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Abstract 

The purpose of this paper is to develop a valuation model for projects, expli-
citly taking into account the combined effects of taxation and the risk of ob-
solescence. In the modelling process it is assumed that a project’s pre-tax net 
operating cash flows follow a geometric Brownian motion with a declining 
trend parameter. Obsolescence risk is introduced by means of a Poisson 
jump. The risk effects on the tax on flows and tax savings through tax depre-
ciation are then evaluated separately. Through sensitivity analysis it is dem-
onstrated that the expected time to obsolescence can have a more dramatic 
effect upon valuation than moderate changes in tax depreciation rates and 
corporate tax rates. This is the first paper ever that realistically models obso-
lescence risk within the context of taxation. The model can be applied to a 
wide variety of industrial sectors such as oil & gas; shipping; real estate; in-
formation technology; telecommunications and new energy. 
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1. Introduction 

Within a purely accounting and finance context, obsolescence is associated with 
an asset becoming increasingly out of date due to technical and commercial fac-
tors. It can be distinguished from depreciation due to the fact that obsolescence 
originates from events occurring in the firm’s environment that are often 
beyond the control of the firm. Depreciation is the wear and tear or the using up 
of an asset. The obsolescing of an asset occurs regardless of whether an asset de-
preciates or not. 
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Obsolescence is related to the decline and replacement of useful assets so that 
ultimately firms can survive within a harsh competitive environment, in the 
long-run. The importance of obsolescence risk and its quantification has been 
largely ignored in the research literature. This is despite the crucial role in which 
the assessment of obsolescence risk plays in virtually every decision made within 
the firm in one form or another. Obsolescence is a fundamental trait of all sys-
tems. All systems, undergo a “lifecycle” and are ultimately replaced by new sys-
tems. Indeed, all systems are subject to wear and tear (or depreciation) and un-
less maintained fall into disrepair, but a system that is maintained can still be-
come obsolete. (NB systems that are not maintained undergo “entropy” and be-
come disorderly). 

The two main forms that obsolescence can take are technical and commercial. 
“technical obsolescence, that is, the process of becoming increasingly 

out-of-date and, on a comparative basis, inefficient as a result of technological 
advances and improvements” “commercial obsolescence, that is the process of 
becoming redundant through a fall in the market demand for the goods or ser-
vices in the production of which the respective assets are used” [1]. For the pur-
pose of this theoretical valuation paper, we define obsolescence risk as the risk of 
asset becoming out of date within a future period of time. 

It is hoped that the generic valuation model developed in this paper could be 
used within a variety of business contexts where there is the risk of obsolescence 
such as oil & gas; shipping; real estate; information technology; telecommunica-
tions and new energy. In this regard, obsolescence risk is inherently related to 
the lifecycle of an asset which is brought about by technical and commercial 
factors. With regard to the strategic management literature, Vernon [2] was the 
first to analyze the growth of international trade to be driven by product lifecycle 
parameters. Further, within a multi-national context, Vernon [3] has also ap-
plied the concept of obsolescence to the bargaining power a multinational en-
terprise has with a host country government. When a multinational mining firm 
first enters a foreign territory, it is in a very strong position to accumulate bene-
fits from host country governments in the form of preferential tax treatment and 
subsidies. Vernon terms this an “obsolescing bargaining” approach to multina-
tional decision-making. Thomas and Worrall [4] have extended Vernon’s [3] 
observation of the obsolescing bargain and propose that the expected future 
discounted returns to a multinational company decline over time. 

The key variables which influence the degree of obsolescence risk of an asset 
will vary according to asset type, environmental influences and the extent to 
which an asset has been maintained. If the upkeep of an asset is not maintained 
over time then it will obsolete at a faster rate than if it were maintained. Firms 
that are in a high technology industry with a high rate of environmental flux are 
likely to have assets which will become obsolete at a faster rate than firms that 
are not. Therefore, obsolescence is related to asset-specificity. 

The rate of obsolescence is affected by technological factors as well as prevail-
ing economic conditions. Technological obsolescence is very apparent for the 
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telecommunications industry in particular where there has been an enormous 
growth in digital communication. For example, in Australia, the government has 
been phasing out the analogue mobile network which ceased to exist in July 
2000. The Australian Federal government has increased competition within the 
telecommunications sector by reducing the cost of smaller telecommunications 
companies having access to Telstra’s network which will have a long-run effect 
upon profit margins. This “opening” up of the telecommunications industry to 
greater competition thus increases the rate of economic obsolescence. 

