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Abstract 
In this work, we presented a mathematical model for the dynamics of glucose, 
insulin and beta-cell mass under the influence of trauma, excitement and/or 
stress, the model is an improvement on the work by [1]. We defined and in-
corporated a parameter ρ  to represent the effectiveness of epinephrine in 
suppressing insulin secretion and a parameter Ge representing epinephrine 
induced glucose increase as the factors that affect glucose and insulin ho-
meostasis. The model which consists of a system of three nonlinear ordinary 
differential equations was used to investigate the effect of epinephrine on 
glucose, insulin and beta-cell mass dynamics. The result of the study showed 
that; In the presence of epinephrine, the blood glucose increased and the 
blood insulin decreased due to suppression by the hormone, despite the fact 
that there is an increase in beta-cell mass the system remained extremely 
hyperglycemic. Furthermore, the result of the numerical experiment carried 
out indicated that frequent epinephrine secretion into the blood induced 
prolong and extreme hyperglycemia. Frequent epinephrine secretion increas-
es the risk of diabetes in humans. In view of the findings of this study, we 
recommend that there should be massive and continuous health education, 
especially for communities living in the areas where the stated agents (trau-
ma, excitement and stress) of epinephrine secretion are common. 
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1. Introduction 

Diabetes mellitus is the disease of metabolism, which is characterized by very 
high sugar levels in the blood and urine. The body is unable to metabolize all its 
sugars due to insufficient supply of insulin. One of the most finely tuned me-
chanisms of the human body is the regulation of sugar in the blood-stream. A 
delicate balance is normally maintained between the amounts of glucose and in-
sulin in the bloodstream [2]. Diabetes mellitus can also be defined as a disease of 
the glucose regulatory system characterized by fasting and/or postprandial 
hyperglycaemia [3]. 

According to [1], there are two types of diabetes, namely: 
1) Type 1 diabetes; 
2) Type 2 diabetes. 

1.1. The Type 1 Diabetes 

Type 1 diabetes (also referred to as juvenile-onset or insulin-dependent diabetes) 
is due to autoimmune attack on the insulin secreting β-cells [1]. Type 1 diabetes 
affects people under the age of 40, and represents 10% to 15% of the diabetic 
population [4]. Patients with type 1 diabetes are recommended to take insulin in-
jections [1]. 

1.2. The Type 2 Diabetes 

Type 2 diabetes (also referred to as adult-onset or non-insulin-dependent di-
abetes) is associated with a deficit in the mass of β-cells due to extreme elevated 
blood glucose level which reduced insulin secretion and resistance to the action 
of insulin [1]. Type 2 diabetes represents 85% - 90% of the diabetic population [4]. 

The pre-disposing historical high-risk factors for T2DM include increasing 
age (old age), central obesity, dietary polyphagia of animal fat, carbonate drink, 
lack of physical exercise, familiar genetic factor, history of gestational diabetes, 
polycystic ovary syndrome, and severe mental illness, presence of hypertension, 
hyperlipidaemia, ethnicity and cardio-metabolic factors. Recent emerging risk 
factors include sleeping deprivation, drug-induced metabolic changes, environ-
mental pollutants, low birth weight and fatal malnutrition [7]. 

Gestational diabetes can occur temporally during pregnancy which is due to 
hormonal changes and usually begins in the fifth or sixth month of pregnancy 
(between the 24th and 28th weeks). Gestational diabetes usually resolves once the 
baby is born. However, 25% - 50% of women with gestational diabetes will 
eventually develop diabetes later in their life, especially in those who require in-
sulin during pregnancy and those who are overweight after their delivery [1]. 

1.3. Aetiology and Progression of Diabetes 

Diabetes mellitus, commonly known as diabetes, is a syndrome of disordered me-
tabolism, usually due to a combination of hereditary and environmental causes, re-
sulting in abnormally high blood sugar levels known as hyperglycemia [8]. 
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Blood glucose levels are regulated by two negative feedback loops. In the short 
term, hyperglycemia stimulates a rapid increase in insulin release from the pan-
creatic β-cells. The associated increase in blood insulin levels causes increased 
glucose uptake and decrease glucose production by the liver leading to a reduc-
tion in blood glucose [1]. Recent evidence suggests that chronic hyperglycemia 
may contribute to a second negative feedback loop by increasing the mass of in-
sulin secreting β-cells, through changes in the rates of β-cell replication and 
death [1]. An increased β-cell mass represents an increase capacity for insulin 
secretion which, in turn, would lead to a decrease in blood glucose. Type 2 di-
abetes has been associated with defects in components of both the short-term 
and chronic negative feedback loops. Although type 2 diabetes is associated with 
insulin resistance, insulin secretory defects, and insufficient β-cell mass, each of 
these defects can also be found in people without diabetes. 

