is positive in R" . It is necessary pointing out that we only con-
sider the potential V (x)=1.

These equations are related to the quasilinear Schodinger (QS) equations
ialz=—Az+W(x)z—h(z)—ml(|z|2)l’(|z|2)z, (QS)

where z:RxR" - C, W:R" - R isa given potential, x is a real constant
and h,1: R — R are suitable functions. Set z(t,x) = exp(—iEt)u(x),where EeR
and u is a real function, (QS) can be reduce to the corresponding equation of el-

liptic type (see [1]):
—Au+V (x)u - Al (|u|2)l'(|u|z)u =h(u), xeR".

The form of the above equation has derived as models of several physical phe-
nomena corresponding to various types of 1(s). For instance, the case 1(s)=s
models the time evolution of the condensate wave function in super-fluid film

and are called the superfluid film equation in the fluid mechanics by Kurihara

1
[2]. In the case I(S) = (l+ S)E models the self-channeling of a high-power ultra

short laser in matter, the propagation of a high-irradiance laser in a plasma creates
an optional index depending nonlinearity on the light intensity and leads to new
interesting nonlinear wave equation (see [3] [4] [5]). For more physical motiva-

tions and more references dealing with applications, we can refer to [6] [7] [8] [9]

(())

equations with nonlocal term. For instance, If we set g°(u)=1+2u’, ie,

and references therein.

If we take g° (u) =1+ , Equation (1) can derive the corresponding

I(s) =3, we get the superfluid film equation with nonlocal term in plasma phys-

ics:

—(a+bLRN (1+ 2u2)|Vu|2 dx)[Au +A(u2)uJ+V (x)u=h(u), xeR".
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2 1

u ,ie, 1(s)=(1+s)2, we get the equation:

If t g?(u)=1+——
weset 9 (1) 2(1+u%)

2 1
—[a+ bjRN [l+ﬁJ|Vu|2 de AU + A(1+ u’ )2 Llu +V (x)u

2(1+u?)
=h(u), xeR",
which is related to the model of the self-channeling of high-power ultrashort la-

ser in matter.

Denote H (u) = I:h(t)dt. We observe that the natural variational functional
corresponding to Equation (1)

I(u)= %.[RNQZ (u)[vuf* dx+%(jRNg2 (u)[vu[* dx)2 +%.[]RNu2dx —jRN H (u)dx

may be not well defined in H'(R" ). Moreover, the set

{u eH* (RN ) : IRNgz (u)|Vu|2 dx < +oo} is not linear space. To overcome this dif-

ficulty, we make a change of variable constructed by Shen and Wang in [10], as
v=G(u)= | g(t)dt.
Then we get

H(u)=J(v)= gIRN V[ dx +%(I]RN v dx)2

1
+§ &N

Gt (v)|2 dx — .[]RN H (G’l (v))dx.
Under suitable assumptions on g and A, we conclude that Jis well defined in
Hl(]RN ) and JeC'.

If uis a nontrivial solution of (1), then it should satisfy

(a+b.[RN vu[* dx)_[RN [gz (u)Vuvg+g'(u)g(u)|vul’ ¢+u¢—h(u)¢}dx =0,(2)

forall ¢eC; (RN ) .Let ¢= L(p , (2) is equivalent to

g(u)
G*(v)  h(G*(v))

(3'(v).0) = o] AW+ CROMEICHOME

+b[ Vv dx[_, VvV pdx
-0,

forall peCy (RN ) . Therefore, in order to find nodal solutions of (1), it suffic-
es to study the following equation

G*(v) _h(6"(v))
9(6™(v)) 9(c™(v)
Now, we consider the existence of nodal solutions of (3). Nonlocal problems

like (3) have drawn a great deal of attention in recent years (see [11] [12] [13]

[14] [15]). To begin with, Equation (3) can be derived as a nonlocal model for

,inRV. (3)

—(a+ bl v dx)Av +
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the vibrating string. It is related to the stationary analogue of equation

2
6_;1_ i+— La—udx ag—f(xu)
ot h 2L°°|ox OX

proposed by Kirchhoff in [16] as an extension of the classical D’Alembert’s wave
equation for free vibrations of elastic strings. Kirchhoff’s model takes into ac-

count the changes in length of the string produced by transverse vibrations. Here,

P
p is the mass density, ?0 is the initial tension, E is related to the intrinsic

properties of the string, such as the Young’s modulus of material and L is the
length of the string. In [17], it was pointed out that such problems as (3) may be
applied to describe the growth and movement of a particular species.