It may be argued that the payback method is a useful technique for telecom-
munications because of the high rate of obsolescence associated with this indus-
trial sector. This argument revolves around the assumption that the obsolescence 
horizon is short and errors in using the payback period by not taking into ac-
count the time value of money is lessened. With the payback approach, the ob-
solescence event is assumed to occur within a short interval beyond the payback 
period which may not be true. The payback method has been heavily criticized 
because it does not take into account the time value of money. Although the 
discounted payback method does take into account the time value of money, the 
obsolescence event is not incorporated into the decision tool because the nature 
of the cash flows beyond the payback period are not modeled. Our model in-
corporates obsolescence as a Poisson event. Payback does not incorporate the 
randomness associated with obsolescence. The model may be considered supe-
rior to the payback method because it takes explicit account of the obsolescence 
risk and its inherent effect on valuation. 

Obsolescence is sometimes used synonymously with abandonment. Aban-
donment of a capital-intensive project may be due to many factors other than 
obsolescence. These may include expropriation or confiscation of assets by an 
authority external to the firm other than substantial negative net present values 
being generated by the project. In financial accounts the costs of abandonment 
are considered as an extraordinary item [5]. 

Although we acknowledge that abandonment may be connected with a project 
becoming obsolete due to commercial or technical reasons, we do not take this 
approach because the abandonment value of the project depends upon the year 
of abandonment being known to the decision-maker. It is also noted that aban-
donment is not adequately described or treated in Australian Accounting Stan-
dards and is only referred to in relation to extraordinary items. 

For a project, obsolescence can have dramatic effects upon the operating cash 
flows. Furthermore, if an asset is suddenly scrapped this can have dramatic im-
plications for tax write-offs. So tax benefits may result from obsolescence. This 
paper is aimed at incorporating into the capital project appraisal the risk of ob-
solescence and the consequential tax effects. 

In capital project appraisal, tax effects can have an influence on cash flows, 
through tax payments and savings through capital allowances (see, for example, 
Mole [6] and Moon and Hodges [7]). There are also tax effects on the discount 
rate, the implications of which have been evaluated by Ashton [8], within the 
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framework of the capital asset pricing model. Combinations of projects can re-
sult in different marginal tax rates and can be optimized by using mathematical 
programming (see, for example, Berry and Dyson [9] and Farrar [10]). Empirical 
evidence from survey work and case studies have shown that tax is often not sa-
tisfactorily dealt with in the evaluation of UK projects (Morgan [11] and Hodg-
kinson [12]). As to multinationals, Hooper [13] found, in his comparative sur-
vey, that US multinationals placed more emphasis on the allocation of assets and 
liabilities in an overall tax minimizing configuration than UK multinationals. 
Across Europe, Pointon, Farrar and Tucker [14] have simulated the relative tax 
incentives to capital investment, whilst Pointon [15] introduced a stochastic 
harmonized tax rate. 

It is upon the aspects of stochastic modelling that this paper will also focus. 
Following methodological expositions by Dixit and Pindyck [16], Pointon [17] 
developed a lease evaluation model subject to tax rate risk. Boston and Pointon 
[18] have built stochastic valuation models for technological leaders and follow-
ers, in the absence of tax complexities. Pointon and Hooper [19] have modelled 
the effects of stochastic exchange rate movements and a Poisson jump expropri-
ation risk on a multinational capital project, whilst Pointon [20] has evaluated 
share price implications of a Poisson jump caused by either a bankruptcy or 
takeover. Modelling economic variables by Itô processes (Itô [21]), particularly 
with regard to capital investment, is reflected too in the works of Bertola and 
Cabellero [22], Demers [23], Dixit [16] and McDonald and Siegel [30]. Geome-
tric Brownian motion applications are found in Black and Scholes [24], Brennan 
and Schwartz [25] and Cox and Huang [26], whilst combined stochastic 
processes are used by Merton [27] and Brennan and Schwartz [28]. The ap-
proach in this paper follows a dynamic programming methodology (Bellman 
[29]) applied to the continuous time case for the pre-tax cash flows. This can re-
sult in a valuation model based on a linear second-order ordinary differential 
equation. Its use as an alternative to an options methodology with almost iden-
tical results is set out by Dixit and Pindyck [30]. Extensions to the irreversibility 
argument, in the real options literature, by McDonald and Siegel [31] have been 
examined by Dixit and Pindyck [30]. Triantis and Hodder [32] have used an op-
tions methodology to value a production system that takes into account the 
flexibility of varying output mix and Tannous [33] has addressed the impact of 
volume flexibility on the value of automated equipment. Busby and Pitts [34] 
discuss how industrialists consider flexibility. 