Insulin-stimulated glucose disposal is reduced by 50% - 100% in patients with 
type 2 diabetes as compared to non-diabetic controls. However, insulin resis-
tance of a similar magnitude also has been documented in many no diabetic in-
dividuals including obese subjects, or during pregnancy, puberty, and aging [1]. 
Thus, normoglycemia can be maintained in subjects with insulin resistance via 
increase in blood insulin levels. Defects of insulin secretion have been demon-
strated in some people with type 2 diabetes [1]. Even more severe defects in in-
sulin secretion are present in patients with type 1 diabetes following islet trans-
plantation, when normoglycemia is maintained in the absence of exogenous in-
sulin treatment [1]. This suggests that glucose homeostasis can be maintained 
despite significant loss of β-cell function when an individual has normal insulin 
sensitivity. [1] observed that β-cell mass is reduced by 40% - 50% in patients 
with type 2 diabetes when compared with weight matched non-diabetic subjects. 
In comparison, approximately 80% - 90% of the β-cell mass is lost before the 
onset of hyperglycemia in individuals who develop type 1 diabetes, suggesting 
that a greater β-cell mass is required in the presence of insulin resistance [1]. 
This is also consistent with the observation of a 43% higher β-cell mass in nor-
moglycemia for subjects with insulin resistance due to obesity [1]. Although these 
data suggest that multiple defects are required for the onset of type 2 diabetes, it 
is unclear if these defects have a single causal origin or if they occur indepen-
dently. Experimental induction of insulin resistance using either high fat feed-
ing, glucocorticoid administration, or genetically induced obesity has been 
shown to cause type 2 diabetes under certain circumstances. This supports the 
hypothesis that insulin resistance can cause β-cell defects, and hence diabetes, 
either by overworking the β-cell (β-cell exhaustion) or by toxic effects of 
hyperglycemia on the β-cell (glucose toxicity). However, the existence of nor-
moglycemia in humans and animals highly resistant to insulin suggests inde-
pendent defects in insulin sensitivity and β-cell function are required for type 2 
diabetes. Finally, hyperglycemia is known to induce insulin resistance. This sup-
ports the hypothesis that a primary insulin secretory defect that causes hypergly-
cemia could lead to insulin resistance and diabetes via increased glucose levels [1]. 
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1.4. Symptoms of Diabetes 

According to report by [9], the symptoms of diabetes are as follows: 
1) Frequent urination and excessive thirst; 
2) Disproportionate thirst; 
3) Intense hunger; 
4) Weight gain; 
5) Unusual weight loss; 
6) Increase fatigue; 
7) Irritability; 
8) Blurred vision; 
9) Sexual dysfunction among men; 
10) Numberless or tingling, especially in a feet or hands, etc. 

1.5. Diabetes Complications 

Diabetes if not properly controlled it will lead to the following complications: 
1) Kidney failure; 
2) Blindness; 
3) Amputation; 
4) Cardiovascular diseases [4]. 

2. Model Formulation 

In this section, we developed model glucose, insulin and beta cells dynamics in 
which we incorporated the effect of trauma, excitement and stress as a factor 
that affect glucose and insulin homeostasis. 

2.1. Existing Model Equations 

[1] Obtained the model equations describing the β-cell mass, insulin and glucose 
dynamics which we described in the figures bellow as in the absence of epineph-
rine as follows: 

( )

( )

0

2

2

2
1 2

d ,
d
d ,
d
d
d

GO I
G R E S I G
t
I G KI
t G

d r G r G
t

βσ
α

β β

= − +

= −
+

= − + −

                   (3.1) 

2.2. Assumption of Model 

1) Only trauma, excitement and stress are factors that trigger epinephrine secre-
tion from kidney; 

2) Epinephrine induced glucose production from kidney is negligible and ignored; 
3) Epinephrine induced glucose production from the liver is considered; 
4) Blood insulin level will also be decreased by Epinephrine suppression on 

insulin secretion. 
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We present the model diagram for the dynamics of β-Cell mass, insulin, glu-
cose and epinephrine as in Figure 1. 

 

 
Figure 1. Model diagram for the dynamics of glucose, insulin, beta-cell mass and epinephrine. 

3. Modified Model Equations 
3.1. Glucose Dynamics 
3.1.1. Model’s Formulation 
In post-absorptive state, the glucose is released into the blood by the liver and 
kidneys, removed from the interstitial fluid by all the cells of the body, and dis-
tributed into many physiological compartments (e.g. arterial blood, venous blood, 
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cerebral spinal fluid, interstitial fluid). These studies suggest that a single com-
partment model is appropriate when glucose kinetics is relatively slow. Since we 
are primarily concerned with the evolution of fasting blood glucose levels over a 
time-scale of days to years, glucose dynamics are modeled with a single com-
partment mass balance equation [1]. 

d production utilization
d
G
t
= −                  (3.2) 

where G is the concentration of glucose in the blood, and t is the time (measured 
in days). 

