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Abstract 
In this paper, we prove fixed point theorems of a generalization which is re-
lated to the concept of Meir-Keeler function in a complete b2-metric space. 
And we know it extends and generalizes some known results in metric space 
to b2-metric space. 
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1. Introduction 

Many mathematicians have studied fixed point theory over the last several dec-
ades since Banach contraction principle [1] was introduced in 1992. The notion 
of Meir-Keeler function [2] was introduced in 1969. Then the concept of weaker 
Meir-Keeler function [3] was introduced by Chi-Ming Chen in 2012. And in this 
paper, we establish fixed point for Meir-Keeler function and weaker Meir-Keeler 
function in a complete new type of generalized matric space, which is called by 
b2-metric space, and this space was generalized from both 2-metric space [4] [5] 
[6] and b-metric space [7] [8]. 

2. Preliminaries 

Throughout this paper N will denote the set of all positive integers and R will 
denote the set of all real numbers. 

Before stating our main results, some necessary definitions might be intro-
duced as follows. 
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Definition 2.1 [2] Let X be a nonempty subsets, m N∈  and :f X X→  an 
operator. Then 1

m
ii

X A
=

=


 is called a cyclic representation of X with respect to 
f if  

1) , 1, 2, ,iA i m=   are empty subsets of X, 
2) ( ) ( ) ( ) ( )2 2 3 1 1, , , ,i m m mf A A f A A f A A f A A−⊂ ⊂ ⊂ ⊂

. 
Definition 2.2 [2] A function ( ] ( ]: 0 0φ →∞ → →∞  is said to be a 

Meir-Keeler function if for each 0η > , there exists 0δ >  such that for each 
( ]0t∈ →∞  with tη η δ≤ ≤ + , we have ( )tφ η< . 

Definition 2.3 [3] We call ( ] ( ]: 0 0φ →∞ → →∞  a weak Meir-Keeler func-
tion if for each 0η >  such that for each ( ]0t∈ →∞  with tη η δ≤ ≤ + , there 
exists 0n N∈  such that ( )0n tφ η< . 

Definition 2.4 [4] [5] [6] Let X be an nonempty set and let 
:d X X X R× × →  be a map satisfying the following conditions: 
1) For every pair of distinct points ,x y X∈ , there exists a point z X∈  such 

that ( ), , 0d x y z ≠ . 
2) If at least two of three points , ,x y z  are the same, then ( ), , 0d x y z = , 
3) The symmetry: 
( ) ( ) ( ) ( ) ( ) ( ), , , , , , , , , , , ,d x y z d x z y d y x z d y z x d z x y d z x y= = = = =  for all 

, ,x y z X∈ . 
4)The rectangle inequality: 
( ) ( ) ( ) ( ), , , , , , , ,d x y z d x y a d y z a d z x a≤ + +  for all , , ,x y z a X∈ . 

Then d is called a 2 metric on X and ( ),X d  is called a 2 metric space. 
Definition 2.5 [7] [8] Let X be a nonempty set and 1s ≥  be a given real 

number. A 
function :d X X R+× →  is a b metric on X if for all , ,x y z X∈ , the follow-

ing conditions hold: 
1) ( ), 0d x y =  if and only if x y= . 
2) ( ) ( ), ,d x y d y x= . 
3) ( ) ( ) ( ), , ,d x y s d x y d y z≤ +   . 
In this case, the pair ( ),X d  is called a b metric space. 
Definition 2.6 [9] Let X be a nonempty set, 1s ≥  be a real number and let 
:d X X X R× × →  be a map satisfying the following conditions: 
1) For every pair of distinct points ,x y X∈ , there exists a point z X∈  such 

that ( ), , 0d x y z ≠ . 
2) If at least two of three points , ,x y z  are the same, then ( ), , 0d x y z = , 
3) The symmetry: 
( ) ( ) ( ) ( ) ( ) ( ), , , , , , , , , , , ,d x y z d x z y d y x z d y z x d z x y d z x y= = = = =  for all 

, ,x y z X∈ . 
4) The rectangle inequality: 
( ) ( ) ( ) ( ), , , , , , , ,d x y z s d x y a d y z a d z x a≤ + +   , for all , , ,x y z a X∈ . 

