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Abstract

In this paper, we prove fixed point theorems of a generalization which is re-
lated to the concept of Meir-Keeler function in a complete b,-metric space.
And we know it extends and generalizes some known results in metric space
to b,-metric space.
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1. Introduction

Many mathematicians have studied fixed point theory over the last several dec-
ades since Banach contraction principle [1] was introduced in 1992. The notion
of Meir-Keeler function [2] was introduced in 1969. Then the concept of weaker
Meir-Keeler function [3] was introduced by Chi-Ming Chen in 2012. And in this
paper, we establish fixed point for Meir-Keeler function and weaker Meir-Keeler
function in a complete new type of generalized matric space, which is called by
b,-metric space, and this space was generalized from both 2-metric space [4] [5]
[6] and b-metric space [7] [8].

2. Preliminaries

Throughout this paper N will denote the set of all positive integers and R will
denote the set of all real numbers.
Before stating our main results, some necessary definitions might be intro-

duced as follows.
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Definition 2.1 [2] Let Xbe a nonempty subsets, me N and f:X —> X an
operator. Then X = ﬂ:’; A is called a cyclic representation of X with respect to
fif

1) A4,i=1,2,---,m are empty subsets of X,

2) f(A4)c A, f(4)c A, f(A,)<=4,.f(4,)c 4.

Definition 2.2 [2] A function ¢:(0—>o]—>(0—>o0] is said to be a
Meir-Keeler function if for each 7 >0, there exists § >0 such that for each
te(0—>w] with n<r<n+5,wehave ¢(r)<n.

Definition 2.3 [3] We call ¢:(0—> %] —>(0—> x| aweak Meir-Keeler func-
tion if for each 7 >0 such that for each re(0— o] with n<r<5+45, there
exists n, € N suchthat ¢" (¢f)<n.

Definition 2.4 [4] [5] [6] Let X be an nonempty set and let
d:XxXxX — R beamap satisfying the following conditions:

1) For every pair of distinct points x,y € X , there exists a point ze X such
that d(x,y,z) #0.

2) If at least two of three points x,y,z are the same, then d(x,y,z)=0,

3) The symmetry:

d(x,y,z) = d(x,z,y) = d(y,x,z) = d(y,z,x) = d(z,x,y) = d(z,x,y) for all
x,y,zeX.

4)The rectangle inequality:

d(x,y,z) < d(x,y,a)+d(y,z,a)+d(z,x,a) forall x,y,z,ae X.

Then dis called a 2 metric on Xand (X,d) is called a 2 metric space.

Definition 2.5 [7] [8] Let X be a nonempty set and s>1 be a given real
number. A

function d:XxX — R" isa bmetric on Xif for all x,y,ze X, the follow-
ing conditions hold:

1) d(x,y)=0 ifandonlyif x=y.

2) d(x,y)=d(y.x).

3) d(x,y) < s[d(x,y)+d(y,z)} .

In this case, the pair (X,d) is called a b metric space.

Definition 2.6 [9] Let X be a nonempty set, s>1 be a real number and let
d:XxXxX —R beamap satisfying the following conditions:

1) For every pair of distinct points x,y € X , there exists a point ze X such
that d(x,y,z)=0.

2) If at least two of three points x,y,z are the same, then d(x,y,z)=0,

3) The symmetry:

d(x,y,z) = d(x,z,y) = d(y,x,z) = d(y,z,x) = d(z,x,y) = d(z,x,y) for all
x,y,zeX.

4) The rectangle inequality:

d(x,y,z)< s[d(x,y,a)+d(y,z,a)+d(z,x,a)} Jforall x,y,z,ae X.

Then d'is called a b, metric on Xand (X,d) is called a b, metric space with
parameter s. Obviously, for s =1, b, metric reduces to 2-metric.
Definition 2.7 [9] Let {x,} be asequence in a b, metric space (X,d).
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1) A sequence {x,} is said to be b-convergent to xeX , written as
d (x x,a):O.
2) {x,} is Cauchy sequence if and only if d(x,,x,,a)—>0, when

lim x =x,ifall ae X Ilim

n—w “'n n—o n?

n,m—oo . foral ae X .

3) (X,d) is said to be complete if every b,-Cauchy sequence is a
b,-convergent sequence.

