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Abstract

The interacting comma 3-vertex for the bosonic open string in the full string
basis is derived using the half string overlap relations directly. Thus avoiding
the coherent states technique employed in earlier derivations. The resulting
form of the interacting 3-vertex turns out to be precisely the desired expres-
sion obtained in terms of the full string oscillator modes. This derivation es-
tablishes that the comma 3-vertex and Witten’s 3-vertex are identical and
therefore are interchangeable.
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1. Introduction

Here we are going to give a brief derivation of the transformation matrices
between the half string coordinates and the full string coordinates needed for the
construction of the half string interacting vertex in terms of the oscillator
representation of the full string. For this we shall follow closely the discussion of
reference [1] [2] [3] [4] [5]. To make this more concrete, we recall the standard
mode expansion for the open bosonic string coordinate

x(o)=xf +\/§ixfl‘ cos(no), oel0,n]

n=l1

(1)

where z=1,2,---,27 and x” (o) correspond to the ghost part ¢(c). The
half string coordinates x"* (o) and o (o) for the left and right halves of

the string are defined in the usual way

et o]
X (n-0)-x* @ “e[o’ﬂ

(2)

xBoH (O')
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where both x"* (o) and x™*(o) satisfy the usual Neumann boundary con-
ditions at =0 and a Dirichlet boundary conditions o =n/2. Thus they

have expansions of the form

x4 (o) = \/Ef]x,f# cos(no),
" (3)
(o) =2 X cos(no)

Comparing Equation (1) and Equation (3) we obtain an expression for the

half string modes in terms of the full string modes

Lﬂ_XZn 1+z

mn

M. +M. |x,
[ i

(4)
5#_ x2n ]+Z [Mrlnn—‘ermJ‘x;lm
m=I 2”1 -
where the change of representation matrices are given by

2 2 _1 m+n
rlrm:_ “ ( ) > m,n=1,2,3,~-- (5)

n\2n—12m—(2n-1)

2 2 _1 m+n
2 [2m (1)  mn=1,2,3, (6)

"\ 2n—12m+(2n-1)

Since the transformation in (4) is non singular, one may invert the relation in
(4). Inverting (4) we find

1
Mo L Rop
X1 = 7 (xn Xy )’

1& 2m—1
x;"=52,11 2n

)

[ M, =M, (e +x0)
where n=1,2,3,---

In the decomposition of the string into right and left pieces in (2), we singled
out the midpoint coordinate. Consequently the relationship between x and
(xf"‘,xf'“) does not involve the zero mode x of x“(o). At o=mn/2, we

have
2 =y (zj—xo +Iz (®)

and so the center of mass x; may be related to the half string coordinates and

the midpoint coordinate

Cg 25 ©)

TC,,lzi’l 1

Equations (8) and (9) with Equations (4) and (7) complete the equivalence
between x*, n=0,1,2,---,and ( L”,xf"‘,xfl), n=12.73,---
For later use we also need the relationships between { e, pf “ P }w o the

half string conjugate momenta and { p:} , the full string conjugate momenta.

Using Dirac quantization procedure
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I:xr:’p;z] = i5m5nm’ (10)
we find (thereafter; the space-time index g is suppressed),

V2 ()

L1 2n-1p s
=—p,  + M. M L W 11
pn 2p2n—1 n; 2m |: mn mn:|p2m - 2n_1p0 ( )
p | O V2 (-1)
=——p, + M —M _Xe 12
pn 2p2n71 mZZI zm [ mn mn]pZm T 2n_1p0 ( )
and
Py = Po (13)

To obtain the full string conjugate momenta in terms of the half string
conjugate momenta, we need to invert the above relations; skipping the technical

details we find

p2n71 :prf_pfa
[ 2 ; (14)
P =2 Zmn_l[Mim+Mfm](pi+p,§)+«/5(—l) P

We notice that the existence of the one-to-one correspondence between the
half string and the full string degrees of freedom guarantees the existence of the

identification
H=H,®H,®H, (15)

where H stands for the completion of the full string Hilbert space and H,,
H,, H, in the tensor product stand for the two half-string Hilbert spaces and
the Hilbert space of functions of the mid-point, respectively.

2. The Half-String Overlaps

The half string three interaction vertex of the open bosonic string (/) have
been constructed in the half-string oscillator representation [2] [3]. Here we are
interested in constructing the comma three interaction vertex in terms of the
oscillator representation of the full string. Here we shall only consider the
coordinate piece of the comma three interaction vertex. The ghost part of the
vertex (V¢HS) in the bosonic representation is identical to the coordinate piece
apart from the ghost mid-point insertions 3ig(m/2) /2 required for ghost
number conservation at the mid-point. To simplify the calculation we introduce

a new set of coordinates and momenta based ona Z, Fourier transform'

Q’Ea; . e e N[ x” ((0';
0 (o) |=—x=|e e 1|y (c (16)
o (U) \/g 11 1) 7 (0')

where e=exp(27‘ci/3) and r refers to the left (L) and right (R) parts of the
string. The superscripts 1, 2 and 3 refers to string 1, string 2 and string 3,
respectively. Similarly one obtains a new set for the conjugate momenta " (o),

"This technique was first used by D. Gross and A. Jevicki in 1986.
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@ (o) and ™ (o) aswellas a new set for the creation-annihilation operators
(B/’.,B‘;f*). In the Z, Fourier space the degrees of freedom in the § function
overlaps equations decouple which result in a considerable reduction of the
amount of algebra involved in such calculations as we shall see shortly. Notice

that in the Z, Fourier space the commutation relations are

[Q' (G),@S(o")]zié‘”é‘(a—d') (17)
[Q’(O'),gos (G’)J:ié‘“é‘(o—a') (18)
[Qs" (0'),(;03‘5(0")]:ic?”ﬁ(a—a’) (19)

Since [Q’(o—),go“'(a’)] #i0"5(c~0c'), then Q' (o) and p' (o) are no
longer canonical variables. The canonical variables in this case are Q" (o) and
@ (o). Thus the Z, Fourier transform does not conserve the original com-
mutation relations. The variables Q" (a) and gos’S(O') are still canonical
however. This is a small price to pay for decoupling string three in the Z,
Fourier space from the other two strings as we shall see in the construction of
the comma three interaction vertex. Recall that the overlap equations for the

comma three interacting vertex are given by
2 (e)=2"""(c), 0<o<n/2 (20)
X, =Xy =X, (21)
for the coordinates (where the mid-point coordinate x,, =x(m/2) and the

identifications j—1=0=3 and »r—1=0=R are understood). The comma co-

ordinates are defined in the usual way [1]