Then d is called a b2 metric on X and ( ),X d  is called a b2 metric space with 
parameter s. Obviously, for 1s = , b2 metric reduces to 2-metric. 

Definition 2.7 [9] Let { }nx  be a sequence in a b2 metric space ( ),X d . 
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1) A sequence { }nx  is said to be b2-convergent to x X∈ , written as 
limn nx x→∞ = , if all a X∈  ( )lim , , 0n nd x x a→∞ = . 

2) { }nx  is Cauchy sequence if and only if ( ), , 0n md x x a → , when 
,n m →∞ . for all a X∈ . 
3) ( ),X d  is said to be complete if every b2-Cauchy sequence is a 

b2-convergent sequence. 
Definition 2.8 [9] Let ( ),X d  and ( ),X d′ ′  be two b2-metric spaces and let 
:f X X ′→  be a mapping. Then f is said to be b2-continuous,at a point z X∈  

if for a given 0ε > , there exists 0δ >  such that x X∈  and ( ), ,d z x a δ<  
for all a X∈  imply that ( ), ,d fz fx a ε′ < . The mapping f is b2-continuous on 
X if it is b2-continuous at all z X∈ . 

Definition 2.9 [9] Let ( ),X d  and ( ),X d′ ′  be two b2-metric spaces. Then a 
mapping :f X X ′→  is b2-continuous at a point x X ′∈  if and only if it is 
b2-sequentially continuous at x; that is, whenever { }nx  is b2-convergent to x, 
{ }nfx  is b2-convergent to ( )f x . 

3. Main Results 

In this section, we give and prove a generalization of the Meir-Keeler fixed point 
theorem [2]. 

Theorem 3.1. Let ( ),X d  be a complete b2-metric space and let f be a map-
ping on X, for each 0ε > , there exists ( )( ), 2 1s sδ ε ε∈ −  such that  

(a) ( ) ( )1 , , , ,
2

d x fx a d x y a
s

<  and ( ), ,d x y a ε δ< +  imply ( ), ,d fx fy a ε≤  

(b) ( ) ( )1 , , , ,
2

d x fx a d x y a
s

<  implies ( ) ( ), , , ,d fx fy a d x y a<  for all 

,x y X∈ . Then there exists a unique fixed point z of f. Moreover lim n

n
f x z

→∞
=  

for all x X∈ .  
Proof If fx x≠ , then we can easily get that ( ) ( ), , 2 , ,d x fx a sd x fx a< . So, by 

hypothesis, ( ) ( )2, , , ,d fx f x a d x fx a<  holds for all x X∈  with fx x≠ . We 
also get  

( ) ( )2, , , ,d fx f x a d x fx a≤  for all x X∈             (3.1) 

Fix point 0x  in X and define a sequence { }nx  in X by 1 0
n

n nx fx f x+ = =  
for n N∈ . From the above (3.1) we get ( ) ( )1 1, , , ,n n n nd x x a d x x a+ −≤ , so we 
know that ( ){ }1, ,n nd x x a+  is a decreasing sequence, and the sequence 

( ){ }1, ,n nd x x a+  converges to some 0β ≥ . We assume that 0β > , then we 
know that ( )1, ,n nd x x a β+ >  for every n N∈ , then there exists δ  such that 
(a) is true with ε β= , for the definition of β , there exists i N∈  such that 
( )1, ,i id x x a β δ+ < + , so we have ( )1 2, ,i id x x a β+ + ≤ , which is a contraction. 

Therefore 0β = , and that is: 

( )1lim , , 0n nn
d x x a+→∞

= . 

Now we show that ( ), , 0i j kd x x x = . 
From part 2 of Definition 2.6, the equation ( )1, , 0m m md x x x − =  is obtained. 
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Since ( ){ }1, ,n nd x x a+  is decreasing, if ( )1, , 0n nd x x a− = , then  
( )1, , 0n nd x x a+ = , then it is easy to get  

( )1, , 0n n md x x x+ = , for all 1n m+ ≥ .             (3.2) 

For 0 1n m≤ + < , we get 1 1m n− ≥ +  and that is 2m n− ≥ , from (3.2)  

( ) ( )1 1 1, , , , 0m m n m m nd x x x d x x x− + −= = ,              (3.3) 