Definition 2.8 [9] Let (X,d) and (X',d") be two b,-metric spaces and let
f:X —> X' be a mapping. Then fis said to be b,-continuous,at a point ze X
if for a given &> 0, there exists 6>0 such that xe X and d(z,x,a)<§5
for all ae X imply that d'( fz, fx,a)<¢ . The mapping fis b,-continuous on
Xifitis b,-continuous atall ze X .

Definition 2.9 [9] Let (X,d) and (X',d’) betwo b,-metric spaces. Then a
mapping f:X — X' is b,-continuous at a point x€ X' if and only if it is
b,-sequentially continuous at x; that is, whenever {x,} is b,-convergent to x,
{fx,} is b-convergentto f(x).

3. Main Results

In this section, we give and prove a generalization of the Meir-Keeler fixed point
theorem [2].

Theorem 3.1. Let (X,d) be a complete b,-metric space and let fbe a map-
ping on X, for each & >0, there exists o € (sg,(Zs —1)5) such that

(a) Zid(x,ﬁc,a)<d(x,y,a) and d(x,y,a)<e+6 imply d(fx, fy,a)<e
s

(b) %d(x,fx,a)<d(x,y,a) implies  d( fx, fr,a)<d(x,y,a) for all
s

x,y € X . Then there exists a unique fixed point z of £ Moreover lim f"x =z

n—0

forall xe X .
ProofIf fx # x, then we can easily get that d(x, fx,a) < 2sd (x, fx,a). So, by
hypothesis, d(fx, fzx,a) < d(x, fx,a) holds for all xe X with fir#x. We

also get

d(fe.f’x.a)<d(x, fr.a) for all xeX (3.1)

Fix point x, in X and define a sequence {x,} in X by x, = fx, =/"x,

for ne N. From the above (3.1) we get d(x,,x,,,,a)<d(x,,x,,a), so we

n+l2
know that {d(xn,xm,a)} is a decreasing sequence, and the sequence
{d(xn,x,,+l,a)} converges to some f3>0. We assume that £ >0, then we
know that d(x,,x,,,a)> for every ne N, then there exists § such that
(a) is true with &=, for the definition of f, there exists ie N such that
d(x,,x,,,a)< f+5, so we have d(x,,,x,,,a)<f3, which is a contraction.

Therefore £ =0, and thatis:

limd (x,,x,

e n+l>

a)=0.

Now we show that d(xi,xj,xk)zo.

From part 2 of Definition 2.6, the equation d(x,,,x,,,x

m—1

)=0 is obtained.
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Since {d(xn ,xm,a)} is decreasing, if d(x,_,x,,a)=0, then
d(x,,x,.;,a) =0, then it is easy to get
d(xn,xnﬂ,xm):o, for all n+1=m. (3.2)
For 0<n+l<m,weget m—12n+1 andthatis m—22>n, from (3.2)
d (%, 1%, %, ) =d(x,.,x,,x,)=0, (3.3)
From (3.2) and triangular inequality,
d (xn > xn+l > xm )

<sd (X, %, %,, ) +5d (X000 %,, %, )+ d (x,,%,,%,_,)

n+l2

= sd(x Xopi1> X )

no

And since d(x,,x

1> %,11 ) =0, and from the inequality above,

d(x,,,%,,%,) <" ""d(x,,,,%,,,%,)=0, for all 0<n+1<m. (3.4)

n+l1°>"n

Now for all i, j,k € N, the condition of ;j>i is considered here, from the
above equation
d(x xj,xl.)zd(xk,xjfl,x.)zo (3.5)

Jj- J

From (3.5) and triangular inequality, therefore

JTERN BN PR I O |

<.ee
<s/7d(x,x,,x,)
=0
In conclusion, the result below is true
d(xj,xk,x,.)=0,forall i,j,keN. (3.6)
o . .
Now we fix ¢ > 51 then there exists § such that (a) is true. Let N, e N
5—
such that
5-(s-1)¢ )
d(x,,x,.,a)<—————, for all ne N with n>N,. (3.7)
s
Now we will show that
d(xk,xk+m,a)<g+5 for me N (3.8)