In Section 2 the assumptions behind the modelling process are set out. The 
stochastic trend in the cash flows is separated from the obsolescence risk. The 
valuation model is presented in Section 3, for which the derivations are relegated 
to appendices. These derivations involve a linear second-order ordinary diffe-
rential equation and double integrals. The model application is set out in Section 
4. This includes sensitivity tests to evaluate the impact of variations in the ex-
pected time to obsolescence, the impact of different corporate tax rates and tax 
depreciation rates, varying trends in cash flows and the different discount rates. 
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2. Assumptions behind the Modelling 

In valuing pre-tax cash flows the project analyst needs to make some assump-
tions regarding the nature of those cash flows. Are they declining or increasing? 
Is there an element of random variation around a trend? If it is reasonable to 
model an economic series such as a share price as a geometric Brownian motion 
(Dixit and Pyndyck [30], Pointon, [35]), then it is not unreasonable to model the 
underlying cash flows in this way (Boston and Pointon [18]). Here it is assumed 
that the pre-tax net operating cash flow follows a geometric Brownian motion 
process with a trend parameter. The cash flows would have a lognormal distri-
bution. Hence the log of the cash flows would follow an ordinary Brownian mo-
tion process, except for the trend parameter. The variance of the log of the cash 
flows would be a constant times the length of the time interval. This assumption 
would be suitable for a project whose risk profile would increase over time. As 
explained earlier, in practice some project analysts have been inclined to use the 
payback period instead, as a crude way of dealing with uncertainty over time. 
Others have sought to use a risk-adjusted discount rate. One advantage of the 
Brownian motion model is that it separates the risk component from the time 
value of money for any project, regardless of risk. Another alternative is to apply 
the Capital Asset Pricing Model. However, published betas are normally based 
on equity betas, which reflect the equity-financed portion of the returns on a 
company’s overall portfolio of projects. Here the focus is on the impact of obso-
lescence on an individual project, not on the company as a whole. 

The next assumption relates to the uncertainty of the obsolescence factor. It is 
assumed to be a random event in that during a very small time interval, a project 
is unlikely to become suddenly obsolete. 

A Poisson arrival rate is taken to be the rate at which the obsolescence event 
occurs. The main characteristic of a Poisson distribution is that it depicts a ran-
dom process. However, in terms of technological risk, the number of events 
within a fixed time period would be zero or one. The question is whether project 
obsolescence is to be or not to be! Thus, in the modelling, any obsolescence will 
be treated as a Poisson jump, a random shock. Because of tax rules relating to 
asset disposals, the tax effects of a sudden loss in value, resulting in asset disposal 
can be substantial. Hence a major factor under consideration will be the conse-
quential tax effects. However, for the moment let us ignore the tax effects. 

3. Valuing the Project under Obsolescence Risk 

For an infinite project the present value of the pre-tax net operating cash flows, 
V, is given by the current pre-tax net operating cash flow, W, capitalized at the 
sum of the declining trend parameter, a, the arrival rate of obsolescence, λ , and 
the cost of capital, k, (see Appendix 1): 

( )V W a kλ= + +                           (1) 

However, given a maximum operating life of N years, the present value of the 
net operating cash flows, CV , is less than the value under the infinite model, and 
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is given by (see Appendix 2): 

( )( )1 e k a N
C

WV
a k

λ

λ
− + += −

+ +
                    (2) 

The tax effects on these flows need to take into account the tax payment dates 
on each year’s cash flows. There will also be an associated probability of obso-
lescence occurring during a given year, in which case the cash flows will be re-
duced and consequently there will be a reduced tax liability. The Poisson arrival 
rate will therefore have an impact on the tax effects of the cash flows. A further 
feature that needs to be accommodated is the structure of tax payment dates 
which do not usually coincide with the timing of the pre-tax cash flows. Obso-
lescence effects in future years need to reflect the probability of survival in earlier 
years. It follows (see Appendix 3) that the present value of all the taxes on the 
cash flows for years 1 to N, denoted VT, is given by: 

( ) ( )1

1
e 1 1 e e

N
L k a k na

T
n

TWV
a a a

λλλ λ
λ λ

− − − + ++

=

    = + − −    + +    
∑        (3) 

Let us now consider the tax depreciation (capital allowance) implications of 
the investment. On the basis of the diminishing balance method applied to the 
tax depreciation charge on an asset, let us assume that any remaining balance on 
disposal is tax deductible. This applies, for example, to losses on disposal of 
Australian capital investments in plant and machinery and similarly on UK 
short-life assets. For convenience we shall assume that there are zero proceeds 
on disposal. 

