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Abstract

The notion of the holomorphic curvature for a Complex Finsler space
(M ,F ) is defined with respect to the Chern complex linear connection on
the pull-back tangent bundle. This paper is about the fundamental metric
tensor, inverse tensor and as a special approach of the pull-back bundle is
devoted to obtaining the holomorphic curvature of Complex Finsler Square
metrics. Further, it proved that it is not a weakly Kahler.
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1. Introduction

The notion of holomorphic curvature of a complex Finsler space is defined with
respect to the Chern complex linear connection in briefly Chern (c.l.c) as a con-
nection in the holomorphic pull back tangent bundle 7 (T'M) (here z
represented as projection). In [1], Nicolta Aldea has obtained the characteriza-
tion of the holomorphic bisectional curvature and gave the generalization of the
holomorphic curvature of the complex Finsler spaces which are called holo-
morphic flag curvature. After that in (2006) he devoted to obtaining the charac-
terization of holomorphic flag curvature.

In complex Finsler geometry, it is systematically used the concept of holo-
morphic curvature in direction 7. But, the holomorphic curvature is not an
analogue of the flag curvature from real Finsler geometry.

This problem sets up the subject of the present paper. Our goal is to determine
the conditions in which complex Finsler spaces with square metric of holomor-

phic curvature. As per our claim, we shall use the holomorphic curvature of
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complex Finsler spaces, with respect to Chern (c.l.c) on 7° (T ’M) (definition
(2.4) and (2.5)). We shall see that the fundamental metric tensor g; and its
inverse are obtained (see in Section-3). Moreover, we determine the holomor-
phic curvature of complex square metric (theorem (4.3)) and some special prop-

erties of holomorphic curvature are obtained (proposition (4.4)).

2. Preliminaries

This section, includes the basic notions of Complex Finsler spaces.

An R -Complex Finsler metric on M is continuous function F:TM — R
satisfying:

1) L=F? isasmoothon 7'M /0;

2) F(Z,I]) >0, the equality holds if and only if 77=0;

3) F(z,An,Z,A7)=|A|F(z,n,Z,77), forall AeR.

Let M be a complex manifold, dim M =n and T'M the holomorphic tan-
gent bundle in which as a complex manifold the local coordinates will be de-
noted by (zk " ) The complexified tangent bundle of 7'M is decomposed in
T.(T'M)=T'(T"M)®T"(T'M ), where operator @ becomes direct sum.

Considering the restriction of the projection to 7'M =T'M /0, for pulling
back of the holomorphic tangent bundle 7'M then it obtain a holomorphic
tangent bundle 7’: 7" (T™M)— T'M , called the pull-back tangent bundle over

*

the slit 7'M . We denote by iA ,ik , the local frame and by {dz*k,df*k}
oz" oz

the local frame and its dual.
Let V(T'M)=kerm. —T'(T'M) be the vertical bundle, spanned locally by

{66 - } A complex nonlinear connection, briefly (c.n.c), determines a supple-
n

mentary complex subbundle to V(7'M ) in T'(T'M), that is

T'(T'M)= H(TM)®V (T'M).

The adapted frames is ik=ik—N,fi, where N/ (z,77) are the coeffi-
oz° 0Oz on’
. - o 0
cients of the (c.n.c). Further we shall use the abbreviations ¢, = 5 0; = P
z n
5 0 . .
0. =——, 0; =——, and their conjugates [2] [3] [4].
oz on’

2

On 7'M, let gz = be the fundamental metric tensor of a complex

on'on’
Finsler space (M,L = F2) .