3.1.2. Glucose Production 
The rates of glucose production and utilization are normalized by the volume of 
glucose distribution to obtain the proper units [1]. Thus 

( )0production GOP IPP E S I G= − +                (3.3) 

where 0P  is the rate of glucose production at zero glucose level, IPS  is the 
glucose effectiveness at zero insulin for production, IPS  is insulin sensitivity for 
production, I is insulin concentration at a time t, and G is glucose concentration 
at a time t. 

In an emergency situation (induced trauma, excitement and/or stress), the 
body releases an amount of epinephrine which quickly increases the concentra-
tion of glucose in the blood [2]. 

According to [5] during the infusion of epinephrine alone, plasma glucose 
concentrations quickly rose and within 1 hour reached a plateau value of ~140 
mg/dl. Epinephrine is released by the adrenal medulla at a basal endogenous rate 
of approximately 0.18 (μg/min) and the epinephrine release modifier varies from 
1 to 19.75. Meaning that, the epinephrine release rate will be 19.75 times the bas-
al release rate with maximal exercise [10]. 

So let assume that the amount of the basal epinephrine release rate with maxim-
al exercise be into the blood stream due to excitement, trauma and/or stress and 
let Ge be the amount of glucose production due to the effect of epinephrine. Then 
Ge increases the glucose concentration in the blood stream, we incorporate Ge 
into glucose production equation developed by [1]. 

Hence Equation (3) becomes: 

( )0production e GOP IPP G E S I G= + − +              (3.4) 

where 0P  is the rate of glucose production at zero glucose level, eG  is the amount 
of glucose production from the breakdown of glycogen due to epinephrine se-
cretion, GOPE  is the glucose effectiveness at zero insulin for production and 

IPS  is insulin sensitivity for production. 

3.1.3. Glucose Utilization 
The rates of glucose production and utilization depend on blood glucose and 
insulin levels. At constant insulin levels, glucose production decreases while up-
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take increases, both linearly with respect to glucose levels [1], we have: 

( )0utilization GOU IUU E S I G= + +                (3.5) 

where 0U  the rate of glucose utilization at zero glucose level, GOUE  is glucose ef-
fectiveness at zero insulin for utilization, IUS  is insulin sensitivity for utilization, 
G represents glucose concentration and I represents blood insulin concentrations. 

Epinephrine has effect on glucose utilization; however it is negligible and 
therefore ignored. Substituting Equations (3.4) and (3.5) into Equation (3.2), 

production utilizd tion
d

aG
t

−= . 

We get the following 

( ) ( )

( ) ( ) ( )

0 0

0 0

d
d
d
d

e GOP IP GOU IU

e GOP GOU IP IU

G P G E S I G U E S I G
t
G P U G E E S I S I G
t

= + − + − − +

 = − + − + + + 
 

Hence, the equation of glucose dynamics under the influence of epinephrine 
hormones which is secreted in response to trauma, excitement and/or stress is 
given by 

( )0
d
d e GO I
G R G E S I G
t
= + − +                  (3.6) 

where 0 0 0R P U= −  in Table 1 is the net rate of glucose production and at zero 
glucose level, Ge is the amount of glucose increase due to epinephrine hormones, 

GO GOP GOUE E E= −  in Table 1 is total glucose effectiveness at zero insulin for 
production and utilization, and I IP IUS S S= +  in Table 1 is the total insulin 
sensitivity for production and utilization. 

 
Table 1. Definition of variables and parameters of the model. 

Variable/Parameter Description 

( )G t  Blood glucose concentration at time t 

( )I t  Blood insulin concentration at time t 

( )tβ  Beta cell mass at time t 

0R  The net rate of glucose production at zero glucose level 

GOE  Total glucose effectiveness at zero insulin 

IS  Total insulin sensitivity 

σ  Maximum rate of insulin secretion 

α  Inflection point of sigmoidal function 

K Insulin clearance rate for muscles, liver and kidney 

0d  Beta cell natural death rate 

1r  and 2r  Constant beta cell glucose tolerance ranges 

ρ  Epinephrine effectiveness in suppressing insulin secretion 

eG  Amount of glucose increase due to epinephrine secretion 
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3.2. Insulin Dynamics 

Insulin is secreted by pancreatic β-cell, cleared by the liver, kidneys, and insulin 
receptors, and distributed into several compartments (e.g. Portal vein, peripheral 
blood, and interstitial fluid) of the body. Our main concern is the long-time 
evolution of fasting insulin levels in peripheral blood. Since the dynamics of 
fasting insulin levels on this time-scale are slow, we use a single-compartment 
equation given by 

d Secretion Clearance
d
I
t
= −                   (3.7) 

where Secretion and Clearance are rates normalized by insulin’s volume of dis-
tribution [1]. 