If there is no obsolescence the tax depreciation allowances simply reduce year 
by year (see Appendix 4) as set out in Table 1 and Table 2. The probability that 
obsolescence has not yet occurred is also shown. The tax implications of obso-
lescence are principally that there may be a substantially valuable tax write-off. If 
obsolescence occurs in the first year there would be a tax allowance of the full 
cost. The tax allowances and probabilities of occurrence are shown in Table 2. 

The discounted value of the tax savings due to tax depreciation is given by the 
tax rate times the sum of: 
 
Table 1. Tax depreciation with no obsolescence. 

Year 
Allowance if No 

Obsolescence Risk 
Probability of No Obsolescence  
in Given Year or Previous Years 

1 0I r  e λ−  

2 ( )0 1I r r−  2e λ−  

3 ( )2

0 1I r r−  3e λ−  

1 < t < N ( ) 1

0 1 tI r r −
−  e tλ−  

N ( )
1

1

0 0
1

1
N

x

x

I I r r
−

−

=

− −∑  
 

e Nλ−  
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Table 2. Tax depreciation with obsolescence risk. 

Year 
Allowance if Obsolescence 

Occurs During the Year 
Probability of Obsolescence 

During the Year 

1 0I  1 e λ−−  

2 0 0I I r−  2e eλ λ− −−  

3 ( )
2

1

0 0
1

1 x

x

I I r r −

=

− −∑  2 3e eλ λ− −−  

1 < t < N ( )
1

1

0 0
1

1
t

x

x

I I r r
−

−

=

− −∑  ( )1e et tλ λ− − −−  

N ( )
1

1

0 0
1

1
N

x

x

I I r r
−

−

=

− −∑  ( )1e eN Nλ λ− − −−  

 
1) The discounted annual allowance with no obsolescence risk times the 

probability of no obsolescence in the given year nor in previous years, and, 
2) The discounted balancing allowance, if obsolescence occurs during the 

year, times the probability of obsolescence during the year. 
It follows that the present value of the tax savings from the tax depreciation, 

denoted VS, is given by: 

( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( )1

0 0

1 11 11 1
0 0 0

2 1

1 1 1
0 0

1

e 1 e e

e 1 e 1 e e

e 1 e .
L N k

Lk
S

N nn xL n k nn n

n x

N x N

x

V T I r I

I r r I I r r

I I r r

λ λ

λλ λ

λ− + −

− − −

− −
− −− + − − −− −

= =

−
− − −

=

 = + − 
    + − + − − −      

 + − −  
  

∑ ∑

∑

 (4) 

Finally, the total after-tax net present value of the project subject to obsoles-
cence risk is given by: 

0 C S TNPV I V V V≡ − + + −                      (5) 

i.e. deduct the outlay; add the present value of the pre-tax net operating cash 
flows; add the present value of the tax savings from tax depreciation; and deduct 
the present value of the taxes on the cash flows. So: 

( )( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( )1

0 0 0

1 11 11 1
0 0 0

2 1

1 1 1
0 0

1

1 e e 1 e e

e 1 e 1 e e

e 1 e

e 1 1

L N k

k a N Lk

N nn xL n k nn n

n x

N x N

x

a

WNPV I T I r I
k a

I r r I I r r

I I r r

TW
a a a

λ λ λ

λλ λ

λ

λ

λ

λ λ
λ λ

− + −

− + + − − −

− −
− −− + − − −− −

= =

−
− − −

=

+

 = − + − + + − + + 
    + − + − − −      

 + − −  
  

  − + − −  + + 

∑ ∑

∑

( ) ( )1

1
e e .