The isomorphism between 7~ (T 'M) and 7'M induces an isomorphism of
7 (T.M) and T.M . Thus, g; defines an Hermitian metric structure
G(z,n)=gdz" ®dz™ on 7z (T'M), with respect to the natural complex
structure. Further, the Hermitian metric structure G on ﬂ*(T 'M) induces a
Hermitian inner product # (5, 7/) = ReG( ;(,;7) and the angle
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ReG(x.7)
I2ll7]

for any y, y the sections on 7 (T'M), where ||;(||2 :";7"2 =G(x.x) (for
details see in [5]).
On the other hand, H (T 'M) and 7 (T 'M) are isomorphic. Therefore, the

structures on 7 (T.M) can be pulled-back to H(T'M)® H(T'M). By this

isomorphism the natural co-basis dz*/ is identified with dz’. In view of this

cos(x7)=

constructions the pull-back tangent bundle 7" (T'M) admits a unique complex
linear connection V, called the Chern (c.l.c), which is metric with respect to G
and of (0,1)-type.

o\ (z,n) =L, (z,n)dz" +C}, (z.n)6n"; (2.1)
The Chern (c.l.c) on 7 (T'M) determines the Chern-Finsler (c.n.c) on (7'M ),
i 08,

jm
k
z

with the coefficients N, =g n’, and its local coefficients of torsion and

curvature are

Tj’k = Lij,k - L’}g.; (2.2)
R;'}Tk ==6,L; —6; (N,i )Cj.,; o-j.,;k =-6.C'jk = 0';:,;].;
Li mi 5gjm . Ci mi ngﬁ
=8 oLk ot

f)ji}?lc = _821‘[/1{ —6; (N,i )C;p, S‘l/.‘ﬁk = —SEC;,{ = Si—

khj *

The Riemann type tensor

R(W,Z,X,5)=G(R(X,7)W,Z),

has properties:

v a v iz j kxsh . — pl .
R(W,Z,X,Y) =W'Z'X'Y" Ry Ry = Ry &5 (2.3)
i = Rep = R = Ry
R =Ry, then Ryp =Rop =R ..

According to [2] the complex Finsler space (M,F) is strongly Kahler if and
only if Tj’k =0, Kéhler if and only if ij'knj =0 and weakly Kéhler if and only if
gl.TT;knjﬁl =0. Note that for a complex Finsler metric which comes from a
Hermitian metric on A7, so-called purely Hermitian metric. Thatis g; = g; (z) ,
the three nuances of Kahler spaces consider, in [6].

The holomorphic curvature of F in direction 77, with respect to the Chern

(c.Lc) is,

(o 2R T T) 270y
F s . G2 (77, 77) LZ (Z}]]) ’

(2.4)

where 7 is viewed as local section of 7 (T 'M), thatis n=n' i, Further on,
Z
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we shall simply call it holomorphic curvature. It depends both on the position
ze M and the direction 7.

Definition 2.1. (7] The complex Finsler space (M,F) is called generalized
Einstein if R;, Iis proportional to 1, that is if there exists a real valued func-
tion K(z,1), such that

R].k :K(z,n)tg, (2.5)
) i—h 1\ =h ) _ oL
where Rj = R =—g;6; (Nk)n s U .:L(z,ry)gkj—. /TR ;W ,
_ oL
n = PP

By finding the Chern (cl.c) on 7. (T'M) determines the Chern-Finsler on
o 0g.
T'M , with the coefficient N, = g””%n’ determines, we need to find the
z

fundamental metric tensor followed by the invariants are given below:

Now, from definition of Complex Finsler metric follows that L is (2,0)
-homogeneous with respect to the real scalar A and is proved that the follow-
ing identities are fulfilled in [8].

oL . OL . _. OL
—_— 1+—_:2L; i "+ = ' = ~y (2.6)
PR & & =5
oo, . Og, _. dg. . g _.
By B < By B2, 2.7)
on’ on’ on’ on’
2Lgn'n’ +gzn'n’ +2g;n'n (2.8)
where,
g _aZ_L_g _azL.g oL
ij ninj’ ij niﬁj’ ij (3771677‘/

Here, to find the inverse of fundamental metric tensor g; we use the fol-
lowing proposition.