From (3.2) and triangular inequality,  

( )
( ) ( ) ( )
( )

1

1 1 1 1 1

1 1

, ,

, , , , , ,

, , .

n n m

n n m n m m m n m

n n m

d x x x

sd x x x sd x x x d x x x

sd x x x

+

+ − + − −

+ −

≤ + +

=

 

And since ( )1 1, , 0n n nd x x x+ + = , and from the inequality above,  

( ) ( )1
1 1 1, , , , 0m n

n n m n n nd x x x s d x x x− −
+ + +≤ = , for all 0 1n m≤ + ≤ .   (3.4) 

Now for all , ,i j k N∈ , the condition of j i>  is considered here, from the 
above equation  

( ) ( )1 1, , , , 0j j i k j jd x x x d x x x− −= =                 (3.5) 

From (3.5) and triangular inequality, therefore 

( ) ( ) ( ) ( )

( )

1 1 1

1

, , , , , , , ,

, ,
0

i k j i j j j k k i j k

j
i k i

d x x x s d x x x d x x x d x x x

s d x x x

− − −

−

 ≤ + + 
≤

≤

=

  

In conclusion, the result below is true 

( ), , 0j k id x x x = , for all , ,i j k N∈ .               (3.6) 

Now we fix 
2 1s
δε >
−

, then there exists δ  such that (a) is true. Let 1N N∈  

such that  

( ) ( )
1

1
, ,n n

s
d x x a

s
δ ε

+

− −
< , for all n N∈  with 1n N≥ .     (3.7) 

Now we will show that  

( ), ,k k md x x a ε δ+ < +  for m N∈                   (3.8) 

By induction, when 1m = , it is true for (3.8). We assume that (3.8) holds for 
some m N∈ . 

In one case ( ), ,k k md x x a ε+ ≤ , we have  

( ) ( ) ( ) ( )1 1 1, , , , , , , ,k k m k k m k m k m k k m k md x x a s d x x a d x x a d x x x+ + + + + + + + + ≤ + +   

From (3.6) and (3.7) we have  

( ) ( ) ( )
( )

1 1, , , , , ,

1
k k m k k m k m k md x x a s d x x a d x x a

s
s s

s
δ ε

ε

ε δ

+ + + + + + ≤ + 
− −

≤ +

≤ +

         (3.9) 
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In other case, where ( ), ,k k md x x aε ε δ+< < + , since  

( ) ( ) ( ) ( )1

1
, , , , 2 , ,k k k k m k k m

s
d x x a d x x a sd x x a

s
δ ε

ε+ + +

− −
< < < <  

We get ( )1 1, ,k k md x x a ε+ + + ≤  and then we have  

( ) ( ) ( )1 1, , , , , ,k k m k k m k m k md x x a s d x x a d x x a ε δ+ + + + + + ≤ + ≤ +     (3.10) 

So for (3.9) and (3.10), (3.8) is true for every m N∈ . Therefore we have  
( )lim sup , , 0n mn

d x x a
→∞

= , for all n m< . This shows that { }nx  is a Cauchy 
sequence.  

Since X is complete, there exists a point z X∈  such that sequence { }nx  
converges to it. From the following two respectively cases, we will show that this 
point is a fixed point for f.  

Case one: There exists u N∈  such that 1u ux x += . 
Case two: 1n nx x +≠ , for all n N∈ . 
In the first case, we know that n ux x=  for ,n u u N≥ ∈ . Since { }nx z→  as 

n →∞ , then we get nx z=  for ,n u n N≥ ∈ . This prove that fz z= . 
In the second case, we know that 1n n nx x fx+≠ = , for all n N∈ , so we get 

sequence ( ){ }1, ,n nd x x a+  is strictly decreasing. If we assume that  
( ) ( )1, , 2 , ,n n nd x x a sd x z a+ ≥  and ( ) ( )1 2 1, , 2 , ,n n nd x x a sd x z a+ + +≥  

for some n N∈ . For the first inequality of the above assumption, we choose 

1na x += , then we have  

( )1, , 0n nd x x z+ =                      (3.11) 

Then we have  

( ) ( ) ( ) ( )
( ) ( )

( ) ( )

( )

1 1 1

1

1 1 2

1

, , , , , , , ,

, , , ,

, , , ,
2

, , .