N
L k a k n

n

λ− − − + +

=

  
  

 
∑

 (6) 

4. Application 

Consider an asset costing $100,000 with a maximum operating life of 5 years. 
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The expected time to obsolescence is also five years, i.e. λ  0.2. The tax depreci-
ation rate is 40 per cent and the corporate tax rate is 33 per cent. The initial cash 
flows are at an annual rate of $48,000, with a declining trend of 5 per cent per 
annum. The continuous discount rate is 10 per cent per annum. The tax lag 
from the beginning of the relevant year is 13 months on 85 per cent of the esti-
mated liability and 20.5 months on the remaining 15 per cent, so effectively the 
tax lag is split, i.e.: 

13 20.5
12 12e 0.85e 0.15e

k kLk − −− ≡ +  

when k = 10 percent, e Lk−  = 0.889173. 
By using a spreadsheet, it was computed that the net present value is $5415. 
A sensitivity analysis was performed around this base case, the results of 

which are set out in Table 3. The expected time to obsolescence can have a dra-
matic effect upon the net present value. When the time horizon changes from  
 
Table 3. Sensitivity analysis. 

Variation in Parameter Estimates Net Present Value $ 

Expected time to obsolescence:  

Never 42,799 

10 years 21,340 

8 years 16,914 

5 years 5415 

4 years (1000) 

Corporate tax rate:  

0 13,311 

30% 6133 

33% 5415 

36% 4697 

Tax depreciation rate:  

30% 4704 

35% 5076 

40% 5415 

45% 5724 

Trend in cash flows:  

10% declining (1184) 

5% declining 5415 

1% increasing 13,022 

5% increasing 21,773 

10% increasing 31,939 

Discount rate:  

6% 12,566 

8% 8899 

10% 5415 

12% 2102 
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five years to four years the net present value changes from plus $5415 to minus 
$1000 (see Table 3). The tax rate has a more moderate effect on the net present 
value, at least compared with obsolescence risk. However, if the corporate tax 
rate were zero the net present value would increase to $13,311, ceteris paribus 
(see Table 3). The tax depreciation rate itself does not affect the net present val-
ue by very much, the project being fairly invariant to this parameter effect. 

Changing the estimates of the trend in the cash flows, not surprising affects 
the net present value more than reasonable changes in corporate tax rates or tax 
depreciation rates. Finally, the net present value of the project is sensitive to 
changes in the discount rate. 

5. Conclusions 

A valuation model has been developed for a project subject to obsolescence risk. 
The pre-tax net operating cash flows followed a geometric Brownian motion, 
whilst obsolescence risk was introduced by a Poisson jump. Using a dynamic 
programming methodology a second-order differential equation was set up to 
value the pre-tax cash flows. Tax effects were evaluated separately. The effect of 
obsolescence risk on a balancing allowance is applied to an Australian invest-
ment in plant and machinery. Through sensitivity analysis it is demonstrated 
that the expected time to obsolescence can have a more dramatic effect upon 
valuation than moderate changes in tax depreciation rates and corporate tax 
rates. 

Points where the model could be extended include, for example, where the 
asset has some residual value or, if it becomes obsolete, the asset may earn some 
more income at a reduced level for a period of time. 

The model formulated in this paper could be applied to many business deci-
sions in industries such as oil & gas; shipping; real estate; information technolo-
gy; telecommunications and new energy, because all entities become obsolete. 
Thus the model has applications in marketing and corporate strategy such as 
product life cycle. The model could be applied in human resource management 
within the context that some workers become redundant and valuing intangibles 
with modifications. The model could be also applied in an international business 
setting to model the negotiating power that a multinational corporation has with 
a host country government. 
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Appendix 1 

Valuing the pre-tax cash flows under an infinite production model 
Suppose that the pre-tax net operating cash flow W follows a geometric 

Brownian motion process with a decreasing trend parameter, such that: 

d d d ,W aW t W zσ= − +                        (A1) 

where 
a = the decreasing trend parameter, 
t = time, 
σ  = the standard deviation parameter, 

( )1 2d dz v t= , and 
v = the standard normal variate. 
Using a dynamic programming methodology (Bellman [29]) we can set up a 

differential equation (following Dixit and Pindyck [31]) to represent the valua-
tion relationship for a small time period dt and hence derive the present value of 
the net operating cash flows, denoted V. 

If obsolescence occurs during dt, the end of period value of the project, ig-
noring tax effects, is assumed to be zero. The probability of occurrence during dt 
is dtλ , where λ  is the Poisson arrival rate. The main attributes of the Poisson 
distribution are: that the probability of an arrival does not depend on the mo-
ment in time but on the length of the time interval and that the maximum of 
only one arrival can occur during a sufficiently small time interval (Wagner [36], 
p. 860). 