Insulin secretion 
The rate of insulin secretion from pancreatic β-cells is a sigmoidal function of 

glucose production [1]. Hence, we have 
2

2

d
d
I G
t G

βσ
α

=
+

                        (3.8) 

where β is the mass of pancreatic β-cells, all β-cells are assumed to secrete insu-

lin at the same maximal rate σ , α  is a constant and 
2

2

G
Gα +

 is a Hill func-

tion that describes the sigmoid nature of insulin secretion [1]. 
When epinephrine is secreted into the blood stream, the insulin secretion by 

pancreatic β-cells will be suppressed by 41% [5]. This means insulin sensitivity 
to trigger glucose utilization by cells will be reduced. Let ρ  be amount of insu-
lin suppression by epinephrine, then we have a negative effect on insulin secre-
tion thus: 

Amount of Insulin secretion suppressed Iρ= −           (3.9) 

Since ρ  is the epinephrine effectiveness in suppressing insulin secretion. We 
incorporate ( Iρ− ) to insulin secretion in Equation (3.9) to obtain the total insu-
lin secretion when epinephrine is secreted. Therefore, the rate of insulin secre-
tion in the presence of epinephrine secretion is given by 

2

2

d
d
I G I
t G

βσ ρ
α

= −
+

                     (3.10) 

Insulin Clearance 
The rate of insulin clearance is proportional to blood insulin levels when the 
system is near steady state [1]. Clearance I∝  

Thus,  

Clearance KI=                       (3.11) 

where K is the insulin clearance constant by liver, kidney, muscle, and insulin 
receptors [1]. 

Substituting Equations (3.10) and (3.11) into Equation (3.7), we obtain the 
equation governing insulin secretion and clearance in the presence of epineph-
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rine, as 

( )

2

2

2

2

d
d
d
d

I G I KI
t G
I G K I
t G

βσ ρ
α
βσ ρ
α

= − −
+

= − +
+

                  (3.12) 

where β is the mass of pancreatic β-cells. σ  is a rate of maximum secretion by 

the pancreatic β-cells and 
2

2

G
Gα +

 Hill function that describes the sigmoid  

ranging from 0 to 1, ρ  is the parameter incorporated to insulin secretion 
which is epinephrine effectiveness in suppressing insulin secretion, and K is in-
sulin clearance constant by liver, kidney, muscle, and insulin receptors, and I is 
insulin. 

3.3. β-Cell Mass Dynamics 

Despite a complex distribution of pancreatic β-cells throughout the pancreas, 
β-cell mass dynamics have been successfully quantified with a single compart-
ment model [1]. 

d Formation Loss
dt
β
= −                    (3.13) 

where Formation and Loss represent the rates at which β-cell mass is added to or 
removed from the population, respectively [1]. 

3.3.1. Replication of β-Cells 
New β-cells can be formed by replication of existing β-cells. In vitro studies 
show that the percentage of β-cells undergoing replication varies as a nonlinear 
function of glucose level in the medium. Replication rates for β-cell mass in-
crease with increasing glucose levels. However, at extreme hyperglycemia, β-cells 
replication may be reduced. We modeled this behaviour with a simple second 
degree polynomial (patterned after logistic growth) [1]. 

( )2
1 2Replication r rr G r G β= −                 (3.14) 

where 1rr  and 2rr  are constants in Table 1. 

3.3.2. Loss of β-Cells 
Cells can be lost from the β-cell mass by apoptosis (regulated cell death), necro-
sis (unregulated cell death). In vitro, β-cells death has been shown to vary non-
linearly with glucose. Increasing the glucose level from 0 to approximately 11 
mM in medium surrounding cultured β-cells reduced the rate of β-cells death. 
Above 11 mM glucose, the rate of β-cells death either remained low or increased. 
We have modeled this behavour with a simple second degree polynomial, 

( )2
0 1 2Death a ad r G r G β= − +                 (3.15) 

where d0 is the death rate at zero glucose and r1a and r2a are constants. 
Substituting Equations (3.14) and (3.15) into Equation (3.13), we obtain the 
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equation for β-cell mass dynamics as: 

( )2
0 1 2

d
d

d r G r G
t
β β= − + −                   (3.16) 

where 1 1 1r ar r r= +  and 2 2 2r ar r r= +  are constants in Table 1 related to β-cell 
dynamics. 

Therefore, from the assumptions, description and the schematic diagram of 
the modified model in Figure 1, we derived the following modified model equa-
tions and we described it as in the presence of epinephrine: 

( )

( )

( )

0

2

2

2
0 1 2

d
d
d
d
d
d

e GO I
G R G E S I G
t
I G K I
t G

d r G r G
t

βσ ρ
α

β β

= + − +

= − +
+

= − + −

                (3.17) 

4. Analytical Study 

In this section, we carried out analytical and numerical studies on the modified 
model which is an extension of [1] model as indicated below: 

4.1. Equilibrium Points of the System 

We studied the equilibrium solution of the system in Equation (3.17) by splitting 
the glucose regulatory system into subsystems; slow (β-cell mass) subsystems 
and fast (glucose/insulin) subsystems. 

