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In this paper, we discuss the regularity of global attractors for the following Kir-

chhoff wave equation

Uy —(1+e||Vu||2)Au—Aut +f(u)+h(u)=g(x) in QxR", (1.1)

=0, u(x,0)=uy(x), u(x0)=u(x), xeQ, (1.2)

u |eg

where Q is a bounded domain in R® with the smooth boundary 0Q,
€e [0,1] , f(m) and h(m) are nonlinear functions and g(x) is an external
force term which is independent of time.

G. Kirchhoff [1] introduced the Equation (1.1) in R! without dissipation
—AU, and nonlinear perturbations f(u,) and h(u), and described the oscil-
lation of an elastic stretched string. Furthermore, if the string is made up of the
viscoelastic material of rate-type, the equation with the strong damping —Au,
appeared [2]. Since €=0, the Equation (1.1) became the following strongly

damped semi-linear wave equation

Uy —Au—Au, + f (u)+h(u)=g(x), (1.3)
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which described the thermal evolution and h(u) denoted a source term de-
pending nonlinearly on displacement, f(u,) denoted a nonlinearly tempera-
ture-dependent internal source term [3]. With different conditions about the
growth exponents ¢ and p of the nonlinearities f (u,) and h(u), some scho-
lars [4] [5] analyzed the longtime behaviour of solutions of (1.3)-(1.2) by the
global and exponential attractors in a bounded region of R®. When the nonli-
nearities are of fully supercritical growth, which lead to that the weak solutions
of the equation lose their uniqueness. Z. J. Yang and Z. M. Liu [6] established the
existence of global attractor for the subclass of limit solutions of (1.3)-(1.2) by
using J. Ball’s attractor theory on the generalized semiflow. Recently, I. Chue-
shov [7] founded that the Kirchhoff wave equation with strong nonlinear
damping was still well-posed and the related evolution semigroup had a fi-
nite-dimensional global attractor in H = H}L**" x L in the sense of “partial-
ly strong topology”. Without “partially strong topology”, P. Y. Ding, Z. J. Yang
[8] proved the existence of a finite-dimensional global attractor in the natural
energy space. And H. L. Ma and C. K. Zhong [9] proved that global attractors for
the Kirchhoff equations with strong nonlinear damping attracted H = H; x L?
-bounded set with respect to the HjxH; norm.

Since € >0, the following quasi-linear wave equation of Kirchhoff type
un—(1+||Vu(t)||2)Au+ut+g(u)= f(x) (1.4)

was studied by M. Nakao, and the author proved the existence and absorbing
properties of attractors in a local sense [10]. Replacing U, with —Au,, Y. H.
Wang and C. K. Zhong [11] proved the upper semicontinuity of pullback at-
tractors in non-autonomous case. Then Z. J. Yang and Y. Q. Wang [12] studied
the longtime behavior of the Kirchhoff type equation with a strong dissipation
and proved that the continuous semigroup S(t) possessed global attractors in
the phase spaces with low regularity. As for the Kirchhoff wave equation with
strong damping and critical nonlinearities, Z. J. Yang and F. Da [13] also studied
the stability for the Kirchhoff wave equation with strong damping and critical
nonlinearities and proved the existence of global attractors and exponential at-
tractors. Comparing with many researches about the longtime dynamic behavior
of solutions for the Kirchhoff wave equation with different types of dissipations
[14]-[23], there are few researches about problem of (1.1)-(1.2). And the attrac-
tor is a key point for studying these properties, we introduce readers to see the
classical book [24].

Based on these, the purpose of this paper is to prove the global attractor of
problem (1.1)-(1.2), which attracts every Hg(Q)xL*(Q)-bounded set that is
compacted in H?(Q)xHg () by the way in ([25], Theorem 3.1). And we also
establish the asymptotic compactness of the global attractor by operator de-
composition technique ([24], Theorem 1.1). So these jobs provide a way to re-
search the longtime dynamic behaviour of such Kirchhoff wave equations, and

also reflect the strong damped properties of AU, to some extent.
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The paper is arranged as follows. In Section 2, we verify some preliminaries.
In Section 3, we prove the existence of the global attractor. In Section 4, we

prove the regularity of the global attractor.

2. Preliminaries

Let A=-A on L*(Q) with (A)=H 2 H;, and A strictly positive on H_.
We define the spaces H™ =D| A2 ,(meR) are Hilbert spaces with the fol-

lowing scalar products and the nor

(), <AA> ol =

Let 4(>0,A<4) be the first eigenvalue of A, then B=A-Al with
D(B)=D(A).