Now, if obsolescence does not occur during dt, the value of the cash flows at 
the end of dt will equal the value at the beginning of the period dt, denoted V, 
plus dV, the change in value during dt. But, using Itô’s [21] lemma under the 
geometric Brownian motion: 

( )
2

2 2
2

d 1 dd d d
d 2 d

V VE V aW t W t
W W

σ= − +             (A2) 

However, to derive the pre-tax value of the cash flows at the beginning of pe-
riod dt we need to take: 

1) the pre-tax cash flow during dt, denoted W, and add 
2) the expected value at the end of dt, i.e. ( )dV E V+ , discounted at a conti-

nuous rate denoted k and multiplied by the probability of no obsolescence oc-
curring, i.e. (1 dtλ− ).  

Therefore: 
2

2 2
2

d 1 d 1 dd d d
d 2 1 dd

V V tV W t V aW t W t
W k tW

λσ
  −

= + − + 
+ 

      (A3) 

This reduces to: 

( )
2

2 2
2

1 d d
2 dd

V VW aW k V W
WW

σ λ− − + = −            (A4) 

This is a non-homogeneous second-order linear ordinary differential equa-
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tion. The solution to the homogeneous part is zero, ignoring speculation and 
non-economic solutions (see Dixit and Pindyck [31]). Since the right-hand side 
is linear in W we can introduce a linear trial function to help determine a solu-
tion. Setting V mW c= + , d dV W m=  and 2 2d d 0V W = , for m, c constants. 
Substitution in (A4) produces: 

( )( )0 maW k mW c Wλ− − + + = −                (A5) 

We can choose c = 0 and ( )1m a kλ= + +  as a solution. But, V mW c= + . 
Hence: 

( )V W a kλ= + +                        (A6) 

Appendix 2 

Adjusting the model for a finite productive life 
 

The infinite model overvalues a project whose productive life, N years, is less 
than infinite. If obsolescence occurs up to time N, the infinite model overvalues 

the project by zero, with probability 
0

e d
N

y yλλ −∫ . But if obsolescence occurs up to 

time y > N, then the infinite model overvalues the project by e e d
y

at kt

N

W t− −∫  with 

probability e dy

N

yλλ
∞

−∫ . Hence the overvaluation, denoted *V , is 

* e e e d d
y

y at kt

N N

V W t yλλ
∞

− − − 
=   

 
∫ ∫                    (A7) 

Therefore: 
( )

* e a k NWV
a k

λ

λ

− + +

=
+ +

                         (A8) 

Therefore, for a maximum operating life of N years, the present value of the 
pre-tax net operating cash flows, denoted Vc, is: 

( )( )* 1 e k a N
c

WV V V
k a

λ

λ
− + +≡ − = −

+ +
               (A9) 

Appendix 3 

Valuing the taxes on the cash flows 

The tax payment on the first year’s cash flows amounts to 
1

0

e datT W t−∫ , if there 

is no obsolescence. The associated probability is e λ− . But if obsolescence at time 

y occurs during year 1, the associated tax effects will be 
0

e d
y

atTW t−∫  with prob-

ability 
1

0

e dy yλλ −∫ , i.e. a probability of 1 e λ−− . Given a tax lag of L years from 

the beginning of the year until the tax payment date, the present value of the tax 
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payment on the first year’s cash flow is: 
1 1

0 0 0

e e d e e e e d d
y

at Lk y Lk atT W t TW t yλ λλ− − − − − −  
+        

∫ ∫ ∫ . 

Let us now consider year 2. Obsolescence may have already occurred in year 1 

with a probability of 
1

0

e d 1 ey yλ λλ − −= −∫ , or may occur in year 2 with a probabil-

ity 
2

2

1

e d e ey yλ λ λλ − − −= −∫ , or the project may survive year 2 with a probability of 

2e λ− . The total probability is: 

( ) ( )2 21 e e e e 1.λ λ λ λ− − − −− + − + =  

The tax on the second year’s cash flow is zero with probability ( )1 e λ−− , 

1

e d
y

atT W t−∫  with probability 
2

1

e dy yλλ −∫ , and 
2

1

e datT W t−∫ with probability 2e λ− . 