From Equation (3.17) we have 

( )

( ) ( )

( )

0

2

2

2
0 1 2

d
d
d
d

d
d

e GO I
G R G E S I G
t
I G K I
t G

d r G r G
t

βσ ρ
α

β β

= + − +

= − −
+

= − + −
 

4.2. Equilibrium of the Slow Subsystems β-Cell Mass 

Putting 
 

d 0
dt
β
=

 
We have the following: 

( )2
0 1 2 0d r G r G β− + − =

 
Either 0β =  or ( )2

0 1 2 0d r G r G− + − =              (4.1) 

We have 
2

2 1 0 0r G r G d− + =  
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Solving for G 
2

1 2 1 0
1,2

2

4
2

r r r d
G

r
± − × ×

=                    (4.2) 

Either 
2

1 2 1 0
1

2

4
2

r r r d
G

r
+ − × ×

=
 

or 
2

1 2 1 0
2

2

4
2

r r r d
G

r
− − × ×

=
 

4.3. Equilibrium of Fast (Glucose/Insulin) Subsystems 

Equating d d 0
d d
G I
t t
= =  

We have 

( ) ( )
2

2
0G K I

G
βσ ρ
α

− − =
+

                   (4.3) 

From 4.1, 0β =  hence 4.2 gives 

0I =                            (4.4) 

For glucose dynamics 
At equilibrium point, we have 

( )0 0e GO IR G E S I G+ − + =                   (4.5) 

Using 4.3 in 4.4, we have 

0

0

0

0e GO

GO e

e

GO

R G E G
E G R G

R G
G

E

+ − =

= +

+
=

 
Therefore, the equilibrium point of the fast (glucose/insulin) subsystems is 

given by 

* * 0, ,0e

GO

R G
G I

E
 +

=  
   

4.4. Stability Analysis 

From Equation (3.17) we should find the stability of the fast (glucose/insulin) 
subsystems 

( )0
d
d e GO I
G R G E S I G
t
= + − +

 

( )
2

2

d
d
I G K I
t G

βσ ρ
α

= − +
+  
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Using Jacobian Matrix to find the stability 

1 1

2 2

F F
G IJ
F F
G I

∂ ∂ 
 ∂ ∂=  
∂ ∂ 
 ∂ ∂ 

                      (4.6) 

Let ( )1 0 e GO IF R G E S I G= + − +  and 

( )
2

2 2

GF K I
G

βσ ρ
α

= − +
+  

Therefore, the Jacobian matrix in (4.5) becomes 

( )

( )
( )22

2
GO I IE S I S G

GJ K
G

αβσ ρ
α

 − + −
 −=  − +
 +   

At equilibrium of the fast subsystems 

( )

( )

0

0

0

e
GO I

GO

R G
E S

J E
Kρ

 +
− − =  
 − +   

Using characteristics equation. 
We have 

( ) 0oJ E Iλ− =
 

Putting the Jacobian into characteristics equation 

( )

( )

0 1 0
0

0 1
0

e
GO I

GO

R G
E S

E
K

λ
ρ

 +
− −   

− =  
  − +   

( )

( )

0

0
0

e
GO I

GO

R G
E S

E
K

λ

ρ λ

+
− − −

=

− + −

 

( ) ( )( ) 0GOE Kλ ρ λ− − − + − =
 

( )0 or 0GOE Kλ ρ λ− − = − + − =  
( )1 2andGOE Kλ λ ρ= − = − +  

Therefore, the fast (Glucose and Insulin) subsystem is locally and asymptoti-
cally stable since all the values of 0iλ <  for i = 1, 2 were negative. 

For slow (β-cell mass) subsystem, we have the following: 
either 0β =  or 2

0 1 2 0d r G r G− + − =  
2

0 1 2d r G r Gλ = − + −  
The slow (β-cell mass) subsystems is locally and asymptotically stable since 

the Eigenvalue was negative, at 2
2 0 1r G d r G+ > . 

Since the values of h 2 0.0000024r =  are in Table 2. We substituted the values  
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Table 2. Values of the parameters and variables of the model; some were obtained from 
existing model while the remaining values from other literatures. 

Parameters Value Unit 

G
∗

 600 mgd/dl    [1] 

I
∗

 284.21 μUm/dl    [1] 

β
∗

 G = 100 or 250 mgdl/dl    [1] 

1β  300 mgdl/day  Assumed 

2β  600 mgdl/day  Assumed 

3β  900 mgdl/day  Assumed 

0R  864 mgd/dl  [1] 

GOE  1.44 d−1   [1] 

IS  0.72 mlμ/dU  [1] 

σ  43.2 μUm/dl  [1] 

α  20,000 mg2dl/l2  [1] 

K 432 d−1   [1] 

0d  0.06 d−1   [1] 

1r  0.00084 mdl/dg  [1] 

2r  0.24 × 10−5 mgl2/dg2  [1] 

eG  140  mgd/dl  [5] 