Proposition 2.1. Suppose:
. (Ql..) is a non-singular nxn complex matrix with inverse Q”';
e C and C.=C,,i=1,--,n arecomplex numbers;
e (= jSCj and its conjugates; C*:=C'C, =C'C:; H;,=0,+CC,.

Then,

1) det(Hij ) = (l +C? )det(Qij) (Here, det indicates determinant),

2) whenever (li c? ) # 0, the matrix (Hl./.) is invertible and in this case its
1

Ve c'c’.

inverseis H' =Q” +

3. Notation of Complex Square Metrics

The R -complex Finsler space produce the tensor fields g, and g;. The ten-
sor field must g; be invertible in Hermitian geometry. These problems are about

to Hermitian R -complex Finsler spaces, if det(g[f # 0) and non-Hermitian
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R -complex Finsler spaces, if det( g * 0). In this section, we determine the
fundamental tensor of complex Square metric and inverse also.

Consider R -complex Finsler space with Square metric,

L(a,ﬁ)z M (3.1)
a
then it follows that F = M .
a

Now, we find the following quantities of £
From the equalities (2.6) and (2.7) with metric (3.1), we have
al,+pL,=2L, aL,, +pL, =L, (3.2)

al,y,+PLy =Ly, &L, +20fL,,+ Ly, =2L,

where
oL oL L 0L 0L
La_g’ Lﬂ_ﬁ’ aﬂ_aaaﬁ’ Laa_aaz’Lﬁ _aﬂZ' (33)
Lo 4(a +2|/3|) 2(a +3|ﬂ|) ’ )
(04 (04
2at
L. = —, (3.5)
" (a-p)
L, :2(“@] [_3|/32| _MMJ, (3.6)
o a o
ﬂ 2
Ly, =12(1+gj , (3.7)
L, :4(1+|£j [I_MJ, ()
[04 [04
al,+pL, =%F[a_|,3|+za|ﬁ|], (3.9)

al,, +pL, :i_f[4a3 +814[ —alpl(2a+3]A)+4alp . (310)

We propose to determine the metric tensors of an R -complex Finsler space
using the following equalities:

_O’L(z,n,7,7]) _O’L(z,n,2,A7)

gi/ 67’]1677/ ’ g’j 877'677/
Each of these being of interest in the following:
Consider,
0 1 . . 1 0 1
iz—(ayn/ +aF771)=_’ _ﬂ_z— )
on' 2« / 2l " on' 2
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% ) i(“ﬁﬁj ragn’) ===

where,
/= (al-jﬁj 4 ai7777)9 I = aﬁﬁi +0577i'
Then, we can find,

In' +Lip’ =20’

We denote:
2
g=lb_ 0 pr_pp 0 & |
on' on' on'\a-p4
1m; = poli + Pib;
where
g
po=—a L, (3.11)
2
and
1
A =71 (3.12)
Differentiating p, and p, with respect to 7’ and 77/ respectively, which
yields:
ap,
on’ =Pl +p.b;,
and
9Py
o = pol; + pibs.
Similarly,
0 0
il‘ =10 + b, 4 = Pl + by,
on' on'
where,
alL,, , L L
aa—Ly ap BB
e A 3.13
Pe= s > Pa= s =, (3.13)

By direct computation using (3.11), (3.12), (3.13), we obtain the invariants of
R -complex Finsler space with Square metric: p,, p,, p_,, p_, are given be-

low:

1 J4(a+|B) 2(a+|B)

4
b

= (3.14)
' 2a a’ a
2(a+|pl)
p =, (3.15)
a
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N =2a[l+mjz[3|ﬂz|2 _2|ﬁ| +4J_4(a+2|/3|)3 X 2(a +3|ﬁ|)4 -
a

a a a a
(A
a a
P, = , (3.17)
a
o :3{1+|£J . (3.18)
a

Fundamental Metric Tensor of R -Complex Finsler Space with
Square Metric

The fundamental metric tensors of R -complex Finsler space with (a, ,6') me-

tric are given by [9]:
85 = Poay + Pl + b, + py (bil, +b1;) (3.19)