Z_/,L(G):x(a)—x(gj, 0<o<m/2 (22)
2R (G):x(n_g)_x(g), 0<o<m/2 (23)
The overlaps for the canonical momenta are given by
P (0)=—p" """ (o), 0<a<n/2 (24)
P+ 9 + 9l =0 (25)

where the mid-point momentum is defined in the usual way
¢, =—i0/0x,, =—id/0x, = p,. The comma coordinates and their canonical mo-

menta obey the usual commutation relations
[;{j” (0),50“(o")]zié'”é‘(a—o"), r,s=L,R (26)

In Z, Fourier space of the comma, the overlap equations for the half string

coordinates read

0" (c)=e0"(c), 0<o<n/2 (27)

o* (o*)=EQR (0), 0<o<m/2 (28)

QM = QM =0 (29)
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0 (0)=0"(0), 0<o<m/2 (30)
Oy =0y (31)

where Equation (29) is to be understood as an overlap Equation (Ze, its action
on the three vertex is zero). Similarly the canonical momenta of the half string in

the Z, Fourier space of the comma translate into

" (0)=-ep"(0), 0<o<n/2 (32)
@' (oc)=-2ep" (o), 0<o<n/2 (33)
9" (o)== (o), 0<o<n/2 (34)

P, =0 (35)

The overlap conditions on Q" (o) and @' (o) determine the form of the
comma three interaction vertex. Thus in the Z, Fourier space of the comma
the overlap equations separate into two sets. The half string three vertex

VXHS (bl,r'f' ’bz,ﬁ , b3,r'}'>

therefore separates into a product of two pieces one depending on B>

B = L(b“ +b* +b>), r=LR (36)

NG

and the other one depending on (B’*,E”)

1
B =—(eb"” +eb* +b"), r=L,R (37)
N )
Er _ 1 (—bl,r 2,r 3,r _
=—/eb”" +eb”" +b ), r=L,R (38)

N

Notice that in this notation we have B/" =B’ and B'' =B’ (where the
usual convention b, =bh' applies). Observe that the first of these equations is
identical to the overlap equation for the identity vertex. Hence, the comma
3-Vertex takes the form

V)= [d0,, 0, 40}, 5(0y ) 5(D,, )40
CCEt (39)

SO

where C and A are infinite dimensional matrices computed in [6] and the

1
xe 2

integration over Q; gives & (P]a) However P, =P, andso & (P;,) is the
statements of conservation of momentum at the center of mass of the three
strings. Notice that the comma three interaction vertex separates into a product
of two pieces as anticipated. The vacuum of the three strings, ie, Hj_zl | O)""L |0>‘f’R ,
is however invariant under the Z, -Fourier transformation. Thus we have
Hf:l|0>3’r 0>'ﬁ|5>r :Hj:l|0>j’L|O>j’R. If we choose to substitute the explicit

values of the matrices, the above expression reduces to the simple form

VxHS> - J.f[dxjwé'(x;w _x;;l )5[231172(4} e—ZLlZf:l
i=1 =

j.LTy j-1.R
bR

00,0y, (40)
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where |0>IL23R denotes the vacuum in the left (right) product of the Hilbert space
of the three strings. Here bnj’L(R) denotes oscillators in the L(R) jth string
Hilbert space. For simplicity the Lorentz index (x=0,1,---,25) and the Min-
kowski metric 7,, used to contract the Lorentz indices, have been suppressed in
Equation (40). We shall follow this convention throughout this paper.

Though the form of the comma 3-Vertex given in Equation (40) is quite
elegant, it is very cumbersome to relate it directly to the SCSV 3-Vertex due to
the fact that connection between the vacuum in the comma theory and the
vacuum in the SCSV is quite involved. One also needs to use the change of
representation formulas [1] to recast the quadratic form in the half string
creation operators in terms of the full string creation-annihilation operators
which adds more complications to an already difficult problem. On the other
hand the task could be greatly simplified if we express the comma vertex in the
full string basis. This may be achieved simply by re expressing the comma
overlaps in terms of overlaps in the full string basis. Moreover, the proof of the
Ward-like identities will also simplify a great deal if the comma 3-Vertex is
expressed in the full string basis. Before we express the half-string 3-Vertex is
expressed in the full string basis, we need first to solve the comma overlap
equations in (27), (30) and (32), (34) for the Fourier modes of the comma
coordinates and momenta, respectively. The modes in the Z, Fourier space are

given by
0, = fj 0’ (c)cos(2n-1)cdo, (41)
o \/7] Q )cos(2n—1)odo, (42)
=——=[ 0" (o)cos(2n-1)odo (43)

2;1 1 \/‘

where n=1,2,3,---, and a similar set for the conjugate momenta. The overlap
equations for the coordinates in (27) and (28) and the properties imposed in the

Fourier expansion of the comma coordinates

0 (0)=0"(-0) and Q" (0)=-0Q" (n-0), (44)
0 (0)= 0 (-o) and 0 (0)= -0 (n-0), (45)
0 (c)=0"(-0) and 0" (c)=-0" (n-0) (46)

where 0<o <n, imply that their Z, Fourier modes in the comma basis

satisfy

05 =0y, (47)
0;,. =05, (48)

From the overlap in (30) we obtain
Oy =05 (49)

For the Fourier modes of the conjugate momenta one obtains
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95,1 = €5, 1> (50)

05,1 = €5, (51)
and

S (52)

where n=1,2,3,---. We see that the comma overlaps in the full string basis

separates into a product of two pieces depending on

1
A = (a4 a2 +a) (53)
n \/5 n n n
and on
Al =4 =—=(ea) +ea +a)') (54)
n n \/g n n n >
A =a = %(eaf vaal +a), (55)

respectively, where the creation and annihilation operators 4’ and 4, in the

Z, -Fourier space are defined in the usual way

0, =é\/%(An—Aj), n=123, (56)
9 =é(Ao—AJ) (57)
Pn:—i%: g(AnJrAj), n=123 (58)
h=izg=(4+4) (59

and similarly for 47, 4, and A", A’.Notice that in the Z,-Fourier space,
Ay =4

—n 2

A" =4, . For the matter sector, the comma 3-Vertex would be
represented as exponential of quadratic form in the creation operators A’", A’
and A’ . Thus the comma 3-Vertex in the full string Z, -Fourier space takes the

form

V") =[d0,,d0,, 5 (0, )5 (0, )V ™ (4, 41, 4] )

0)123 (60)

where |O)123 denotes the matter part of the vacuum in the Hilbert space of the

three strings and

1 34 3 _ g 4F
Zf,mzo[fz"ln Com Am}r —Ap Fyy Am

v (47, 4],47)=e (61)

The ghost piece of the 3-Vertex in the bosonized form has the same structure
as the coordinate piece apart from the mid point insertions. In the Z,-Fourier
space QO = aM =0 and only Qf #0. Thus the mid-point insertion is given
by 3iQ7; / 2. The effect of the insertion is to inject the ghost number into the
vertex at its mid-point to conserve the ghost number at the string mid-point,

where the conservation of ghost number is violated due to the concentration of
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the curvature at the mid-point. Thus the ghost part of the 3-Vertex takes the

form

VQ’;S> = el s ( AP 4P A0 )|0)¢ (62)

n 2 123

where |0>1¢$23 denotes the ghost part of the vacuum in the Hilbert space of the
three strings and A%, 4%, 47" ) has the exact structure as the coordinate
piece V" (A?’,Aj,Zj). The mid-point insertion 3iQ%’/2 in (62) may be
written in terms of the creation annihilation operators

- (_l)n/2
=0t i Y (4 -4 (63)

n=even=2 n

If we now commute the annihilation operators in the mid-point insertion

through the exponential of the quadratic form in the creation operators in the
three-string ghost vertex (VQI;'S ), the three-string ghost vertex in (62) takes the
form

2
) n/ .