We define the phase space X =H;xL®> with usual graph norm. Let
@(&) = f(&)+ A&, then problem (1.1)-(1.2) becomes

A2ul. (2.1)

12
un+{l+e A2y JAU+But+¢)(ut)+h(u)=g, (2.2)
u(0)=u,, u(0)=u,. (2.3)
Forany s> r, we have the continuous embeddings H = H ,
75 3
HS oy 132 (Q), Vs e [O,Ej, (2.4)

and the following inequalities hold true:
Interpolation inequality: if r=60s+(1-6)q, where r,s,geR,s>q and
0e [0,1] , then there exists a constant C >0 such that

Jull, < Clul Jull, " vueh (25)
The Generalized Poincare inequality:
Aol <[l vue (2:6)

where A4 >0 is the first eigenvalue of A.
The Young’s inequality with ¢ : Let a>0,b>0,¢6>0,p>19>1, and

1 + 1 =1, then
q
_a
p P
ap< P 20 (2.7)
P q
especially, when p=(=2, then
2
ab < ga’ L (2.8)
de

The Gronwall inequality (differential form): let 7(-) is nonnegative conti-

nuous differentiable function (or nonnegative absolutely continuous function),
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and satisfy
n'(t)<o(t)n(t)+eo(t), te[0T], (2.9)
here ¢(t),p(t) are nonnegative integrable functions, then
n(t) <% 1(0)+ [ip(s)ds |, vie[oT] (2.10)

Throughout this paper, we will denote by Ca positive constant which is vari-

ous in different line or even in the same line and use the following abbreviations:

L =2(Q)s =l Tully =lulln s Tl =Dl

with p>1.
Assumption 2.1.
1) pC'(R),p(0)=0,and

os(p'(s)sc(1+|s|"’l),3eR, 2.11)

N +
N-2
2) heC'(R),h(0)=0,

liminf h'(s) > -4, |h’(s)| < C(l+|s|p71), seR, (2.12)

5|

N

=5 if N=3

where 1<q<p =

where 1< p<p =5 if N=3.
3)

geLl?(upu)e X with ||(u0,u1)||X <R (2.13)

Definition 2.2. Let S(t)_, be a semigroup on a metric space (E,d). A
subset A of E'is called a global attractor for the semigroup, if 4 is compact and
enjoys the following properties:

1) Aisinvariant, Z.e. S (t) A=AVt>0;

2) A attracts all bounded set of £. That is, for any bounded subset B of £,

dist(S(t)B,A) >0, ast—0.
Next we only formulate the following results, which is proved in [13]:
Lemma 2.3. Let (2.11)-(2.13) be valid. Then problem (2.2)-(2.3) admits a
unique weak solution u, with (u,u,)e L” (]R*; X )ﬂ C (R+; X ) ,
u, €Ll? (Rﬂ Hé) . Moreover, this solution possesses the following properties:
(Dissipativity)
), + [ (o () +o(u)u))dr <C(R)e™ +C,, 20, (214)

where k denotes a small positive constant, C(R) and C,=C (" f "H’l ) are
positive constants.
Lemma 2.4. Let (2.11)-(2.13) be valid and when p=5,heC? (R) . Then

Juc (O +[ue (O] <RE, t>0. (2.15)

Actually, by exploiting (2.11) and (2.14), we can get U,U, are respectively
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bounded in Hé, L2,

3. Existence of Global Attractorsin Hjx L

For every fixed X & By, we split the solution S (t ) (U( ). U, (t)) into the sum

u
ﬁ(t)+§A(t) , where ﬁ(t)z(\?(t),\?t (t)) and {() ( (t), W, (t )) solve the
Cauchy problems

1

2
\7n+[1+e A2{ JAV+BV +¢, (V,)+hy (V) =0, G
7(0)=x,
LR
wn{ue A2( JAW+BWI:5,
(3.2)
£(0)=0
here
pP=9- [(ﬂo hy (u ] [(”o \7]"'[(”1 (u)+ (u)]
Having set (p [ J [(pl ] and satisfying
¢0(ut)ut20' (oo(t >C, |(Po b _(Po( t |£C|ut_vt|(|ut| +|Vt| )' (3.3)
o (u)| < C(1+]uy).
hy (u)u >0, |h0(u)—h0(v)|£C|u—v|(|u|4+|v|) ()| <C(1+u]). (3.4)

From now on, Cy,0, >0 and J, will denote generic constants and a gener-
ic function, respectively, depending only on B;.