The tax lag from the beginning of the first year is now 1+L. Therefore, the 
present value of the tax on the second year’s cash flow is: 

( )
2 2

1 2

1 1 1

e e e d d e e d .
y

L k y at atT W t y T W tλ λλ− + − − − −
  

+      
∫ ∫ ∫  

For the third year the tax is zero with probability ( )21 e λ−− , 
2

e d
y

atT W t−∫  

with probability 
3

2

e dy yλλ −∫  and 
3

2

e datT W t−∫  with probability 3e λ− . Therefore 

the present value of the tax on the third year’s cash flow is: 

( )
3 3

2 3

2 2 2

e e e d d e e d .
y

L k y at atT W t y T W tλ λλ− + − − − −
  

+      
∫ ∫ ∫  

In general, for the nth year’s cash flow (n < N), the present value of the asso-
ciated tax is: 

( )1

1 1 1

e e e d d e e d .
yn n

L n k y at n at

n n n

T W t y T W tλ λλ− + − − − − −

− − −

  
+      

∫ ∫ ∫  

Thus the present value of all the taxes on cash flows for years 1 to N, denoted 
as VT, is given by: 

( )1

1 1 1 1

e e e d d e e d
yn nN

L n k y at n at
T

n n n n

V T W t y T W tλ λλ− + − − − − −

= − − −

    = +         
∑ ∫ ∫ ∫  (A10) 

i.e. 

( )
( )

1

1

ee e 1 1
a nN

L n k a
T

n

TWV
a a a

λ
λλ λ

λ λ

− +
− + − +

=

     = + − −    + +      
∑    (A11) 

Which may be further simplified to: 

( ) ( )1

1
e 1 1 e e

N
L k a k na

T
n

TWV
a a a

λλλ λ
λ λ

− − − + ++

=

    = + − −    + +    
∑     (A12) 
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Appendix 4 

Valuing the tax depreciation effects 
Given no obsolescence risk and an asset cost of I0, the annual allowances at the 

rate r per annum form a geometric progression: 

( ) ( ) ( )2 1
0 0 0 0, 1 , 1 , , 1 ,jI r I r r I r r I r r −− − −  

where j represents the year of allowance. 
If obsolescence occurs during the first year there is a tax allowance of the full 

cost, i.e. I0. However, if obsolescence occurs during the second year, there has 
already been a tax allowance of I0r in the first year, and so the balancing allow-
ance in the second year is I0 - I0r. Obsolescence in the third year would have im-
plied tax allowances during the first two years summing to: 

( ) ( )
2 1

0 0 0
1

1 1 x

x
I r I r r I r r −

=

+ − = −∑ . So if obsolescence occurs during the third 

year the balancing allowance would be ( )
2 1

0 0
1

1 x

x
I I r r −

=

− −∑ . In general, for ob-

solescence during the year ended at time t > 1, the balancing allowance would 
be: 

( )
1 1

0 0
1

1 .
t x

x
I I r

−
−

=

− −∑  

The associated probability of obsolescence before time t is: 

0

e d 1 e ,
t

y t
tP yλ λλ − −= ≡ −∫                    (A13) 

and the probability of no obsolescence before time t is simply e tλ− . The proba-
bility of obsolescence during the year ended at time t is: 

( )1

1

e d e e .
t

ty t

t

y λλ λλ − −− −

−

≡ −∫                   (A14) 

The discount factor associated with the tax on the nth year’s cash flow is 
( )1e L n k− + − . 
If the asset survives as far as the year N then the balancing allowance of 

( )
1 1

0 0
1

1
N x

x
I I r r

−
−

=

− −∑ . 

Regardless of whether obsolescence occurs in year N or not. The probability of 
obsolescence during the year is ( )1e eN Nλ λ− − −−  and the probability of no obso-
lescence in the year N or previous years is e Nλ− . Therefore this final possible 
balancing allowance has an associated probability of ( )1e Nλ− − . 

It follows that the present value of the tax savings from tax depreciation VS, is 
given by: 

( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( )

0 0

1 11 11 1
0 0 0

2 1
1 11 1

0 0
1

e 1 e e

e 1 e 1 e e

e 1 e .

Lk
s

N nn xL n k nn n

n x
N xL N k N

x

V T I r I

I r r I I r r

I I r r

λ λ

λλ λ

λ

− − −

− −
− −− + − − −− −

= =
−

−− + − − −

=

 = + − 
    + − + − − −      

 + − −  
  

∑ ∑

∑

 (A15) 
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