By induction, when m =1, it is true for (3.8). We assume that (3.8) holds for
some me N .
In one case d(x,,x,,,.a)<é&,wehave
d (xk s xk+m+1 H a) <s [d ('xk ’xk+m s a) + d (xk+m ’xk+m+1 H a) + d ('xk H xk+m+1 H 'xk+m ):|
From (3.6) and (3.7) we have
d (xk ’xk+m+l s a) <s I:d (‘xk b xk+m H a) + d (xk+m s ‘xk+m+1 b a)]
5—(s-1)e

N

<sE+s (3.9)

<e+o
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In other case, where & <d(x,,x,,,.a)<&+3,since
5—(s-1)e

d(x,,x.,.a)< ;

<g< d(xk,xk+m,a) < 2Sd(xk’xk+m’a)

We get d(x,,,,%,,,.,.a) <& and then we have

d (X, X 10,a) < S[d(xk,ka,a)+d(xk+m,xk+m+l,a)] <e+o  (3.10)

So for (3.9) and (3.10), (3.8) is true for every m € N . Therefore we have

limsupd(x,,x,,a)=0, for all n<m. This shows that {x,} is a Cauchy
secft?e%ce.

Since X is complete, there exists a point ze X such that sequence {x,}
converges to it. From the following two respectively cases, we will show that this
point is a fixed point for £

Case one: There exists u € N suchthat x, =x,,,.
forall neN.

In the first case, we know that x, =x, for n>u,ueN.Since {x,} >z as

n

Case two: x, #x,,,>»
n— o ,thenweget x, =z for n>u,ne N.Thisprovethat fz=z.
In the second case, we know that x, #x

n+l

= fx,, for all ne N, so we get
sequence {d (x,,x,., ,a)} is strictly decreasing. If we assume that
d(x,,x,,,a)>2sd(x,,z,a) and d(x,,,,x,,,,a)>2sd(x

for some n e N. For the first inequality of the above assumption, we choose

n+1’Z’a)

a=x,,,,then we have

d(x,,%,,,2)=0 (3.11)
Then we have

d (‘xn ’xn+l >

a) < S[d(xn,z,a)+d(xn+l,z,a)+d(xn,xnﬂ,a)}
< s[d(xn,z,a)-i-d(xm,z,a)}

< d(xnaxn+19a)+d(xn+l’xn+2!a)
B 2
<d(x,.%,.0).

This is a contraction. So we get either
d(x,,x,,,a)<2sd(x,,z,a) or d(x,1+1,xn+2,a) < 2sd(x

n?

.2-a) for all
neN.Since x, -z as n— oo, the above inequality prove that there exists a
sub sequence of sequence {x,}, which converges to £z This shows that zis a
fixed point of £ Next we prove that zis the unique fixed point of £ Suppose that
zand y are two different fixed point of £ from the assumption of this theorem,
we get

d(z, fz,a)=0<2d(y,z,a) from the above inequality we have
d(z,y,a)zd(fx,ﬁ/,a)<d(y,z,a)

This is a contraction. Hence zis a unique fixed point of £ O
In this section, we prove a fixed point theory for the cyclic weaker Meir-Keeler
function in b,-metric space. Now we give some comments as follows:

Q=w:(0—>0o]—>(0—>x] isaset, where ® isa weaker Meir-Keeler func-
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tion and satisfying the following conditions:
(@) o(t)>0 for 1>0,and ®(0)=0;
(,) Forall te(0— o], {a)" (t)} s decreasing;

(wy) For t,€(0—>w],if limz, =y, then limao(s,)<y.

©=0:[0>x)—>[0—>x), where § is a non-increasing and continuous
function with §(¢)>0 forall #>0 and 6(0)=0.

We now introduce the following definition of cyclic weaker (,0)
-contraction mapping in b,-metric space:

Definition 3.2 Let (X,d) be a b,-metric space, 4,,4,,"--,4, are all non-
empty subsets of X=UZIAI. . A mapping f:X — X is said to be cyclic
weaker (,0) -contraction in b,-metric space if satisfying the following condi-
tion:

1) X= Ul"; A, with respect of £ it is a cyclic representation of X.

2) i=L2,---,m,forany xe 4,yeA,,,such that

d( fx, fy.a)< w(d(x,y,a))—@(d(x,y,a)) , where 4,,=4, oeQ and
0ec0O.