By using the Equations (3.14) to (3.18) in (3.19) we have

g 25{2(1+M]—F}aij
a a

+aF {8’ —4a’ +2a|B|(3| B+ a)—-4a’ |B|-9a ||+ aF |11, (3.20)
+3F2_a2 _2a|ﬂ|bibj+ a—22|/5’|
a(a-F) 2F (o +|p)) (2~ +]8))

g5 :E{Z[I+MJ—F}%
a a

+aF {8a’ —4a’ +2a|B|(3| B+ @) - 4o’ | f| - 9at| B+ aF } 11, (3.21)
+3F2—a2—2a|ﬂ| a-2|4|
ala=F) "7 ap(a® +|g]) (2-a* +]8))

nn;-

il

Or, equivalently,
g; =Aa,; +Bll,+Cbb, +Dnn,, (3.22)

g7 = Aaz + BlI; + Cb,b; + D5, (3.23)

y :E{Z(HHJ—F}, (3.24)
(04 (04

B=aF {8’ —4a’ +2a|B|(3| |+ a)-4a’ | B|-9a|p|+2aF},  (3.25)

where,

_3F -’ -2a|f|
Com @) (3.26)
a-2|f| (3.27)

D= .
2F(a2+|/)’|2)(2—a2+|ﬁ|)
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Next to determine the determinant and inverse of the tensor field g;
through the theorem below by using Proposition (2.1). The solution of the
non-Hermitian metric Oy as follows.

Theorem 3.2. For a non-Hermitian R -Complex Finsler space with Square

(«+|8)°

metric F =-————, then they have the following.
a

1) The contravariant tensor g” of the fundamental tensor g, is:

gﬁ- _ 6(4 Aaﬁ[ aFB
Fla(a+|pl)-a' -alpl(pl-2a)f| | & +aFBu

c(o:FBe)2 i +£bib7 .

FBCe
5(0{3 +0¢FB,u)2 g §(1+Bu

)(b"nf" +n"b7) (3.28)

M*n'n’ +MN(7]ib7 +bi777)+N2bib7
+ b
L

CB*¢ BCe
/u+ 2
1+Bﬂ s(1+Bu) 5(1+Bu)

where

(3.29)
and Y = < —BCE#
5 5(1 + B,u)
det(a +pll; +qbb; +rnn )
2) Be®
:[1+(X,u—Ye)\/B:| I+o+ s Ba (1+B,u)Adet(ql.j—.)
-2
where, D= a 5 |ﬁ| .
2F(a2 i )(2 ~a’ +|4])
Proof. We prove this theorem by following three steps:
Step 1: We write g from (3.21) in the form.
87 = [Aa;. + Bl + Cbb; +D771.777:|. (3.30)

We take Ql] =a; and C, = =/B. BI;. By applying the proposition 2.1 we obtain

0" =a", C CCI VBI,xQ" xC, =Bl xa” x\[Bl, = Bxl,a’l, = By , and
1+C* =(1+By).

So, the matrix Hi]- = Aal.j—. — Bll.l7 , is invertible with

= - 1 g
H" = da” + ———n'n’
1+AB,u7777

a’et(Aa[7 + Bl,.lj—.) =(1+Bu)= Adet(ai).
Step 2: Now, we consider
0, = Aa; +BIl,and C, =-/Cb,,

By applying the proposition 2.1 we have
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O = Ad’ + Bin
1+ ABu

- _ inl -
C*=CC =07 xC. =Ch,| Ad” + DT Jcp7 |,
/ 1+ ABu

2 ).
¢ =C| Ao+ .
1+ ABu

Therefore,

2
1+C? =1+C[Aa)+ Be }to,

1+ ABu

where, e=bn’, w=>bb.
It results that the inverse of H;; = Aa; + Bl[; + Cbb; exists and it is

N
H' =0 +— (',
© 1+ C?