© ()
ot o i C e
‘VI:S>:e3’Qo /e I V¢HS(A¢’3',A¢' A”’T)
Q n n

n 2

0)’ (64)

123

We note that commuting the annihilation operators in the mid-point
insertion 3iQf;’/2 through (Af’”,Ajl”,A”’:) results in the doubling of

the creation operator in the mid-point insertion.

3. The Half-String 3-Vertex in the Full String Basis

We now proceed to express the half-string overlaps in the Hilbert space of the
full string theory. The change of representation between the half-string modes
and the full string modes derived in [1] is given by

Q': :(_I)HI QZn—l +Z 7 |:Mr1nn +M:m:|Q2m
m=I -

- (_1)r+1

£, = 5

2
2n—1

ECy,

1& [2n—1
szﬂ‘;% W[ann—MinJsz——

n 2n—1"°

where r=1,2=L,R; n=1,2,3,---; and the matrices M' and M? are given

by
Mim=£1/ 2m__(2) L mn=1,23, (66)
bis 2n—12m—(2n—1)

M2, =3,/ 2m__ (1) Cmn=1,23, (67)
T 2n—12m+(2n—1)

Now the overlap equations in (47), (50) and (29) become

and

(1+€)0,,, =~(1-0) 3 =2 [0, <02, ], (69
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1278 Journal of Modern Physics


https://doi.org/10.4236/jmp.2019.1010085

A. Abdurrahman, M. Gassem

I n—

1 1& [2n-1 V2 (1)
(=0)3 Py ==+ )3 3 2t [0t =03, R+ (1) 22 (69)

v = +\/Ei(_l)n 0,=0 (70)

n=1
respectively. The overlaps for the complex conjugate of the first two equations

could be obtained simply by taking the complex conjugation. Similarly from the
overlaps in (49), (52) and (35) we obtain

0, =0 (71)
& |2n-1 1 2 3 2\/5(_1)" 3
; > [M —an]P — _2n—1P° =0 (72)
@y =0 (73)

We have seen in reference [1] the (), = B, and so the overlap conditions in
(72) and (73) reduce to

> 22, vz, e, -

=0 (74)

P =0 (75)

It is important to keep in mind that the equality sign appearing in Equations
(68) through (75) is an equality between action of the operators when acting on
the comma vertex except for Equation (75) which is the conservation of the
momentum carried by the third string in the Z, Fourier space.

The comma vertex ‘VHS (AjT,AJ,ZJ )> in the full string basis now satisfies
the comma overlaps in (68), (69), (70), (71), (74) and (74). First let us consider
the overlaps in (68), (69) and (70), ‘e,

{(He)an1 (1- ir M 4+ M2 )Qz,n}

(
‘V”S (47.4).4)) > (76)

1 1& [2n—-1
L A e R T

(77)
\/E (_l)n HS (31 4t Zt

~(1+e) >R, v (4,41, 40)) =,

{Qo w23 (1) QM}\V’” (477,45, 47))=0 (78)
=
(as well as their complex conjugates), where n=1,2,3,---. For the remaining
overlaps, i.e., equations in (71) and (74), we have

O, |V (4 4], 4))) =0, (79)

5 [2n—1 togt gt
; Zm (Mrlrm M/?m)P;m VHS (Aj ’A A )> O (80)

DOI: 10.4236/jmp.2019.1010085 1279 Journal of Modern Physics


https://doi.org/10.4236/jmp.2019.1010085

A. Abdurrahman, M. Gassem

E)3

V(4,40 4])) =0 (81)

where n=1,2,3,---. We notice that these overlaps are identical to the overlap
equations for the identity vertex [4] [5] [7] [8]. Thus

_( ) nm nym:(),lsza"' (82)

The explicit form of the matrix £ may be obtained from the overlap equations

given by (76), (77) and (78) as well as their complex conjugates. It will turn out
that the matrix Fhas the following properties

F=F' F=CFC, F*=1 (83)

which are consistent with the properties of the coupling matrices in Witten’s
theory of open bosonic strings [7] [8]. This indeed is a nontrivial check on the
validity of the comma approach to the theory of open bosonic strings.

Now substituting (61) into (76) and writing O, intermsof A and 4,,we

obtain the first equation for the matrix F
F‘anlk +52n71k _l\/gz(M:nn +Mrin)(F'2mk +52mk) =0 (84)
m=1

where k=0,1,2,--;n=1,2,3,---. Next from the overlap equation in (77) we
obtain a second condition on the Fmatrix

OZ(FZn—lk 2 lk) lZ(M] )(F;nzk_52mk)

4.0 (=)

_;T (2 )3/2 (F — O )

where £ =0,1,2,---;n=1,2,3,---. The overlaps for the mid-point in (78) give
2 f 2
(E)m +50m)+\/§z(_1)k E(F;km +52km):|=09 m=071>25’” (86)
k=1

Solving Equations (84) and (85), we have

1 N I N N Gk
Fyo=—(Fy -1 M; +-M, 3z 87
n( )ZK +2 J } an (87)

_1)3/2

(85)

—1 m
1 &2 1 (-)
anzk:;szk;l:(M{"'EMsz } w
2 (IR BB
=D M +=M; —M +M]
m=1 2 2 mk
i3 1Y)
Fy i =_T|:(M1T+EM2T] }
nk (89)
+lF i MT +1MT ) i
n 02k—lm:l Py - (2m—1)3/2
F -l Z{ MT+MT} PRI o (90)
2n-12k-1 \/gm 1 . 2m 2k-1 n\/g (2}1—1)3/2 02k—1
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2i 1
2n 12k = 3;[ MT+MTlmF2m2k+Tl3|:M1T+EM2T:|nk
91
w5 (2n ot
2n 10 Z|: MT+MT:| F‘ZmO (_) 32(F 1) (92)
nm TC\/7 (21’[ 1)/
where all n,k =1,2,3,---. Finally Equation (86) leads to
- (_1)n+l
(F00+1):22 \/ﬂ Fo (93)
n=1
_1 m+1 - _1 k+1
k=1
© _1 k+1
Fyopor = 2;(\/2)7( Foma (95)
|

where m=1,2,3,---
Now the explicit form of the F matrix is completely given by the set of
Equations (87), (88), (89), (90), (91), (92), (93), (94) and (95) provided that the

1
inverse of the (M]T +5M I j exist. Now we proceed to compute the required

inverse.