Theorem 3.3 Let (X,d) be a b,-metric space, A4,4,,"-,4, are all non-
empty subsets of X = Ul"; 4 . Let f:X—>X be cycic weaker (o,0)
-contraction in b,-metric space, then fhas a unique fixed point in ﬂzl A .

Proof Let x, be an arbitrary point in X and we define a sequence {x,} by
X, =fx,=f""x,, for all ne N, if there exists some n,eN such that
Sy = fx, then fr = fx . Thus x,  1is a fixed point of £ Suppose that
Jx, ., # fx, for all ne N, we know that there exists i, €1,2,---,m such that
x,,€4 and x,ed, = for any n>0. Since f:X —>X be cyclic weaker
(,0) -contraction, we get

d(xn,xm,a) = a’(fx,kl ,fxn,a) < a)(d(xnfl,xn,a))— H(d(x,H ,xn,a))
< a)(d(xnfl,xn,a))
a)(a)(d(xn_l,xn_z,a))) =’ (d(xn_] ,xn_z,a))

IN A

IA

" (d(xo,xl,a)).

Since sequence {a)" (d(xo,xl,a))} is decreasing for all ne N, and this se-
quence must converge to some p>0.Weget p=0 by the following assump-
tion.

First we assume that p >0, since @ is defined as a weaker Meir-Keeler
function, there exists & such that p<d(x,,x.,a)<d+p for x,x e€X,
there exists n, € N suchthat o" (d (xo,x1 ,a)) < p,from
limw'd(x,,x,a)=p , we know that there exists p,eN such that
;;: o’ (d(xo,xl,a))<p+é' , for all p>p,. Thus we get a conclusion
P (d(xo,xl,a)) < p, which is a contraction. Thus li_}rga)"d(xo,xl,a) =0,
a) =0.

Now we prove that {x,} isa Cauchy sequence.

and thatis, limd (x X
n—»o00

no>n+lo
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Suppose to the contrary, that is, {x,} is not a Cauchy sequence. Then there
exists & >0 for which we can find two sub sequences {n,} and {m,} such

that i<m;, <n, and

£
d(xmi,xnl_,a)zg and d(xmi X a)<§<£ (3.12)

s N1

From the part 4 of Definition 3.6 and (3.6), we get
d(xmi 2 X, s a) < s[d (xm’ 3 X i1 a) + d(xm,-+l’xn, ,a) +d (xml_ X, X )}

< s[d(xm[ ,xmi+1,a)+d(xm[+1,x"[ ,a)}

Taking i — oo, from (3.6) and (3.12) we have

£« limd(xml_ﬂ,xni,a) (3.13)

S n—0

Now by using the condition that fis a cyclic weaker (w,®) -contraction, we
get
d(x X a):d(xml_,xni_l,a)

19X, >
< a)(d<xmi > X1 ’a))_6<d(xmi ’x"i‘l’a))

< a)(d<xm,sxn,-—l’a))

Letting i — oo and using the condition of @, we get

},E?Cd(xn1i+l,xni,a)<§ (3.14)

From (3.13) and (3.14) £S limd(x X v,a)<£, which is a contraction.
s

m;+12"n;
n—oo s
Therefore {x,} isa Cauchy sequence in X.

Since X is a complete set, there exists a point z € UZIA7 such that n — o,
{x,} »>z.For X = U:’; A. is a cyclic representation of X respect to £ thus in
each 4 for ie{l,2,---,m}, the sequence {x,} has infinite term. A sub se-
quence {xnk} of {x,}, we take this sub sequence and it also all converge to z

forall i=1,2,---,m. Since

d(xnk+l’ﬁ’a) = d(ﬁnk ’fz’a)

From the above inequality, letting k — o0, we get d(z, fz,a)=0,s0 z= fz.
Now we prove the fixed point is unique for £ Suppose there exists another
fixed point y; since fgets the cyclic character, we have z,y e UZI A . Since fisa
cyclic weaker (w,8) -contraction, we get
d(z,y,a) = d(z,ﬁ/,a)
- li—lgd(x"k”’ﬁ}’a) - li—rgd(ﬁc"k ,ﬁ/,a)

<tim| o(d(x,.7.a))-0(d(x, .r.a)

Sd(z,a,y)—@(d(y,z,a)),
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then we get
H(d(y, Z,a)) =0, thatis y =z, we get the result of the uniqueness of point
z (]
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