Theorem 3.1. Let (2.11)-(2.13) be valid, then the solution semigroup S(t)
possesses a global attractor B in X.

Proof. Estimate (2.14) shows

lwu) @, <c(R)e™+C,, t=0,
such that the ball B, = {(u,ut)e X |||(u,ut )”x < RO} is an absorbing set of the
semigroup S(t) in Xfor R, >C, ("9”H4 ) .
In order to prove the existence of the global attractors, now we need to prove

the asymptotic compactness.

Multiplying the first equation of (3.1) by V, + 7V and integrating over Q , we get
2
<\7n+[1+e ]AV+BV +@y (V) +hy (9 )vl+7\7>=0.

By using €>0,¢,(u)u, >0,h (u)u>0 and the generalized Poincare in-

1

A2(

equality, then

L (10 o+ {1+ 5, -
<(r=a+ AN =7Vl =7, 00 (9 ) 9dx— [ (9),0x,

By A< A4, weknow
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1dyy. - - N A .
S I+ 7 (61 +(5,.9) - 2191
> 2Ll 1 + (5.9~ A1) |
where 7 >0 is small enough such that
1rp~ .
(1) =5 I +19E +7((09)- 219 )|~ S[10F +1E ] 39

Actually, noting that ¢} (V,)>C, and by exploiting (2.8) and (2.12), we de-
duce that

[ o0 (V,)Vdx = [ %o (:;)_éo( )\7t\7dx
=—[ 25 (V,)V,Vdx (3.6)
<-C(V,,V)
and
—_[Qho (V)Vdx < j AV Vdx < — ||v|| ||\7l IF- (3.7)

From (3.5)-(3.7), we get
d
S (<[ ama Ll W+ -C ) (L),

where y >0 is small enough such that (y+A-4, +%) is negative. Further-

more, by the Gronwall inequality, we can get

—ypt

”77 ”H0 12 =G X"HéxLZ' (3.8)

1 1
Next multiplying the first equation of (3.2) by A%@® +yA*® and integrating

over Q,we get

<\IAVtt + [1+ €
di1,. 1,4 1. Ao A 1 i
= a[EHWt”E +E"W”§ +7[§"W"§ _E”W"% -|-<Wt , A4W>J:l

1

A2

1

A2y

2 1 1
JAVA\H BW,, A*W, + 7A4W>

2 1
u <AW AW >+||w||5 /1||W||1 7/||w||1+;/||w||5 (3.9)

2 1
<AW, A4W>
d

1. 1. - A " “
> SR+ 2198+ - 21 f -1l .
4 4 4 4 4 4

+€

1

+ey|Azu

where y >0 is small enough. Then we define the energy functional
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£, ()= I f 15 ). 610
At the same time, by the interpolation inequality, we have
8050y =0+ (9 (3) = (6)) + (o ()= (@) + g () + ()
<Clol+Clls (4; + el (91«1 )
“C(t+ful)+c(iedl
< o g e e [l o+l + o +1)

<ce™ ||vAv||% +ce |y, ||% +C (l+ e ) :

3
and by the embedding H* = L* | then

.

1 1
</3, A +7A4W>

1

AL,

+7

14

1
sn/sn;;[ Ao

¢ IIﬁII{ J

< coe ™ s + oo [ + i £ + 5 +C (1+¢77),

(3.11)

1 1
AW, AW

+7
3

By exploiting (2.8) and the generalized Poincare inequality, from (3.9)-(3.11),
we get

d _ ~ ~
9 )< o+ oYl + ()il
—vpt S— ~ 112 Cc(1 —kt
+(coe + 7 }/)"W"; + ( +e )
<-CAy W, ||i +(A+ 7)||v“vt||i +(coe’“Ot —C)||\fv||§ +C (1+ e"“)
4 4 4
<—(C-ce™)E (t)+C(1+e™),

where & >0 is small enough and by A</, we get (—Cxl1 +/1+7/),(;/5—7)

are negative. Then from the Gronwall inequality and noting that
£(0)=(@(0),@ (0))=0, we get

E,(t)<ce™E (0)+C(1+e™)<C(1+e™)
which provides the following estimate

£

From (3.8) and (3.12), we obtain that the evolution semigroup S(t) is
asymptotically compact in X, so the solution semigroup S(t) possesses a global

attractor B in HjxL*, which

< c(1+ g™ ), (3.12)

5 1
H4xH4
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B= mUS(t)Bo-

tg>0t>ty

where t; >0 is chosen such that S(t)B, = B, for t>t,.