4. Finding the Inverse

1 -1
In the half string formulation the combination (M ! +EM ! ) is a special case

of the more general expression, er +COS(/€TC/N)M2T , where k=12,3,---,2N

and Nis the number of strings®. For the case of interest, N corresponds to 3 and
k=1. It is however more constructive to consider the generic combination
BM] +aM] . Again for the case of interest one has f=1 and

a = cos(kn/N)=1/2. For the inverse of SM| +aM, , we propose the Ansatz
[( pM! +aM! )l}

nm

=(-1)"™" \/ﬂ{a !

1-i/p, Vp p, 1-1/p
2n u2m 1 +u2n u2m 1 ﬁ

2n —(2m —1)

Uy Upt

2n+(2m—1)

uznl/pul/p 1/p ll/pi| o (96)

The coefficients u/” and u /" are the modes appearing in the Taylor

1+xY” 1+x\7"”

expansion of the functions [l—j and (l—j respectively. For the
- x -x

three interaction vertex p=3 and the Taylor modes u)” and u; " reduce

to ul/ = and uz/3 b, found in references [7] [8]. These coefficients are
k

*The reason we are considering this more general expression is that this combination appears in
computing the N-interaction vertex which will probe useful in future work and it does not add to the
level of difficulty in finding the inverse.
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treated in details in appendix A. The free parameters o', £’ and p are to be

determined by demanding that (96) satisfies the identities

(BM! +aMI)' (pMT +aM?)=1 (97)
which implies that ( M| +aM! )71 is left inverse and the identity

(BM! +aM?)(pMT +aM?) =1 (98)

which implies that ( BM +aM! )71 is right inverse. Here I is the identity
matrix in the space of Nstrings.

Before we proceed to fix the constants «', S’ and p, there are two special
cases where the inverse could be obtained with ease with the help of the
commutation relations of the half string creation annihilation operators
(bﬁr),b,sr”) . They are givenby k=2N and k=N.

For k=2N, the combination M/ +cos(kn/N)M, reduces to M +M,
and the inverse (er +M] )_1 =M, —M,. To see this we only need to verify that
(er +M2T)(M1 -M,)=(M, —Mz)(MlT +M2T) = I . We first consider

(M + M7 )(M,—M,) = (MM, =M M, )—(M] M, -M] M) (99)

Using the commutation relations
[b’(Ii) ,bfs”? J = 5”3’6‘

n+m 0

(100)

(where bf;f = b,Ef)T ) for the half string creation annihilation modes
(br(,r),blgy)T ) , one can show that the the combination inside the first bracket is the
identity matrix 7 and the combination inside the second bracket is identically
zero. To see this recall that the change of representation between the full string
creation annihilation modes (an,a:) and the half string creation annihilation

modes is given by

0

B =(-1Y a4y, +% (M}, ~ M2,

n mn n-=2m

), n=1,23,- (101)

m=1
and bf;) Eby” is given by the same expression with a, = a_, . Substituting
(101) into (100) one obtains
_[p0 p0 = _Lges
o=[ 4 ]= gz ), e -0e1), 000 ]
= —%5“ [ MM, - MM, |

nq
for n>0 and m=—-¢g<0. Since 6" =0 for r#s, then the above equation
does not yield any information about the combination MM, — M1 M, for

r#s. However, for r=s, Equation (102) yields

MM, -M;M, =0 (103)
Similarly one has
58, =)0 ]
1 r+s 1 >
==(-1)"8,, +Ez:,[(M1T) (M), ~(M7) (M), } (104)
1 r+s 1
:5(_1) L, +E[M1TM|_M2TM2]M
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for n,m > 0.In this case, the above expression gives the following identity
MM, -MIM,=1 (105)

for all possible values of r and s. Substituting Equations (103) and (105) into

Equation (99) we arrive at

(M) +M] (M, -M,)=1 (106)

Thus (M,—-M,) is the right inverse of (M I+ M7 ) To complete the proof
one must show that (M, —M,) isalso aleft inverse; that is we need to establish

the following identity
(M, =M, )(M] +M])=1 (107)
The proof of the above identity follows at once from the change of repre-

sentation between the half string creation annihilation modes (b,(f),by”) and

the full string creation annihilation modes (an , aZ) given by

CY pe S (ag 50— aa2 50
a,, =—==P+ ) (M, b, —M, b |, n=1273,.- (108)
=P )
(where b,(f) = %(bfll) +b,(72) )) and the commutation relations
[@,:0_,]=6\omo- (109)

Using Equations (108) and (109) and skipping the algebraic details, one
obtains the following identities

MM -M,MI =0 (110)
MM -M,M! =1 (111)

needed to prove that the combination (M,—M,) is also a left inverse. This
completes the proof.

For k=N, the combination M| +cos(kn/N)M, reduces to M| —M]
and the inverse (er -M] )_1 =M, +M,. The proof that M, +M, is the right
inverse follows at once simply by taking the transpose of the already established
identity in (106). To show that the combination M, + M, is also the left inverse
of the combination M, —M. one only needs to take the transpose of (107);
thus leading to the desired result.

Now we proceed to fix the constants in (96) for k # N,2N . From Equations
(66) and (67), we have

n+m
[y (1) (112)
n\2m-1 2n—(2m—1)

Mfm=£1/ ) (113)
T 2m—12n+(2m—1)

respectively. First we proceed with the identity in (97). If we could solve for the

and

free parameters «', f', and p in terms of the known parameters « and S
then the Ansatz in (96) is the left inverse of the matrix BM| +aM] . For the off
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diagonal elements; that is ¢ # n, the identity in (97), yields, after much use of
the identities in [9],

u;l/pou(l,p) _ ui;l/pOf‘é;”) 4 u;/npou(p—l,p) B ui/,,pO”(”""’)

! —2n —2n g
a
/ 2n—2q
PO PO 0 g O
2n+2q
L BB u;;l/l’og}(ql,p) —u;;l/psz(:p) _u;/y;ﬁogipfl,p) N u;/fOfg*l”’)
2n+2q
_ ﬁ/a u;;l/POZM,(ZI’p) _u;;l/pogéhl’) _u;/npozuipflﬁ) + u;/npozuép—l,p) »
2n—-2q
where the quantities
u x u??
o= Y ——n20 (114)

m=2[+1=1 tn+m

(@7) are related to 0"

n

through the identity 0"*") =—cos(qn/p)0"*" [9]. The quantity o)

has the value [n/Zsin(qn/p)] uf/? [9]. In order for the right hand side of the

. . . - 1-], ],
above expression to vanish, the coefficients of u},"”u)? , uy,"’u}? and

have been considered in [9]. The quantities O

u;/np u;l/ ?" must vanish separately. The vanishing of the coefficient of the
uy V7ull? can be established explicitly by substituting the explicit values for
o) () The vanishing of the coefficient of uy ! ”u;/q” term leads to the following

conditions on the free parameters

ﬂ’a+a’ﬂcos(lnj20 (115)
p

a’a+ﬂ’ﬁcos(lnjzo (116)
p

The vanishing of the coefficient of u? u;l/ ?" does not lead to new conditions
on the free parameters but it provides a consistency condition. The equivalence
between the half-string field theory and Witten’s theory of open bosonic strings
will guarantee that this consistency condition will be met. In fact we have
verified this requirement explicitly.