- - n/ 1+ AB 1+ 4B
H" = Aa” + Birn + a a

, (3.31)
1+ ABu T
= - 2 2 i 7
Hﬂ=mw+L jB-+ Fee JWW
+
H r(1+AB,u) (3.32)
B—&(bqu +b7n")+£bfb7 ,
1+ ABu T
where,
2
0=1+C| Aw+ Be s
1+ ABu
and,
det[ Aa; +BIL; +Chp; |=|1+C| Ao+ Be (1+ 4B ) Adet (a; ).(3.33)
Y ! / 1+ ABu Y
Step 3: We put
O, = Aag + BLL- + Cbb;, (3.34)
and
G = \/5771‘,
clearly observe that and obtain
= - 2 2 . -
Qﬂ::Aaﬂ+(1 jB " fBJL j’ /
+ABuw(1+ ABu) (3.35)
,BCe (b +b7n' )+ €y,
1+ ABu 1+ ABu
and C, = Xn'+Yb’, where
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pgc

2 2
X =1+ B + B Ce > | (et
1+Bu 5(1+p,u)

C BCeu
=—+—.
& 6(1+Bu)

And

C* =(Xu+Ye)VD,

CB*¢’

BCe

S(1+Bu)

1+C? {Aaﬁ +( B

clearly, the matrix Hj; is invertible.

- C[b’+ Ben
C' = Ada” + B’ + L+ By

2

+ + + ¢
1+bu 5(1+B,u) 1+Bu 1+B,uJ

Ben’
1+Bu

(3.36)

(3.37)

«/B;&O,

1+ ABu

and

Ben

o

C’ = da” +

_ C|b+ ’ b+
Bn'n’ . { 1+Bﬂ}{

j

Ben'

= ’779

1+B,u:|

1+ ABu

where

)

C'C7 =X’ + XY (' +n b )+ Vb

U

Again by applying Proposition (2.1) we obtain the inverse of H; as:

2
0T = 4a7 4| @FB C(aFBe)

—n'n’ +

a3+F0‘Bﬂ+é‘(a3+FaBﬂ)

FBCe

o

Cpipi

(3.38)

Xn'n’ + XYn'b) +b'n’ +Yb'b’

+5(1+Bﬂ)(bi’7j+b7’7i)+

det( Aay + BLL +Cbb; + D )

i
2

:[1+(Xy+Ye)\/5J{l+Aa)+ Be

1+Bu

L

But g; = AH;,with Hj from last step. Thus

i1

=—H.
&7

}(1+B,u)det(aij).

(3.39)

(3.40)

Therefore, from Equation (3.38) in Equation (3.40) and the Equation (3.39),

then we obtained claims 1) and 2) are desired.

]

4. Holomorphic Curvature of Complex Square Metric

The holomorphic curvature is the correspondent of the holomorphic sectional
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curvature in Complex Finsler geometry. Our goal is to find a notation of Com-
plex Finsler spaces with square metric. By analogy with the naming from the real
case [10], we shall call it the holomorphic flag curvature and we shall introduce
it with respect to Chern-Finsler connection (c.n.c).

The holomorphic curvature K, (2,77) depends on the position zeM
alone. In view of definition (2.1) we obtain the holomorphic curvature of Com-
plex Finsler space with square metric if R =-g;d; (N ! )77 ", where, N; is the
Chern-Finsler connection coefficients.