ρ  41%  μUm/dl  [6] 

 
in Table 2 into (4.1) we have 

20.06 0.00084 0.0000024 0G G− + − =  
224 8400 600000 0G G− + =  

Putting the above quadratic equation in (4.2), we have 
2

1,2
8400 8400 4 24 600000

2 24
G ± − × ×

=
×  

Either 

1
12000 250

48
G = =

 

or 

2
4800 100

48
G = =

 

The one dimensional subsystem had three steady state solutions which were 
0β = , 100G =  and 250G = . These three steady states were referred to as the 
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pathological, physiological and unstable steady state [1]. 
Analysing the system as a whole, consider (3.17) above 

( )

( ) ( )

( )

1 0

2

2 2

2
3 0 1 2

e GO IF R G E S I G

GF K I
G

F d r G r G

βσ ρ
α

β

= + − +

= − −
+

= − + −
 

Thus, the Jacobian Matrix J of the above system is given by  

1 1 1

2 2 2

3 3 3

F F F
G I
F F FJ
G I
F F F
G I

β

β

β

∂ ∂ ∂ 
 ∂ ∂ ∂ 
 ∂ ∂ ∂

=  ∂ ∂ ∂ 
 ∂ ∂ ∂
 
∂ ∂ ∂ 

                    (4.4) 

( )

( )
( )

( ) ( )

2

2 22

2
1 2 0 1 2

0

2

2 0

GO I IE S I S G
G GJ K

GG

r r G d r G r G

αβσ σρ
αα

β

 
 − + −
 

− = − + ++ 
  − − + −   

At equilibrium points, the whole system becomes 

( )

( )

( ) ( )
( )

( ) ( )

0

2
0

0 2
0

2
0 0

0 1 2

0

0

0 0

e
GO I

GO

e

GO e

e e

GO GO

R G
E S

E

R G
J E K

E R G

R G R G
d r r

E E

σ
ρ

α

 +
 − −
 
 

+ = − + − + 
 

+ + − + − 
   

The characteristics equation is given by 

( ) 0oJ E Iλ− =
 

( )

( ) ( )
( )

( ) ( )

0

2
0

2
0

2
0 0

0 1 2

0

0 0

0 0

e
GO I

GO

e

GO e

e e

GO GO

R G
E S

E

R G
K

E R G

R G R G
d r r

E E

λ

σ
ρ λ

α

λ

+
− − −

+
− + − =

− +

+ +
− + − −

 

( ) ( )
( )

( ) ( )

2
0

2
0

0 0
0 1 20

e

GO e
GO

e e

GO GO

R G
K

E R GE
R G R G

d r r
E E

σ
ρ λ

αλ

λ

+
− + −

+ +
− −

+ +
− + − −
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Therefore, 

1 GOEλ = − , ( )2 Kλ ρ= − +  and 
( ) ( )0 0

3 0 2 1
e e

GO GO

R G R G
d r r

E E
λ

 + +
= − + −  

 
 

Since all the values of 0iλ <  for i = 1, 2, 3 the whole system is locally and 
asymptotically stable. 

The results of the performance of the existing and modified models are shown 
in Figures 2-15 and MATLAB 2015a was being used to generate the simulations. 

5. Discussion 

Discussion of the results of the study is presented as follows: 
Case 1: Glucose dynamics in the absence of epinephrine. 
Figure 2 shows the net rate of glucose production at basal glucose level in the 

absence of epinephrine. This result was obtained by implementing the model 
under normal glucose, insulin dynamics without trauma, excitement and stress. 
At basal glucose level, the α-cells of the pancreas produce glucagons which trig-
ger the liver to convert stored glycogen into glucose and release it into the blood. 

Case 2: Glucose dynamics in the presence of epinephrine. 
Figure 3 shows the glucose production at basal glucose level in the presence of 

trauma, excitement and stress. This result was obtained by implementing the 
model under normal glucose, insulin dynamics with epinephrine as a result 
trauma and excitement and stress. At basal glucose level, the adrenal medulla of  

 

Existing model 

 
Figure 2. Glucose dynamics in the absence of epinephrine. 
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Modified model 

 
Figure 3. Glucose dynamics in the presence of epinephrine. 

 
Existing model 

 
Figure 4. Insulin dynamics in the absence of epinephrine. 
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Modified model 

 
Figure 5. The dynamics of insulin in the presence of epinephrine. 

 
Modified and existing models 

 
Figure 6. β-cells dynamics in the absence and presence of epinephrine 
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Existing model 

 
Figure 7. Glucose and insulin dynamics in the absence of epinephrine at 300β = . 

 
Modified model 

 
Figure 8. Glucose and Insulin dynamics in the presence of epinephrine at 300β = . 
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Existing model 

 
Figure 9. Glucose and Insulin dynamics in the absence of epinephrine at 600β = . 