For the diagonal elements (¢ = ), the identity in (97), after much use of the
various identities in [9], yields

21y

1= (2}1)1/2 (21’[)1/2 {aﬁ[u;vp()g:p) n u;/npéfz(ﬁ_l,p)]

u;V”Oi‘z(L’p) _ ué;l/ﬁog}ghp) T u;/npoi‘(p*hﬂ) _ u;/np op1p)

’ 2n 2n

—-—aa
2(2n) (117)
105, PO iy 1P O — P O 2 0
+ BB
2(2n)

+fla [u;vp@’(l’p) —ulfP QL) }}

n n
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where
~u © u::l/p
gl = > e (13)
m=21+1=1 (in + m)

has been considered in [9]. Using the explicit values of O (a.r) Offlq’p ), 0:(” )
and 0"“?) which are given in [9] and imposing the conditions obtained in
(116), the above expression reduces, after a lengthy exercise, otherwise a straight

forward algebra, to
=2 (o) a3 -S| (119)

where the quantities Si‘f;" ) were introduced in [9]. The above expression may

be reduced further by expressing S’gp ) in terms of S‘,(lq”’) through the relations
$40 =8 cos =+ {1 ' COS(EH S8, (120)
p p

Stetr) — glp=tp) cos—(p L + {1 +cos (—(p 1) nﬂ Siphp)gete)(1a1)
p p

which have been established in [9]. Hence

1= E(Zn)az'ﬂ{u;l/” {1 + cos(zﬂ s\t gLe)
p

T
(122)
+ull? {1 —cos [EH S\rtr)glp=tr)
p
In arriving at the above expression we used the fact that
' (p_l) 2 ' 1 '
a'f cos n|-pfa=afcos| —n|+La=0 (123)
p p

Further simplification of (122) may be achieved by substituting the explicit
values of E(fl’p) and §0(’H’p) found in [9]. Thus Equation (122) reduces to

1=2na'full? {1 +cos [EH tan [lzj s{-7)
p p2
+S§],,’p) {1 —cos [Eﬂ cot (lﬁjsgf-'-p) (124)
p p2

= 2na'Bsin (Ej[u;;wsgw + SIS ]
p

To compute the right-hand side of the above expression we need to evaluate
the expression inside the square bracket. We will show that this expression has
the explicit value 2/2n. Consider the matrix element defined by

W u:’{pull;l/p +u'1n*1/pu’11/p

mn "~

(125)

m+n

The matrix element W, satisfies the following recursion relationship, which

may be verified by direct substitution
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0=(n+l)Wn+lm —(n—l)W

n=lm

(126)

nm-1

+(m+0)W, . —(m-1)W,

for m+n=odd integer. Letting n—2n—-121, m—>2m=>2 in (126), we

obtain

0 = 2” VVZn 2m (27’! - 2) I/V2r172 2m + (Zm + 1) VVanl 2m+l (2m - 1) VVanl 2m—1 (127)
Summing both sides of (127) over m, we have

2nZVV2n 2m _(2}1—2) ZVVZ}'IfZZm = 2nl/VZnO _(271_2)1/1/2”720 +VVZn711 (128)
m=0

m=0
Substituting the explicit values for 2nW,, ,, W,,,, and W, ,, into (128)
we obtain
2nZVV2n 2m _(zn_z) ZVVZn—ZZm
m=0 m=0 (129)
:u;/nﬁ _,_u;l/p_u;/;iz _u;y;_f_iul/lﬁ _Lgul/ﬁ +L£ 1-1/p

u
2n 2n-1 2np 2n-1 2np 2n-1

Recalling the recursion relations for the Taylor modes established in [9]

2
Ve :_kHbu;/P +(k—1)u,1(/_”1} (130)
ul” - z(p—l)u,‘;‘/” +(k—1)u,” (131)
k+1| p

If we now set k=2n-1 in the recursion relations in (130) and (131) and

then rearrange terms, we have

V2w _r_ y
——u)" =uyl ——(2n-2)u,)?,, (132)
2 p 2n-1 2 21’1( ) 2n-2
12 2 2n-2
St I = e TS (133)
2n p 2n 2n

Substituting (132) and (133) in the above equations into (129), we find
znszZMZm :(zn_z)z%n—ZZm (134)
m=0 m=0

Repeated application of the above identity implies that

ZniVVZnZM =2iVV22m (135)
m=0 m=0
Substituting the explicit form of /¥, into the above identity we have
[l sy s o siin ] = % (st Vs ] (136)
where
st= Y w' (137)
n+m=even,m=0 1+ M
ST - (138)

n+m=even,m=0 1 +m

To complete the proof, it remains to show that the expression inside the
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square bracket on the right hand side of Equation (136) is equal to unity. This

we do by explicit computation. Consider
PSP gV ) (139)
(1.p)

n

Using the summation formulas for §,”’ and S,(/H’p ), which are given in [9],

the above expression reduces to
w7yl e s = (140)

and so Equation (136) yields
- ) 2
|:u;/nPS§f 1,p) +u;’—ll/PSg1n»!)i| - < (141)
2n
Substituting this result for the expression in the square bracket in (124) leads

to one more condition on the parameters ¢’ and p
1

Zsin(lnjﬂ
p

Collecting all the conditions on the free parameters, and then solving for the

’

a'= (142)

parameters «' and f’, and p in terms of the known parameters ¢ and £,
we find
2

. . cos[lnj
[04 ' '
F=cosz[—ﬂj,a = 1 B=- f

P ZSin(njﬂ 25in(n}a

p p

(143)

The desired expression for the inverse of BM/ +aM] , is therefore given by
substituting the values of &' and f' given by the above expressions into the
-1
Ansatz for (,BMIT +aM2T) in Equation (96). Hence,

(pual wenet)'],

(a2 2m U L v,
ZSin(an P 2n—(2m—l)

p

(144)

Ccos ( T[j
=p, Vp _ Vp, 1-/p
p u2n u2mfl u2n u2mfl

a 2n+(2m—1)

This shows that the above expression is the left inverse. To complete the proof
we need to check that the identity in (98) is also satisfied and leads to the same
conditions as in Equations (143). This in fact we did verify. The special cases of
k=N and k=2N have been treated earlier. This completes the construction

of the inverse for the general case of the ( BM] +aM] ) matrix.