Different from the above mentioned literatures, for example [12] [13] [15], we
provide a new viewpoint motivated by [18] for solving the generalized quasili-
near Schodinger-Kirchhoff type problem. In this paper, some suitable algebraic
techniques are used to find solutions. Precisely, we derive nodal solutions of (1)
by transforming it into (3) and establish Equation (2) is equivalent to a system.
Then, we occur the existence of nodal solutions of this system. We not only prove
multiplicity result for N =3, but also give information about the case that N > 4.
We achieve our purpose by solving the following system respect to
(V,,u)eRN xR":

—AV +

G*(v) _h(G"(v)
(6*(v) g(c*(v) (4)

e a—byTIRN [Vv[* dx =0.

9

Recall that a node of a radial solution of (1) is a radius p >0 such that
u(x)=0 with |X| = p . The main purpose in this paper is to prove the equiva-
lent of (3) and (4).

Proposition 1. Problem (3) has least one radial solution v e H* (RN ) if and
only if system (4) has at least one solution (W, u)eH* (RN )x R* such that wis
radial. Moreover, w and v have the same number of nodes.

Proposition 2. Problem (1) has least one radial solution u e H ! (RN ) if and
only if problem (3) has at least one solution v e H* (RN ) such that v is radial.
Moreover, v and u have the same number of nodes.

In order to state our main result, we need the following hypotheses:

(h,) h(t)=o(t) as t—0.
(h,) There exists C>0 and 2<p<2 =

such that

(o] <c(trg(®le)”’) forall ter.
(h,;) There exists ¢ >0 such that for any t >0, there holds

(l+5)h(t)£G(t)(%J where G(t)=g(s)
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(h,) heC'(R) is an odd function, h(t)>0 for t>0, geC'(R) is an
even positive function and g'(t)>0 forall t>0, g'(t)t<g(t) forall
teR.

Under the assumptions (h,)-(h,), g and A possess many important properties.
Readers can find them in [19].

Applying Proposition 1 and 2, we can prove the following theorems.

Theorem 3. Suppose that (h,)-(h,) are satisfied. Then for any integer K >0
the following holds.

i)If N=3,(3)hasapair v, and v, ofradial solutions forany a,b>0.

ii) If N =4, there exists b, >b, >0 with b, such that (3) has a pair vy
and v, of radial solutions for any a>0 and 0<b <b,, has no nontrivial solu-
tionforany a>0 and b>b.

iii) If N 25, there exists o, > ¢, >0, with o, — 0" such that (3) has two
2
pair v, and V,, of radial solutions if abN-* < ¢, has a radial solution v, if

2 2
abN-4 = @, , and has no nontrivial solution if abN-¢ > a,.

Moreover, each solution Vv, obtained in i)-iii) has exactly Anodes
0<p) <pl <--<pf <.

Theorem 4. Suppose that (h,)-(h,) are satisfied. Then for any integer K >0
the following holds.

i)If N=3,(1) hasapair u, and u, ofradial solutions for any a,b>0.

ii) If N =4, there exists by >b, >0 with by, such that (1) has a pair uy;
and u, of radial solutions for any a>0 and 0<b <Db,, has no nontrivial so-
lution forany a>0 and b2>h,.

iii) If N 25, there exists o, >¢q, >0, with o, — 0" such that (1) has two
2
pair U, and uy, of radial solutions if abN-* <, has a radial solution u, if

2 2
abN-* = ¢, , and has no nontrivial solution if abN~* > ¢, .

Moreover, each solution u, obtained in i)-iii) has exactly Anodes
0<p) <pi <--<py <.

2. Existence and Nonexistence of Solutions of (4)

In this section, we devote to solve system (4). Firstly, we will show an essential
result which will be used to conclude Theorem 3.