4. Regularity of Global Attractors

Now we are in a position to state and prove the main result:

Theorem 4.1. The attractor B of the semigroup S(t) on X is bounded in
HZxH;.

Proof. Having set Xx=Yy+z. For yeB,,zeH 2% Hé , we split the solution

into the sum

S(t)x=Y(t)y+Z(t)z,

where 7(t)=Y(t)y=(v(t),v(t)) and <(t)=Z(t)z=(w(t),w(t)) solve
the following equations with initial data 7(0)=y,{(0)=2z,

1 2

V, +| 1+€||A%2uf |Av+By, =0,
(4.1)
7(0)=x,
and

1 2
W, +| 1+e€||A2ul [Aw+Bw, = p,
il o
¢(0)=0,

where p(t)=g+e(u)+h(u).
Multiplying the first equation of (4.1) by V, +yV and integrating over Q, by

e>0 we get
1d y
L bl + {2 ) |2+l - 21 <0
where y >0 is small enough such that
1 ¥ 1
E,(t)= E[II\« [+ IvIE + 2 (I A1 + N))} ~ I+ )
By A</ and the generalized Poincare inequality, we deduce that
d C
e -l -rVE<-S(MF+ME). @3

then by the Gronwall inequality, we get
(1)

Next multiplying the first equation of (4.2) by AW, +yAw and integrating

(4.4)

<68 Y]z
Hix12 — Co® y HExL?

over Q, exploiting (2.8) and the Hélder’s inequality, the right side becomes
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|<p Aw, +;/AW>|
|(g Aw, +7Aw| | ), Aw, + y Aw | | ), Aw, +}/AW>|
Sgllgll +5||Wt||2+IQC(Iut|+IUt| )IAWtIO'HIQC(IUI+IUIS)|AWt|0'X
N 7/[5||W||§ +[ .0 (Juf+[u ) Aw|ax+ [ . (|u|+|u|5)|Aw|de
< %"g"z 8w} + [0 (1 |ul” ) A e [,C (1 uf” )| Aw e
+ y[5||w||§ +f.c (1+|ut|6)|AW|dx+ [, c(1+|u|6)|Aw|de s
1
< S|l + Co wl, + Caw; + (IIUIIlé +Jul: +[<2)
<Coy |l +Cofwf, + 3, (1),

where >0 is small enough, we know J(t) is bounded by (2.13) and lem-

ma 2.3. At the same time, the left side becomes

<th +{l+e

d|1l 1 1 ¥
- E[Ellwtllf + I + y(§||w||§ =2l + AW)H

2

1

A2y

2
JAW-F Bw,, Aw, +}/AW>

1

+eA2ull (Aw, Aw)+ w2 — 2w, |} (4.6)

1 2
+ey|Azul (Aw, AW )+ |WZ - 7w}

d
o ||W||1 ||W||§ Il = Al + 7o = 7
dt

then we define the energy functional
€ (1) 2 Il {2 o, )| )
where 7 >0 is small enough such that E, (t)~ E(”Wt ||12 +w ) . By combining

2 1
(4.5)-(4.7) and the embedding H® —H, , we get
d

S B (0= (Co-L)w]; +(Cro=rp)wl,+(2+7)w]; + 3, ()

<(=Ch+ 2+ ) ~Clwl+ 3, (1)

c
< =l + )+ 30 1),

where >0 is small enough and by A<4, we get (-CA+A+y),(Cys—y)

are negative. From the Gronwall inequality, we get
E, (1) < coe™E, (0)+ 3, (1),

which provides the estimate
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[ (Ol < o8 ™

0

Z”Hszé +Jg (t) (4.8)
From (4.4) and (4.8), for every bounded set B — H} x L?, we get

diStngLz (S (t) B, BHszfl) (Jo (t))) <Ce™ >0, ast— o,

SO

Then we finish the proof.

5. Conclusion

In this paper, we first prove that the Kirchhoff wave equation with strong damping
and critical nonlinearities possesses a global attractor in Hg(Q)xL*(Q). Then
we split the solution into two parts, one part decays exponentially and the other
part satisfies asymptotic behaviour in spaces with higher regularity. By the oper-
ator decomposition technique, we get the global attractor which is compactly
bounded in H?*(Q)xH;(Q).
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