-1
km
In the particular case of (M I+ COSWM ! j , the parameters
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a :cos(kn/N ) and S =1 respectively, and the above relations in (143) be-

come
T
i : Cos—
T ’ !
cosz(—]=012 =cos2(ﬁ}a = . B Z—ﬁ (145)
p 2sin — 2sin—cos—
V4 p

For the particular case of a = cos(kn/N ) and [ =1, the relations in (145)
yield
1

a'z_ﬂ'z—l (146)
2sin(7t]
p
k/N, 1<k<N-1
/p= (147)
(2N-k)/N, N+1<k<2N-1

If we choose 1<k <N -1, then we have

(e |

azm =1 [ Vrule sy Ve e Vel (148)
nem N 20 |:“2n Uy Uy Upyly  Upy Upy g — Uy, Uy,

= (-1) _
z(;]

2n—(2m—1) 2n+(2m—1)
For the case of interest, that is, the three interaction vertex N =3 and k=1

so that p=3. This implies that the Taylor modes u/” and u'"? in the

1+x\/” 1+x) 7"
expansion of (I—J and (1—) are a, and b, inthe expansion of
—-x -X

/3 23

1+ 1+

(l—xj and (—xj encountered in reference [7] [8]. Thus the inverse of
-X -X

1
(MIT +EM2T) now reads

-1
KM{ +1M2T j }
2

( )n+m J_\/il:azn et 02,80, +a2nb2m 1= by,

(Zm l) 2n+(2m 1)

(149)

)

This is the required inverse needed to finish the construction of the half-string
three interaction vertex in terms of the full-string basis. The expression in (149)
is indeed the right and left inverse of M, +%M T as can be checked explicitly.
See ref. [9].

5. Computing the Explicit Values of the Matrix Elements of
the F Matrix

To complete the construction of the comma 3-Vertex

V") = [d0},d0,,d0,,8(0, ) 8(Dy, )€™ V™ (4, 4,4)|0,0,0)  (150)
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in the Z, -Fourier space of the full string, we need the explicit form of the F
matrix. Here we shall give the steps involved in the computation of the matrix
elements of F and relegate many of the technical details to appendix A. For the
purpose of illustration consider F, ;. Substituting the explicit value of

1 -1
(M ]T +EM { j obtained in (149) into Equation (87) gives

1 _wi_nmnm_,i
ano_n(E)o 1);\/§( 1) V2nom-1 (2m-1

3/2
) (151)

% 4,01 05,05, W,05, 0 = 02,45,
2n—(2m-1) 2n+(2m—-1)

where n=1,2,3,---. Using partial fractions, the above expression becomes

1 1 \/5[

£y = ;(Foo _1)$(_1)n on

a b a
- b2n0—2n - aZnOZn + bZnOZn :|

2(a,,)0p —a,,0",,
( 2n) 0 2n 2 (152)

where the quantities appearing in the above expression are defined have been
evaluated in [9]. Thus substituting the explicit values of these quantities into

(152) and combining terms we find

E. :(Foo_l)(_l);‘zn (153)

2n

The explicit value of the F,, may be computed by substituting (153) into

(93). Doing that and rearranging terms we get

0

(Foo+1)==2(Fy 1) 22 (154)
n=1 2”
The sum appearing on the right-hand side has the value (3/2)In3-2In2, so
we obtain
1+ F, ’
Tl _ In 3_4 (155)
1-F, 2

which gives the explicit value of F, at once. This result is consistent with that

given in [7] [8]. To obtain the explicit value of F,,, , we first need to evaluate

2m

the sum over kin Equation (94), e,

w (_l)k+l
—F
Z; \/ﬁ 2% 2m

where the explicit expression for F,,, in terms of the change of repre-
sentation matrices is given by Equation (88). Thus substituting (88) into the

above expression we have

e (1) ()T, e (N ( r, 1 J
Fyom = — —— M +-M
kz:; \/ﬁ 2k 2m ; \/ﬁ T 02m[:1(21_1)3/2 1 2 2 ,

w(—l)"”w( - ) {1 ; }
- M, +—M —M, +M
; \/ﬁ ; l 2 : Kl 2 l ’ Im

(156)
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If we commute® the sums over kand / we get

S = th sy w5 ] () as

()= %KMI ] j L (158)

Substituting Equation (149) for the inverse of the combination M, +(1/2)M;

into the above expression and summing over kfrom 1 to oo, we obtain

o (_1)k+1 ( . 1 le 2 (_l)l a2[71
Ml +=M -
Z‘ V2k IR B ()" (159)

In arriving at the above result we made use of the identities

& ay 11
iy L 160
(21 ) 2A&2k+(21-1) 243 (160)

which were derived in [9]. Similar expressions hold for the sums over b, ; see

ref. [9]. Now substituting Equation (159) into (157) gives

< (_1)k+1 1 3 < (_l)l 2ay., [1 T r}
~—F,, =-——In—F, +) ——x —M +M (161)
; \/ﬁ 2%2 5 Hoaton ; 3 A1l 2 2 .

Using the explicit value of M, and M, and rewriting ln(33 / 24) in terms
of F,,the above expression becomes

k+1 m
Z(_l) F'2k2m :_l[l_‘—E)OjFE)Zm-’_(_I) (l_azm) (162)

— \/ﬁ 2 I_E)O (2m)1/2
Substituting this result into (94), we find

(_1)m Do

(2}’}’1)1/2
which has the same form as F, , given in (153). Thus in this case we see that
=(F"),. ~ holds.

Next we consider the evaluation of F, ,,.If we replace M, M, and F,, ,

Fyy, = (Foo _l) (163)

the property F

even 0

in (92) by their explicit values, given respectively by Equation (66), (67) and
(153), we have

2 2 ) |le a4
r _22ie - - om0
2n-10 NG n( 00 )M{qu zm—(Zn—l) (164)
2 (-1

mZ:: (Zgn 1)}r w3 (2n—1)3/2 (Fp—1)

*Since both the sums over /and k are uniformly convergent, one may perform the sums in any order.