Proposition 5. Suppose that (h,)-(h,) are satisfied. Then for any integer k >0
the following holds.

i) If N =3, (4) has a pair (vk* Ve ) and (v; My ) of radial solutions for any
a,b>0.

ii) If N =4, thereexists by 2b >0 with b,_,, such that (4) hasa pair
(vk* Ny ) and (Vk’ s My ) of radial solutions for any a >0 and 0<b<b,, hasno
nontrivial solution for any a>0 and b2h,.

iii) If N 25, there exists a, > ¢, >0, with ¢, — 0" such that (4) has two

DOI: 10.4236/am.2020.111005

46 Applied Mathematics


https://doi.org/10.4236/am.2020.111005

L. L. Sha

2
pair (Vlf, ,uki,l) and (vki : ,uki,z) of radial solutions if abN~* < ¢, , has a radial so-

2 2
lution (v, 4, ) if abN* =¢,, and has no nontrivial solution if abN~* > ¢, .
Moreover, the first component V, of every solution obtained in i)-iii) is ra-
dially symmetric and has exactly knodes 0< pj < pl <--<pf <.
Clearly, (0,a) is a trivial solution of (4). Here a solution
(v,u)eH ! (RN )x R* of (4) is called a nontrivial one if (v, ,u) # (O, a) )
In order to obtain conclusion of Proposition 5, we first establish the result about

existence of nodal solutions for the following nonlinear elliptic equation:
Gy _ (G (V)
9(6™(v)) 9(G™(v))

Lemma 1. Suppose that (h,)-(h,) are satisfied. Then for any integer K >0, there

—AV+

,inRN. (5)

exists a pair Vk+ and v, ofradial solutions of (5) with

Vi (0)<0<v; (0), having exactly k nodes 0<r’ <t} <---<IS<ow.
Proof. This theorem was proved in [19], here we omit the detail.
Let A be the set of solutions of (5) and define

p=inf{S(v):veA\{0}}, (6)
where
S(v)= J-]RN |Vv|2 dx, Vv e Hl(RN ) (7)

According to Theorem 2.1, we obtain that A\{0} =& and S is well de-
fined.
Lemma 2. Suppose that (h,), (h,) and (h,) are satisfied. Then it holds £ >0.
Proof. For any Ve A\{0}, one has the Pohozaev identity
N -2
2N
From assumptions (h,), (h,) and (h,), we obtain ‘G’l (s)g (G’l (S))‘ > |S| ,
h(G™(s h(G™ (s
550 —(Gl ((s))) =0and limg —(1 ( ))2*1 =0.
9(G ()l

For any €>0, there exists C. >0 such that

LEHO) P RON I

0(67 () Jolere)

Obviously, this implies that S(v)< C.[R“ |V|2 dx for some C>0. Applying

G* (v)|2 dx = J.IRN H (G’l (v))dx.

.[]RN |Vv|2 dx +%.[RN
lim

|2*—1

, VselR.

N
Sobolev embedding theorem, we conclude S(v)<C [S (V)]ﬁ , which establish
that there exists a constant y >0 such that S(v)>y.Thus >y >0.

Proof of Proposition 5. This result was proved in ([18], Proposition 2.1). How-
ever, it plays a key role in this paper and for the sake of completeness and con-

venience ro reader, we here give the detail. For any ve H* (RN )\{O} , define a
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functionin R" given by

N-2
fv (,u):lu—a—b,uTS(V), V/JER+.
Case 1: N =3. Theorem 5 implies that for any integer k >0, problem (5) has

apair v, and v, ofradial solutions with exactly £ nodes
O<r <r  <--<r’ <o.Since N =3, we conclude
1
fo(u)=n—-a-bu?s(v;),

which implies that lim, . f_(u)=+o forany a,b>0.Noting that
k
kat (#)<0 forall ue(0,a], thereexists g >a suchthat f, (,uki) =0. Thus
Vk
(vlf , yki) is a pair of solutions of (3) and conclusion i) holds.

Case 2: N =4.In the case, we have
(1)~ (15 (1)) -2
forall (v,u)eH* (]R“)X]R+ . For any integer k >0, let Vv, be a pair of radial so-

lutions of (5) with exactly knodes 0<r" <r, <---<TI <o,

b, =min %,% ,and by, :i, where [ isgivenin Lemma 2. Then
s(vw) s(w) B

b, <b,.Let B, ={XER4:I’H<|X|<I’i} and v, =V, in B, v;; =0 on

RV \B,,1=12,---,k. Then vki'i ,i=12,---,k, are nontrivial solutions of (5), which

implies that S (Vki ) = Zik:lS (th,i ) 2kf andhence b, — 0" as k — . Forany

a>0 and O<b<b,,taking 4 = ,then one has 4, >a and

_a
1-bS (v, )
fe (yki ) =0. Thus (Vki : ,uki) solve (2). However, forany a>0 and b>h,, we
have

sup f,(u)<(1-byS)u—-a=-a<Q,
VEA\{O}

forall ueR", where A is defined in (6). This establishes that (4) has no non-

trivial solutionif a>0 and b>h,.