n n n n n n

n n

n n n n

n n

d x x a s d x z a d x z a d x x a

s d x z a d x z a

d x x a d x x a

d x x a

+ + +

+

+ + +

+

 ≤ + + 
 ≤ + 

+
≤

<

 

This is a contraction. So we get either 
( ) ( )1, , 2 , ,n n nd x x a sd x z a+ <  or ( ) ( )1 2 1, , 2 , ,n n nd x x a sd x z a+ + +<  for all 

n N∈ . Since nx z→  as n →∞ , the above inequality prove that there exists a 
sub sequence of sequence { }nx , which converges to fz. This shows that z is a 
fixed point of f. Next we prove that z is the unique fixed point of f. Suppose that 
z and y are two different fixed point of f, from the assumption of this theorem, 
we get  

( ) ( ), , 0 2 , ,d z fz a d y z a= <  from the above inequality we have  

( ) ( ) ( ), , , , , ,d z y a d fx fy a d y z a= <  

This is a contraction. Hence z is a unique fixed point of f.                
In this section, we prove a fixed point theory for the cyclic weaker Meir-Keeler 

function in b2-metric space. Now we give some comments as follows: 
( ] ( ]: 0 0ωΩ = →∞ → →∞  is a set, where ω  is a weaker Meir-Keeler func-
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tion and satisfying the following conditions: 
( 1ω ) ( ) 0tω >  for 0t > , and ( )0 0ω = ; 
( 2ω ) For all ( ]0t∈ →∞ , ( ){ }n

n N
tω

∈
 is decreasing; 

( 3ω ) For ( ]0nt ∈ →∞ , if lim nn
t γ

→∞
= , then ( )lim nn

tω γ
→∞

< . 

[ ) [ ): 0 0θΘ = →∞ → →∞ , where θ  is a non-increasing and continuous 
function with ( ) 0tθ >  for all 0t >  and ( )0 0θ = . 

We now introduce the following definition of cyclic weaker ( ),ω θ
-contraction mapping in b2-metric space:  

Definition 3.2 Let ( ),X d  be a b2-metric space, 1 2, , , mA A A  are all non-
empty subsets of 1

m
ii

X A
=

=


. A mapping :f X X→  is said to be cyclic 
weaker ( ),ω θ -contraction in b2-metric space if satisfying the following condi-
tion: 

1) 1

m
ii

X A
=

=


 with respect of f, it is a cyclic representation of X. 
2) 1,2, ,i m=  , for any 1,i ix A y A +∈ ∈ , such that  
( ) ( )( ) ( )( ), , , , , ,d fx fy a d x y a d x y aω θ≤ − , where 1 1mA A+ = , ω∈Ω  and 

θ ∈Θ . 
Theorem 3.3 Let ( ),X d  be a b2-metric space, 1 2, , , mA A A  are all non-

empty subsets of 1

m
ii

X A
=

=


. Let :f X X→  be cyclic weaker ( ),ω θ
-contraction in b2-metric space, then f has a unique fixed point in 1

M
ii

A
=

. 
Proof Let 0x  be an arbitrary point in X and we define a sequence { }nx  by 

1
1 0

n
n nx fx f x+
+ = = , for all n N∈ , if there exists some 0n N∈  such that 

0 01n nfx fx− =  then 
0 0n nfx fx= . Thus 

0nx  is a fixed point of f. Suppose that 

1n nfx fx− ≠  for all n N∈ , we know that there exists 1, 2, ,ni m∈   such that 

1 nn ix A− ∈  and 
1nn ix A
+

∈  for any 0n > . Since :f X X→  be cyclic weaker 

( ),ω θ -contraction, we get  

( ) ( ) ( )( ) ( )( )
( )( )

( )( )( ) ( )( )

( )( )

1 1 1 1

1

2
1 2 1 2

0 1

, , , , , , , ,

, ,

, , , ,

, , .

n n n n n n n n

n n

n n n n

n

d x x a d fx fx a d x x a d x x a

d x x a

d x x a d x x a

d x x a

ω θ

ω

ω ω ω

ω

+ − − −

−

− − − −

= ≤ −

≤

≤ =

≤

≤



 

Since sequence ( )( ){ }0 1, ,n d x x aω  is decreasing for all n N∈ , and this se-
quence must converge to some 0ρ ≥ . We get 0ρ =  by the following assump-
tion. 