 
Modified model 

 
Figure 10. Glucose and Insulin dynamics in the presence of epinephrine at 600β = . 
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Existing model 

 
Figure 11. Glucose and Insulin dynamics in the absence of epinephrine at 900β = . 

 
Modified model 

 
Figure 12. Glucose and Insulin dynamics in the presence of epinephrine at 900β = . 
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Existing model 

 
Figure 13. Glucose, Insulin and β-cell mass dynamics in the absence of epinephrine. 

 
Modified model 

 
Figure 14. Glucose, Insulin and β-cell mass dynamics in the presence of epinephrine. 
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Existing and modified models 

 
Figure 15. Dynamics of β-cell mass formation and death in the absence and presence of epinephrine. 

 
the kidney produces epinephrine which trigger the liver to emergently produce a 
burst of glucose and release it into the blood. 

Case 3: Insulin dynamics in the absence of epinephrine. 
Figure 4 shows the insulin secretion in the absence of epinephrine from pan-

creatic β-cells, which follows sigmoidal function of glucose production 
Case 4: Insulin dynamics in the presence of epinephrine. 
Figure 5 shows the insulin secretion suppression by epinephrine which leads 

to low blood insulin level and increase in blood glucose level. 
Case 5: β-cells dynamics in the absence and presence of epinephrine. 
Figure 6 shows the dynamics of β-cell mass, mild hyperglycemia induced beta 

cells formation while extreme and prolong hyperglycemia induced beta cells death. 
At zero glucose level, beta cells formation is zero, until the glucose reached a 
certain level, then the formation of β-cells starts and when the glucose produc-
tion is at extremely high, the beta cells death starts. 

Case 6: Glucose and insulin dynamics in the absence of epinephrine at 
300β = . 

Figure 7 shows the effect of β-cell mass on insulin secretion and glucose utili-
zation in the absence of trauma, excitement and stress at 300β = . In this glu-
cose level is high compare to insulin level because of small amount of β-cells. 

Case 7: Glucose and Insulin dynamics in the presence of epinephrine at 
300β = . 
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Figure 8 shows the effect of β-cell mass on insulin secretion and glucose utili-
zation in the presence of trauma, excitement and stress at 300β = . In this, 
blood glucose level increases much higher due to blood glucose burst as a result 
of epinephrine and blood insulin level decreases because of the suppression on 
insulin secretion by epinephrine. 

Case 8: Glucose and Insulin dynamics in the absence of epinephrine at 
600β = . 

Figure 9 shows the effect of β-cell mass on insulin secretion and glucose utiliza-
tion in the absence of trauma, excitement and stress at 600β = . In this, glucose 
level decreases and blood insulin level increases because of increase in β-cell mass. 

Case 9: Glucose and Insulin dynamics in the presence of epinephrine at 
600β = . 

Figure 10 shows the effect of β-cell mass on insulin secretion and glucose uti-
lization in the presence of trauma, excitement and stress at 600β = . In this 
both blood glucose and blood insulin levels increase but insulin increase is in-
significant to reduce blood glucose level to homeostasis due to effect of epineph-
rine of increasing glucose and suppression of insulin secretion. 

Case 10: Glucose and Insulin dynamics in the absence of epinephrine at 
900β = . 

Figure 11 shows the effect of β-cell mass on insulin secretion and glucose uti-
lization in the absence of trauma, excitement and stress at 900β = . In this blood 
glucose level decreases while the blood insulin level increases because of increase 
in β-cell mass population. 

Case 11: Glucose and Insulin dynamics in the presence of epinephrine at 
900β = . 

Figure 12 shows the effect of β-cell mass on insulin secretion and glucose uti-
lization in the presence of trauma, excitement and stress at 900β = . In this the 
blood glucose level remain high while insulin level increase but not enough to 
reduce blood glucose level to homeostasis. 

Case 12: Glucose, Insulin and β-cell mass dynamics in the absence of ep-
inephrine. 

Figure 13 shows the dynamics of glucose, insulin and β-cell mass in the ab-
sence of trauma, excitement and stress. Blood glucose level decreases, blood in-
sulin level increases while the β-cell mass remain constant. 

Case 13: Glucose, Insulin and β-cell mass dynamics in the presence of 
epinephrine. 

Figure 14 shows the dynamics of glucose, insulin and β-cell mass in the pres-
ence of trauma, excitement and stress. Blood glucose level increases, blood insu-
lin level decreases while β-cell mass remain constant due to presence of epineph-
rine. This indicated that there is no effect of epinephrine on β-cell mass. 

Case 14: Dynamics of β-cell mass formation and death in the presence of 
epinephrine. 

Figure 15 shows the effect of glucose on beta cells formation and death in the 
presence of trauma, excitement and stress. 
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The effects of epinephrine on three pathways to diabetic state are as followed: 
Effect of epinephrine on Regulated Hyperglycemia; in this beta-cells death is 

greater than formation. This will push glucose to high level in addition to the 
blood glucose burst from liver because of epinephrine secretion and low blood 
insulin due to suppression by epinephrine hormone. 