Case 3: N =5. For each v=0, we see that di fv(,u)zl—T_,u 2:8(v)
1
and hence f,(x) hasaunique maximum point

Let Vv, be a pair of radial solution of (5) with exactly & nodes. It is easy to

check that kai (1)<0 for pe(0,a], lim (#)=-= and

H—>+0 fvir

max f,. (1)=1. (“v:):(z :gj{(N —2)2bs (V;)J B

Define ¢, = min{ak*,ak’} , where
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“ :(m ::]{(N —2§s(v;)JN4'

From Case 2, we have o, - 0" as k — 0. Clearly, it holds kai ( M ) >0

2
if abN-4 < @, , which implies that there exists 1, € (a, M. ) and
! k

Ly € ('”vf ,+00) such that f, (,ukfl) =0 and f, (ykivz) =0 if abN+

2

<ay.
Moreover, it is easy to verify that either f, ( M, ) =0 or f_ ( M ) =0 if
k k k k

ab"+ =g, .

Set

% {E :;j((N —22)/3]“‘24’

2
where S isgivenin (6). Forany a,b>0 with abM* > ¢, we conclude that

2
N -4 2 N-4 =z
sup f < sup f < -a=a,bN*-a<0.
VGA\EJO} (1) VGA\I?O} (1) (N—Zj[(N—Z)bﬂJ %

2
for any peR". This implies that (4) has no nontrivial solutions if abN-* > ¢,

and iii) holds.
3. Proofs of Proposition 1 and 2
Proof of Proposition 1. If (4) has a solution (v, x)e H* (]RN )x R*, then one has
G h(G™*(v
—AV + 71V) = ( 71( )) inRY,
9(G*(v) 9(67(v)

at least in a weak sense, and

N-2
p=a+bu ? [ Vv dx.

1

Make a change of variable, as w(x) = v[ ,u_ZXJ =V(y) . Then, we conclude that
2 G (w(x
_(a+b.[RN [Vw| dX)AW(X)+(}(Gl((—V\E()2;))
= [a+ bu¥ jRN [Vv[ dx Av(y)+—Gill(v(y))
_h(E*(v(y) _h(e™ (w(x)))
9(6™(v(v)) (6™ (w(x))

which implies that wis a solution of (3).

If (3) has a solution we H*? (RN ) , then one has
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-(a+ w|” dx ) Aw+ ) —h(Gil(W)) in R"
e e R R

at least in a weak sense.
1

Letting pu=a+ bjRN |VW|2 dx and v(x)= W(,uZXJ =w(y), then we have

N-2

U=a+ bNTIRN |Vv]dx

and

which implies that (v, u) e H* (RN )x R* is a solution of (4). Moreover, it is evi-
dent that vand whave the same radial symmetry and sign.
Proof of Proposition 2. If (3) has a solution ve H* (RN ), then one has

c'w) _h(E'(W)
9(G*(v)) 9(G*(v))

at least in a weak sense. Letting u=G"(v) and combining the assumptions on

_(a+bjRN v dx)Av+ , inRN,

gand 4, then we conclude that
(a+beNg2 (u)|Vu|2 dx)[—div(g2 (u)Vu)+ g9'(u)g (u)|Vu|2J+u =h(u), inR".

which implies that ue H* (RN ) is a solution of (1). Moreover, by the definition

of G(t), it is obvious that zand vhave the same radial symmetry and sign.

4. Conclusion

By the proof of Proposition 1 and 2, we establish problem (1) has least one radial
solution ve H! (RN ) if and only if system (4) has at least one solution

(w,)eH ! (]RN )>< R* such that wis radial. And wand vhave the same number
of nodes. Proving the existence of nodal solutions of problem (1) is equivalent to
solve problem (4). In Section 2, we show the existence and nonexistence of solu-
tions of (4). Combining the above statements the conclusions of Theorem 3 fol-
low directly from Proposition 1 and 5. Similarly, the conclusions of Theorem 4

follow directly from Proposition 1, 2 and 5.
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