We have carried the sums in the two different orders and found that the result is the same. However,
it is much easier to perform the sum over £ first followed by the sum over /rather than the reverse.
Here we shall follow the former.
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In order to benefit from the results obtained in [9] to help carry out the sums
we first need to extend the range of the sums to include m =0. Hence adding
zero in the form —gq, /( 2n—1)+a, /(211 —1), the above expression becomes

2i 2

V' [1oa 1g
an—lozT (F 1)\/2;1 1 (2n 1) EZ:: (2n 1)
a, < Ay 2’( 1) (FOO 1):l

_(zn—1)+m:02m+(2n—l) TC[(Zn 1)3/2

(165)

The sums in the square brackets have been evaluated in [9]. Thus one finds

-1
anflo :i(Foo_l)m (166)

V-1~

where n=1,2,3,---. To check if the property F =F" continue to hold, we

need to compute explicitly the value of F,, . It is important to verify that the

()Zn 1
matrix F is self adjoint for the consistency of our formulation. The matrix

involves the matrix element F

element £ 2k

0201 which in turn is expressed

-1
1
in terms of the combination (MIT +5M y j and the matrix element £, |

itself. To carry out the calculation, unfortunately we first need to compute the

. The matrix element F

explicit value of F, 2n 2k

is given by (89)

n2k—

o]
|2

-1
1
Substituting the explicit value of (MIT +5M 7 j into the above equation

and summing over m, we find

( )Hk \/7 N2k - |:a2n hiot 0,85

2i ~(2k-1)

(167)

F,

2n2k-1 —

(168)

ay,by 1 —by,05, }_ (_1)71 a, i

2n+(2k-1) Jan

where n=1,2,3,---. Combining Equation (168) with Equation (95), leads to

Fy, . = ( ) \/7;[“2/{ st 024,

(2m—1)

b, ,—b 11+ F
4+ LD T OB | 2F,, |~ Ly
2k+(2m—1) 2{1-F,

(169)

To evaluate the sums appearing in (169) we first need to extend their range to
include k=0. Doing so and making use of the result of already established
identities in appendix A, Equation (169) reduces to

m 1+ F,
E)Zm—l =2i(_1) %_Fozml[l_;oj (170)
- 00
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Solving the above equation for £, ,we obtain

E)2m—| :_i(%o_l)(_l)m% (171)

which is precisely the adjoint of F, |, ; see Equation (166). Thus we have

Fooua :(FT)OOM (172)

as expected.

The result obtained in (171) may be now used to find the explicit value of

2i 2n—(2m-1)

F,, 2. - Thus substituting Equation (171) back into Equation (168), we find
F — (_1)n+m 2n v 2m _1 |:a2nb2ml +b2na2mfl
2n2m-1 — .

(173)

+ @y, Dyy = Pru ey | i(E)o _ 1) (_1)n+m a,,a,,
2n+ (2m - 1)

\/E\/Zm—l

where n,m=1,23,---.

The computation of the matrix element F,

niam 18 indeed quite cumbersome. The
n—12m

difficulty arises from the fact that the defining equation of F, , which is given

n—12m

by (91), involves this summing over the matrix F;

vmax Which is potentially diver-

gent when the summing index m takes the k& value. The limiting procedures involved
in smoothing out the divergence are quite delicate and require careful consideration.
Thus here we shall only give the final result; the details may be found in [9],

(_l)er 2m Y 2n _1 |:a2mb2nl + b2ma2n71

Fy 1, =—

antam 2i 2m—(2n-1)
n+m (174)
@031 = 0,85, . (_1) Ayt
+ +i(F,—1)—F————
2m+(2n-1) } (Foo=1) L2m~2n-1
Comparing Equations (173) and (174), we see that
F;zven odd — (FT )even odd (175)

as expected.
To complete fixing the comma interaction vertex in the full-string basis we
and F,

still need to compute the remaining elements, namely F, el 2ml -

and F

2n—12m-1

n2m

The computation of the matrices F, involve two distinct

2n2m
cases. The off diagonal case is given by n#m and the diagonal case is given by
n=m. Though the off diagonal elements are not difficult to compute, the
diagonal elements are indeed quite involved and they can be evaluated by setting

and F

n=m in the defining equations for F, et 2t

om and then explicitly
performing the sums with the help of the various identities we have established
in [9]. An alternative way of computing the diagonal elements is to take the limit
of n—> m in the explicit expressions for the off diagonal elements. We have
computed the diagonal elements both ways and obtained the same result which
is a non trivial consistency check on our formalism. For illustration, here we

shall compute the diagonal elements by the limiting process we spoke of as we
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shall see shortly. But first let us compute the off diagonal elements. We first

consider F, , .

1 @ 1 o -1)"
Fyo :;szkZKM{"'EMsz } (2571—)
m=1

_1)3/2

0 -1
-3 (M{ +1M;j [lM{ +M2T}
m=1 2 2 mk

L) 1
Substituting the explicit value of (M ! +EM2T j and Eer +M] into the

above equation, we have

From Equation (88), we have

(176)

n n+k / /
F — (_1) azrl _( ) / (2k)1 2( )1 ’ aanZk +b2na2k
2n 2k 02k (2}’[)1/2 2 2n+2k
) (_1)n+k

z a2nb2mfl + bZ"azm" (177)
N5 = [2n—(2m—1)][2k—(2m~1)]

i aanZrn 1 b2na2m 1
,,,1[2n+ (2m-1)][ 2k +(2m-1)]

The difficulty in evaluating the sums arises from the fact in performing these
sums one usually make use of partial fraction to reduce them to the standard
sums treated in [9]; however partial fraction in this case fails due to a diver-
gence arising from the particular case when #n=m . Thus to carry our program
through, we first consider the case for which n# k. For n# k, partial fraction
can be used to reduce the sums in the above expression to the standard results
obtained in [9]. Skipping some rather straight forward algebra, we find
Fo (1) a,, B (_I)M 2k~2n |:a2nb2k +by, 0y 4 4y, by = by, }

V2n 2 2n+2k 2n -2k
(178)

Fv2n2k =

where n,k=1,2,3,---, and n#k. Substituting the value of F,, , which is
given by Equation (163), we have

(_1)n+k aznazk (_ )n+k (Zk)l/Z ( )1/2
F‘ZnZ/c =(E)O _1) 1/2 2k 1/2 - 2
(2n)" (2k) (179)
y |:a2nb2k +b,,a,, + 4,0y —b,,a5, j|
2n+2k 2n—2k

which is the desired result valid for n,k=1,2,3,--- ,and subject to the condition
n # k . Note that in this case we have
F =(F") (180)

even even

as expected. As we pointed earlier the diagonal element F, ,, may be obtained
by taking the limit of & — n in Equation (177). Hence

(_l)n a2" a2nb2n + bZna2n
E)Zn 72
(2n) 4

22 ~p
n\/’Z|: ay, —2n+ b Sa +a2n 2n —b, Sa}

2n2n =

(181)
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This result may be simplified further with the help of the following identities

derived in [9]

s, S;n-i- nfSZn,n>0 (182)
and
<5 1~ 1 b
s, :_ESZ” +Zn 38,,,n>0 (183)
Hence
—lnan a,,b,, +b,,a,,
FZnthzE)Zn(z) 1/22 - 42 :
(2n) (184)
211 1 TT b a a
_75[5((12)1‘9 +b2nS )+\/7(a2” 2n b SZ"):|

The generalization of the plus combination in the square bracket has been
considered before; its value is given explicitly by setting p=1/3 in Equation
(141)

2
bZnS;n +a2nS;n - 271 (185)

Using this identity, we obtain

(-1)'a,, 1 1 2143

F’2n2n _E)Zn T_EbZn 2n _5_? 2 ( 2nS§n _b2nS;n> (186)
Using Equation (163) to eliminate F;,, , the above expression becomes
ay,a,, 1 1 203 .
FvZﬂzﬂ :(FE)O _1)22—,/12_5b2na2n _5_? 2 ( 2nS§n bZnS2n) (187)
which satisfies the property
Frern =(F') (188)

as expected.