Effect of epinephrine on Bifurcation; in this, beta cells formation is greater 
than death which lead to high blood insulin and low blood glucose level but due 
to presence of epinephrine, the insulin secretion would be suppressed and blood 
glucose level will be increased. This will make blood glucose to remain at high 
level as a result of low insulin. 

Effect of epinephrine on Dynamical Hyperglycemia; in this beta cells death is 
extremely greater than beta cells formation which lead to extreme elevated blood 
glucose level due extremely low insulin in addition to the burst in blood glucose 
due the epinephrine and low blood insulin level due to suppression by epineph-
rine hormone which will further increase blood glucose level and decrease blood 
insulin level. 

Therefore, from the above discussion we understood that trauma, excitement 
and stress increased blood glucose level and decrease blood insulin level while in 
other side trauma, excitement and stress have no effect on beta cells formation 
and lost. 

During the experiments three distinct amount of beta cell masses: 300, 600 
and 900 were used. The result showed that in normal condition, beta-cell mass 
had significant effect in glucose utilization. However, in the presence of trauma, 
excitement and/or stress, the amount of beta cell mass had less effect in glucose 
utilization because of epinephrine suppression on insulin secretion. Beta cell 
mass increased blood insulin level but not enough to trigger more glucose utili-
zation in such a way that will bring down the blood glucose level into homeosta-
sis even with high number of beta cell mass 900. According to [11], the average 
mass of β-cell mass in a normal individual has been found to be 850 mg. This 
means in the presence of epinephrine the blood glucose level remains high de-
spite the fact that there is increase in beta cell mass. 

The model developed which was an extension of [1] model is similar to those 
of, [4] [12] and [11] for glucose, insulin, and β-cell mass kinetics. However, it 
differs significantly by its peculiarity in the case of epinephrine hormone which 
is secreted by adrenal medulla of the kidney for taking care of emergency condi-
tion cause by trauma, excitement and/or stress which increase blood glucose level. 

The results of equilibrium analysis showed that the fast subsystem and slow 
subsystem were independently locally and asymptotically stable since the Eigen 
values of both the systems were negatives. Analyzing the system as a whole, the 
system was locally and asymptotically stable. 

All the three pathways to diabetes state would be affected by epinephrine 
hormone because of its effect on increase in blood glucose level and decrease in 
blood insulin level. This showed that trauma, excitement and stress increase the 
risk of extreme and prolong hyperglycemia. 
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5.1. Summary, Conclusion and Recommendation 

In this work, we incorporated a parameter ρ  by defining it as effectiveness of 
epinephrine in suppressing insulin secretion and a parameter Ge by defining it as 
epinephrine induced glucose increase as the factors that affect glucose and insu-
lin homeostasis. The model which consists of a system of three nonlinear ordi-
nary differential equations was used to investigate the effect of epinephrine on 
glucose, insulin and beta cell mass dynamics. The result of the study showed 
that; in the presence of epinephrine there is increase in blood glucose level and 
increase in Beta cell mass which increase blood insulin level but not enough to 
bring down blood glucose level into homeostasis. As a result of that, there is an 
extreme hyperglycemia in all three distinct states. Furthermore, the result of the 
numerical experiment carried out indicated that frequent epinephrine secretion 
into the blood induced prolong and extreme hyperglycemia. An extreme hyper-
glycemia induced both beta cells death and insulin resistance which would lead 
to diabetes. In conclusion, frequent state of trauma, excitement and/or stress 
induced diabetes. In view of the findings of this study, we recommended that 
there should be a massive and continuous health education especially for com-
munities living in the areas where the stated agents (trauma, excitement and 
stress) of epinephrine secretion are common, so that the people will understand 
the effect of these agents on their healthy living and this will minimize the oc-
currence of diabetic among the people. The government, non-governmental or-
ganization and public health workers should focus on public enlightenment 
programs aimed at enabling individuals in the society to understand how these 
three factors increase the risk of having diabetes in their lives. 

5.2. Conclusion 

We modified [10] mathematical model for beta-cell mass, insulin and glucose 
kinetics by incorporating the parameter “Ge” and “ ρ ” as the rate of glucose 
production due to epinephrine secretion and epinephrine effectiveness in sup-
pressing insulin secretion to examine the effect of two parameters on glucose 
regulatory system. Analytical studies were carried out using Jacobian matrix. 
The equilibrium points were obtained and our results showed that the equili-
brium point of the system is locally asymptotically stable since all the Eigen val-
ues were negative; this showed that the disease will be controlled to avoid further 
spread. The result of the numerical experiment carried out indicated that fre-
quent epinephrine secretion into the blood induced prolong and extreme hyper-
glycemia. An extreme hyperglycemia induced both beta-cells death and insulin 
resistance which can lead to both type 1 and type 2 diabetes. 
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