First we assume that 0ρ > , since ω  is defined as a weaker Meir-Keeler 
function, there exists δ  such that ( )0 1, ,d x x aρ δ ρ≤ < +  for 0 1,x x X∈ , 
there exists 0n N∈  such that ( )( )0 1, ,n d x x aω ρ< , from  

( )0 1lim , ,n

n
d x x aω ρ

→∞
= , we know that there exists 0p N∈  such that 

( )( )0 1, ,p d x x aρ ω ρ δ< < + , for all 0p p≥ . Thus we get a conclusion 
( )( )0 0

0 1, ,p n d x x aω ρ+ < , which is a contraction. Thus ( )0 1lim , , 0n

n
d x x aω

→∞
= , 

and that is, ( )1lim , , 0n nn
d x x a+→∞

= . 
Now we prove that { }nx  is a Cauchy sequence. 
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Suppose to the contrary, that is, { }nx  is not a Cauchy sequence. Then there 
exists 0ε >  for which we can find two sub sequences { }in  and { }im  such 
that i ii m n< <  and 

( ), ,
i im nd x x a ε≥  and ( )-1, ,

i im nd x x a
s
ε ε< <          (3.12) 

From the part 4 of Definition 3.6 and (3.6), we get  

( ) ( ) ( ) ( )
( ) ( )

1 1 1

1 1

, , , , , , , ,

, , , ,

i i i i i i i i i

i i i i

m n m m m n m n m

m m m n

d x x a s d x x a d x x a d x x x

s d x x a d x x a

+ + +

+ +

 ≤ + + 
 ≤ + 

  

Taking i →∞ , from (3.6) and (3.12) we have  

( )1lim , ,
i im nn

d x x a
s
ε

+→∞
≤                    (3.13) 

Now by using the condition that f is a cyclic weaker ( ),ω θ -contraction, we 
get  

( ) ( )
( )( ) ( )( )
( )( )

1 1

1 1

1

, , , ,

, , , ,

, ,

i i i i

i i i i

i i

m n m n

m n m n

m n

d x x a d x x a

d x x a d x x a

d x x a

ω θ

ω

+ −

− −

−

=

≤ −

≤

 

Letting i →∞  and using the condition of ω , we get  

( )1lim , ,
i im nn

d x x a
s
ε

+→∞
<                    (3.14) 

From (3.13) and (3.14) ( )1lim , ,
i im nn

d x x a
s s
ε ε

+→∞
≤ < , which is a contraction. 

Therefore { }nx  is a Cauchy sequence in X. 

Since X is a complete set, there exists a point 1

m
ii

z A
=

∈


 such that n →∞ , 
{ }nx z→ . For 1

m
ii

X A
=

=


 is a cyclic representation of X respect to f, thus in 
each iA  for { }1,2, ,i m∈ 

, the sequence { }nx  has infinite term. A sub se-
quence { }knx  of { }nx , we take this sub sequence and it also all converge to z, 
for all 1,2, ,i m=  . Since  

( ) ( )
( )( ) ( )( )
( )( )

1, , , ,

, , , ,

, , ,

k k

k k

k

n n

n n

n

d x fz a d fx fz a

d x z a d x z a

d x z a

ω θ

ω

+ =

≤ −

≤

 

From the above inequality, letting k →∞ , we get ( ), , 0d z fz a = , so z fz= . 
Now we prove the fixed point is unique for f. Suppose there exists another 

fixed point y, since f gets the cyclic character, we have 1
, m

ii
z y A

=
∈


. Since f is a 
cyclic weaker ( ),ω θ -contraction, we get  

( ) ( )
( ) ( )

( )( ) ( )( )
( ) ( )( )

1

, , , ,

lim , , lim , ,

lim , , , ,

, , , , ,

k k

k k

n nn n

n nn

d z y a d z fy a

d x fy a d fx fy a

d x y a d x y a

d z a y d y z a

ω θ

θ

+→∞ →∞

→∞

=

= =

 ≤ − 
≤ −
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then we get  
( )( ), , 0d y z aθ = , that is y z= , we get the result of the uniqueness of point 

z.                                                                
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