To find Riemannian curvature Ry > we need the Chern Finsler connection
(c.n.c) coefficients. Now, by direct computations, we get the Chern-Finsler (c.n.c)

connection coefficients;

4 C(aFBe)
Ny -2 i afB + ( )

(a8l @’ +FaBu  §(o* +aFBu)

- C .-
W +=bb
'+

M277'4777 +MN(77"b7 +b’777 + szibj)

FBCe - S
+—————(b'n’ +bin' )+
5(1+B,u)( 7 b L
o’ 4, —A(A(3 an'n’ )] PR (4.1)
2 P +2| = ypb
X pE az — ( z)i7+ P 30,05

+(a4—2a3|ﬁ|)Ag—a4(A5) |
(4. i

where
A=20"+2|p" +20° | B +8a° | p|+8a|p —o +3a|p|
-2a’ |,B|2 -3a* || -4a’ | B+’

3 3 4
4 :[4052 +2|8] +12a|ﬂ|+ﬂ—%+%ﬂ—3a|ﬁ
o [04

|2
+2a” |,8|—|,B|j77"77f +(8|/y’|3 +40>| Bl +8a’ + 2407 | B
+2a|pf ~4a’ |B|-3a" ~4a’ +5|[' )

4, :(1za2 —4a+3|p] _a|ﬁ|_6a2|ﬁ|_9|p|+a+z|ﬂ|)nfn7
+(12-20 —4a’ -4|B|)n’

4, = (30" +al|Bf +3|pl)n'n” +12(|p +3a ||+ 3a||)n'

4, =4a” -2a* +40° |’ +120°| B +8a° | B|+16a*| B’
+2a? |ﬂ|4 +4a° |ﬂ|—2a4|ﬂ|+8a|ﬁ|4
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18
A =] 240° +14a° — 4o’ +2|p|" +47
a

+|/7’|+10053 |,B|2

+18a| B[ 207 | B[ +20a° | B+ 4 |B| |n'n’

+(8a6 +120° +4a +2a" +32| [ +10|8[' +36a° |ﬂ|2)77"
A =20’ +3a|Bn'n’.
Observed that the Equation (4.1) can be expressed by the identity as:
Nj = Re(N, )+ Img(N}), (4.2)

where,

M? at =20’ |pl A, -4, (4 -
A, { A4 4, 5)},7,,7.,
(4,)

a4

—_\a - +—
<a+|ﬁ|>2[ w50 51 57

+%(n"b7 +0'n’ + N*b'bT )~ F (4,)1];

iy
4 _ 3
%MJ A;bibj}
[04

Now using Equation (4.1) and ( gﬁ )on R; (see definition (2.1)) we get the
Riemann curvature tensor Rj—.k as,

Img(N,i): (b"77~7 +b777i)

CC4

Rjk =—2{D17 +D18 +D19 +D20}(b[b71il_7)ﬁh +{D41 _D42 _D43
(@+|4)
+ Dy + Dys + Dy = Dyy + Dy + Dy + Dy + Dgs + Dsg + Ds; + D
+ Dy + Dgy + Dy + Dy + Doy + Dy + Dy + Dy + D170}(77i7771il]‘)77h
+{D21 +D95 +D173}(77ib71f17)77h +{D120 +D121 +D231 _D232 _D233
+ D3y + Diyys + Dy = Diyyy + Doy = Dy + Dyyy + Dyyy + Dy + Doy

+Dyys + Dyyy + Doy + Doy + Dysy + Doy + Dyss + Dysg + Doy + Doy (4.3)
+ D,59 + Dygy + Dygy + Dy, + Dy } (Uibi + bi’]'j )ﬁh s

where
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F?A4.BC XYFA
D,, =CFA,, Dy = N°FA,, Dy =——2"=< p ="
5(1+Bu) L

3ABCF’e o’ ABX*F

B 26at <a2 +Bua® +FB,u+FB2,uZ)’ e L(oz3 +FaB,u)’

D,

_ 3X’4B 3XYAB

43 = =

2(a3+FaB,u)’ 44 2(a3+FaB/1>,

4 (a* —20*|B]) - 4,4, 5 3V’ ABF

Af(of—i—FaB,u) T 2(a3+FaB,u)’
XYA FB ACBF

D, = i P —
Y & +Fa+FaBu " 5(a3+FaBy)