Finally we consider the matrix elements F

" woaq - From Equation (90), we

have

By =— Z|:

3 :| F’2n12k—l+iLF (189)
m=1 nm

o (2n )0

and F, are given by Equations (173) and (171)

02k-1

The values of F,, ., |
respectively. Hence, substituting the explicit value of M, and M. in (189)

and skipping some rather straightforward algebra, we find

(_1)n+k (FZ)O _1) Dy 1901

F'Zn—lzk—l = 3 (2 _1)1/2 (2k 1)1/2
+( )Hn V2n-IN2k-1a,, b,  +b,, a5,
2 (Zn—l) (2k—1)

(190)

2(_1)“” V2k—1v2n - i 2 byt + Dy
NG m 0| 2[2m—(2n-1) ][ 2m—(2k-1)]

_ @bri 1 =054
[2m+(2n-1)][2m+(2k-1)]
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Now there are two cases to consider k#n and k=n.For k#n, Equation
(190) becomes
F _ (_l)ﬁk (EJO _1) Ari1%u-1 n (_l)kﬂz V2n—1+2k -1
2n-12k-1 3 P12k 5

Ay, Doy by, Gy Ay, By =Dy 0

(2n-1)+(2k—1)  (2n-1)—(2k—1)

(191)

where n,k=1,2,3 and we have made use of the results in [9] to evaluate the

various sums. Thus for 7 # k, we see that

Fratoua =(F") ., forn#k (192)

For k=n, Equation (190) becomes

1
Fz;ﬂ -1 = E(Foo - 1)

a, .a 1
2n—1""2n-1
+—ay,.,by,
2n—1 2

2 (2n - 1) {bbz ]Ea(Zn nT a2n—lE~‘f(2n—l)

(193)

+
N 2

I:bZn |E(uzn 1) T %an- 1E(bz" I)J}

where we have made use of the results in [9] to evaluate the various sums

appearing in the steps leading to the above result. Using the identities
- 1
E7(2n71) =5 £, 1+ Tc\f 2n-1 (194)

£ L g

) T T By +— nsz»z 1 (195)

derived in [9], the above expression becomes
1
Fyian = E(Fz)o _1)

g3 a
+E(2n—1)(az,, 1E(bz,, 1) b2n |E(2n 1))

e T L PR 1 a, by i+ 1
2n—1 2 (196)

which is clearly self adjoint. Thus from Equations (191) and (196) it follows that

F i oaa :(FT)OddOdd (197)

as expected. With this result we, establish that F = F' as anticipated.
In the original variables, the comma three-string in (60) can be written in the

form

VHS> [ZpojVHS(a aa)|0),, (198)

where

ls3 o rogrs s
772’,?:1Zn.mzoaﬂr}—nmafm

VHS(a ol a*):ez (199)

The matrix elements F’ may be obtained by comparing (199) to (60). For
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example consider the terms involving a' and &’ in (60)

—l(lal C afm+§afc a J—(%Ezal F, a3m+§eza2 F, alm)

:_%alnBc_é(mﬂ)néﬁ(ﬂﬂ)}maZ,,, (200)
_%aznBC—%(F+FT>—1%J§(F—FT)L1al,,,

—nT nm " —m nm = —

1 1
Comparing this result with the terms ——a', %’ and -—a’,F.ld',, , we
2 2

obtain

F :%[(2C—F—I7)+i\/§(F—F)] (201)

F2 :%[(ZC—F—F)—i«/g(F—F)] (202)

where we have used the fact that F’ = F . Likewise one expresses the remaining
matrix element 7, in terms of the matrix elements C,, and F, and their

nm nm

complex conjugates. All in all we have

1 0 0 _ 11
]—'=%(C+F+F) 01 0 J{C—F;F] 10 1
00 1 110
(203)
0 1 -1
+i£(F—}7) -1 0 1
2
1 -1 0

which is the same result obtained in ref. [7]. Equation (203) gives completely the
comma interaction three vertex in the full string basis in the representation with
oscillator zero modes.

Sometimes it is useful to express the comma vertex in the momentum
representation. For a single oscillator with momentum p and creation operator

a', the change of basis is accomplished by
. _ _ _
|p)= eXp(—Epopo + oy + 4 Py —aWJIO) (204)

with |0> being the oscillator ground state. Thus using the above identity and
Equation (61) one finds the following representation for the Vertex in the
momentum space

1 00 . 00 . —
exp|——= Y. A4'C, AT - Y A'F) A

nm*"m n’ nm* m
n,m=0 n,m=1 n

0

0m~“"m

) < P 1= ’
AF, B~ Y P F;, 4] +5POFOOPO} (205)
n=0

where the prime matrices F are related to the unprimed matrices F,, by

1+ F,
Fpy=—% (206)
1- E)o
F
Fz)'n = - ’ l’l:1,2,3,"' (207)
1- 00
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F F,
F;:m:F;qm+ = 0m9 n,m:l,2,3,"‘ (208)
1_E)0

The property F’=1 in Equation (83) implies that in the momentum

representation, the F’ matrix satisfies

ZF F! =6, , n,m=1273, (209)

For n#0,wehave a' =o', /\/; , and so Equation (205) may be written as

)=[TT»; exp{ S oG, + Y pGre,

V.slﬂ)?'ll r,s=1

(210)

+_ ZP G63p0:| )123

rsl

where the matrix Gis defined through the relation
1 . 1
a;, =~
\/ n+9,, \/ m+o,,

(211)

The ghost part of the comma vertex in the full string basis has the same
structure as the coordinate one apart from the mid-point insertions

1 3
LS4 (2) . 3
7o) =27 (@ e a0, N, == : >4 (212)

where the o's are the bosonic oscillators defined by the expansion of the
bosonized ghost (¢(6),p¢ (o-)) fields and 7" <a¢’”,a“”2T,a¢’3+) is the
exponential of the quadratic form in the ghost creation operators with the same

structure as the coordinate piece of the vertex.

6. Conclusion

We have successfully constructed the comma three interaction vertex of the
open bosonic string in terms of the oscillator representation of the full open
bosonic string. The form of the vertex we have obtained for both the matter and
ghost sectors are those obtained in ref. [7] [8] [10]. This establishes the equi-
valence between Witten’s 3-interaction vertex of open bosonic strings and the
half string 3-vertex directly without the need for the coherent state methods

employed in ref. [1].
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