45

_ CF’a4, _N*F’4B _  XYaF’4,B

- 5(0{3 +FaB,u)’ o araBu
2Ca’F*Bed? (a—F) 2(a*F*B’ -a’B'F)
é‘(of +F0:By)3 T

7 L(a3 +FaB,u)’

53

58

(o +FaBu)
2 2
Dy, =24,a° (a—F),D,, = ¢ IZAZ , Dy, = Y FAC
S s
_F?4,BC¢ _ C(aFBXe) FA,  X'F4,
s 5(1"‘3/”) T 5L(0{3 +FaB,u)2 T r
CX*F4, _XF, 20 (aFBe)’ (a=F) ,

Dygy=——, Dy = > Hog = 35
oL L o’ (a3 +FaBy)2

>

>

XYFCA, _ X°YF4, _ 3XYAFBCe
T 2as (14 Bu)
((a4 ~2a°|3)) 4, —A4A5)FBC6 4(FBXY)

5(A4)2 (1+Bu) P La(a® + FBu)'

3ACXY (FBe)’ 3CAXY . 3FBCXYAe
U 2a’L TP SL(1+Bu)2a’’

D21 = I 9D95 :L—ﬁ’ 173 = I

121 —

u 2055L(0¢3 +faB,u)

a’AX’Y _3X°Y4 _3X°Y*4
207 2L 0T 20l
4 3 !
_ XY(a —2a |ﬂ|)A4 — 4,4 _ACXY
D238 - 2 > D241 -
(4,) dalL

D, =

>

XY?4 aF?BA, XY CXY (aFBe)" 4,
D242 = 5 D243 = s D244 = 5
L a’+FaB 3 2
H SL(a’ +FaBy)
2 2
M*NFA, XY?FA, 20XY ((@FBe)' @’ (a - F))
I > D246 = 2 s Loy = R )
SL(a’+FaBy)

22X (a-F) (@20 |5l 4;) - 4,4,
T L(A.)

D,y =

s Lhsa = >
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CXY (FaBe)’
D, = : (Fa 62) 2(oﬁ—2oc3|,3|)A;—A4AS,
SL(a’ +FaBu) (4,)
FBCeXY P ,
D,. = -2 Al — A, A,
256 5L(a3+FaB,u)(a4)2 (0! o |,3|) 4 4475
Xy

hs7 = m(a“ _20{3 |IB|)A£ — A4A5.

Notice that, on contracting with (n)h in g’. We get the above coefficients
D-tensor.
Again, by using Chern-Finsler connection coefficients, we get the coefficients

of torsion.
T} = Da; +{Dy + Dy} a’b'n’ +{Dy, + Dy, }a"b'n'5)
+{D,+D,}" by I8! +{Dy + Dy, }a’ by’ 51 +{ Dy } n'b'1 jn'

+{Dy; + Dy, + Dygs + Dy } 870 +{ Dy } ' +{ Dy + Doy } by’ LI
+{Dy} 11’ b’ll.17 +{D, s + Dy } n'b’ +{Dy ;s + Dy}, } b'np’

{Dlzé}nibjbibj + {D127 } n'b’b’n' + {Dlzg}bib/ay—.binj

(Do} ' azh’n’ +{Dyyy + Dy} (n'b,bm’ +1'n’bn' )6

{Diss}

{Dias}

+

+

+{Dys} (7B L0 + 0B LD 0 )+ { Dy (/b b’ +0'n’ 5 )

+{D,,} 6/ (b’n +b'n,b'n’ )+{D150 +Dy5,} 57 (b"n,.b"nj +bibj)
+{D23o}7777 77bj { 231}[71.77]""{ 232}77i77'jbi /

+{ Dy} 'b 11 (;7 b +b f) (D, }a"bb- (nibf +bf77f') (4.4)
{

+{Dygy + Do } 5/ (b'n0'b" +b/n'),
where,
34 M*(a* =2al|B|4; - 4,4
D1:g, ng:DzszT( Af4 - >
FBCe [a4—2a|ﬂ|A;—A4A5J
Dy, =Dy, = 5 2 >
(1+B/J) A4
MN (o' —2a|p| A, - 4,4
D32:D33:T( |A|z4 : SJ’
4
MNF*A,aB a'-a’F
D56:D57:3—2’ 60:2‘43[ ]’
L(a +FaB/1) a
N*aFB(a’ —2a | | 4; - 4,45) AC
B L(a’ +FaBu) 4} N ba
M*N|( a4, -2a|p|4; - 4,4
Dy = 2 2 ’
i (4,)
CM* [ a4, —2a’ | Bl 4; - 4, 4 aF?BC4,
Dy = 2 » Dy = 3 ’
5L (4,) (o’ + FaBu)
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2C? (ozFBe)2 (a2 —a3F) 2C(a4 —a3F)
9% — > s Log :—A3,
52(1(0{3 +FaB,u) Jar
(¢ —a’F)FB 3AFBCe 3AMN

Dy, =2

4;, Dy =

sa(a’ +FaBu) 206351+ Bu)’ " 2a°L

__34BCeF o AFBCe _ 3N’AFBCe
U 2as (14 Bu)” T 2a(+Bu)’ P 2a8(1+ Bu)’

MNA,FBCe AC’FBe N*F*4,BCe

T Las(1+Bu) P Sa(+Bu) Y 60+ Bu)

_ F?4,(BCe)’ _ MNF?4,BCe
s (1+Bu) T LS(1+Bu)
2(FBCe) (e -a’F) 5 FBCE (a* =20 |B|) 4; - 4,4,
O sa(ieBuy Y S (+Buy(4,)
5 MNFBCe(a* 4, - 20| B|) 4; - 4
s L5 (1+Bu)(4,)
(FBCe)' (a* 4; — 20| B]) 4; - 4, 4, AMN
Dys, = 2 > Fas0 T >
(1+Bu) (4,) La
_ 34MN A4 (FBMN)
B gL _La(a2+FB,u)’
2CMN (aFBe) (a* -a’F) 2CMN (o' —a’'F )
238 — > sz D251 = 3 As’
5La(a3 +FaBu) 5a
M’N? (a* -2a° | B)) 4 - 4,4, FBCeMN (a* —2a” | B|) 4, - 4, 4
D, = Dy = :

2 (4,) SL(1+Bu)(4,)

Theorem 4.3. The holomorphic flag curvature of Complex Square metric

= (MJ is given by,
o

KF(Z,77):az(a+|ﬁ|)zﬁjrykRe(N,€), (4.5)

where,

4 2
N = a : aFB . C(aFBe) 2 i
(a+|)’ || & +FaBu (o +aFBu)

3 3 7
a AI—A[A(an n’
M’ 2 P

L a’ 4 (1

M? at =2a° |plA, -4, (4)| . -
+—77i77,{ P14~ 4, 5)}77’77’]

+

L (4,)
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Proof. From Equation (4.2) plugging into (2.1), it yields.

2 a7
Kp(zn)=—(2n)g; L&, (M) [ (4.6)
where, N; isin Equation (4.1).
Then, comparing (4.6) with (4.2) we get (4.5) as desired. O
2
. (@~+[8) o
Proposition 4.4. If F =| ———— | be Complex Square metric of dimen-
a

sion n>2 with non-zero K, (z,n), then it is not a Kéhler and not a weakly
Kiéhler.
Proof. Observing Equation (4.3) Tj’k is non zero and since by definition it is
not a Kahler. Further, on contracting T, by 7/, ityields
Tj"knj #0.

Therefore, it is not a weakly Kahler. o
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