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1. Introduction

The discovery of very large black holes in the early Universe is physical evidence

that these black holes formed during the Big Bang. The electron-positron model
requires vast numbers of positrons, and these were available only during the
lepton epoch of the Big Bang [1]. Gravitational collapse and fragmentation must
have occurred at that time and later, as the expansion of the Universe continued.

It will be shown in the following that the smaller black holes achieve equili-
brium as a degenerate quantum gas. The gas is in its ground state and does not
radiate. The radius of such objects decreases with increasing mass, but it cannot
be smaller than the Schwarzschild radius, R, =2GM/c? . The gas remains non-
relativistic until that point. Larger masses reach equilibrium as a mixture of ideal
gas and radiation. Their radius is equal to R_, so that the radiation is confined.
The average density decreases as 1/M?, and as a result, the gas remains nonre-

lativistic throughout.

2. Intermediate-Mass Black Holes

The Fermi energy for a completely degenerate (7 =0) gas of N/2 electrons is
given by [2] 3]
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where p is the mass density of the neutral lepton gas. The pressure of the de-

generate gas is
23 1
37[2 hz 5/3 1+~
P:(TJ st TRP

Therefore, the gas is a polytrope [4] [5] with n=1.5 and

Y
K:(Tj 5’11_8/3:1.71><10'8(cgs units)

A spherically symmetric mass, in hydrostatic equilibrium, satisfies the gravita-
tional field equation

(2)

(3)

1 d{ ,dy
——| rr—|=4nG 4
r dr( dr j L @)
as well as
@__ )
dr dr
Together, they yield the pressure formula
2
in r dp =—4nGp (6)
redr{ p dr

If the mass is a polytropic gas, then

1 d{ ,dp"
(}’l"rl)Kr—za[l"zT :—47CGp

(7)

Define p = p,0" and substitute to find

1)K
(GRS i(rz dé’j:_gn

! r_zdr 3

) (8)
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Finally, define »=a& where the constant
(n+1)K

- (9)
| 4nGp, "

12

in order to obtain the Lane-Emden equation [4] [5]

23 e o (10)
¢ de” d¢
The function (&) and the variable & are dimensionless. The initial con-
ditions at the center (£ =0 ) are

6(0)=1 and 40 =0

(11)

0
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so that p, represents the density at the center.

The Lane-Emden equation has been solved numerically for many values of the
polytropic index n. The following is a summary for the case »n=1.5. The solu-
tion O(&) decreases monotonically from 6(0)=1 to 6(&)=0, where
& =3.654 (from the tables). This corresponds to zero density and pressure at
the surface, R = ¢, . This would yield the radius, once the value of « is known.

However, a more direct approach is provided by the mass-radius relation [4]
K=N,GM""RC"" = N GM'PR (12)

The tabulated coefficient N, ; =0.424, so that

K

R=
0.424G

M =6.05x10" M " (em) (13)

This shows that the radius decreases with increasing mass. It will continue to
do so until the Schwarzschild radius, R, =2GM/c? , is reached at
M =8x10°M _ . This defines the largest intermediate-mass black hole.

The average density p=3M/4nR® and the central density p, =5.99p
(tables) are found by substituting (13)

Py =6.x107 M*(g-cm™) (14)
while the central pressure is
Po =Kp§/3 =3.9><10_”2M]0/3 (dyn.cm-z) (15)
Finally, the Fermi energy at the center is (1)

€ro =1.35x10° M ** (erg) (16)

These physical properties are tabulated below (Table 1).
The central density, pressure, and kinetic energy all increase rapidly with mass.
In the final line, R=R_.

3. Supermassive Black Holes

Black holes of mass greater than M =8x10°M_ are supported against gravity
by ideal gas and radiation pressure. In all cases, R=R_ so that the lepton gas

and radiation are confined. The pressure is given by

Table 1. Intermediate-mass.

M R>R, 2 P €
(M) (cm) (g-em™) (Pa) (eV)
10° 4.8 (10" 2.6 (107%) 3.9 (10°) 2.1
10* 2.25 (10" 2.6 (107%) 8.4 (10) 4.5 (10)
10° 1.05 (10"%) 2.6 (107) 1.8 (10') 9.6 (10%)
109 4.8 (101 2.6 (10) 3.9 (10") 2.1 (10%)
8 (10°) 2.4 (101 1.7 (10%) 3.9 (102) 3.3 (10°)
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a
P=P, +P, =§kT+§(kT)4 (17)

where a=n’ / 15(7‘10)3 . The mixture may be treated analytically by adopting the
following device from the standard stellar model [4]. Define S =P, /P, so that

pP=LkT and (1-p)P=2(kT)' (18)
m 3
Eliminate kT from these equations to find
13
31-8 43 43
L T } P P (19)

If B is assumed to be a constant, then the mixture is a polytrope of index
n =3, which satisfies the Lane-Emden Equation (10). The solution for n=3

yields the mass-radius relation (12)

K =0.364GM ™ =2.43x10° M’ (cgs units) (20)

Therefore, the value of [ is determined by the mass alone

I/ _ 4t —6.9%10°% M (21)
Yij 3
The average density of the supermassive black hole p =3M/4nR’ yields the
central density (tables)
Py =6.935=5.1x10% M7 (g-cm*) (22)
The central pressure is
B =Kp,” =1.0x10" M (dyn-cm”) (23)
Finally, the temperature is found from (18) k7T = BmK p"*. At the center,
kT, =1.8x107 B(erg) (24)

Physical properties are tabulated below (Table 2).
The central density, pressure, and temperature all decrease with increasing
mass. The values of B show that radiation pressure dominates in the larger

masses.

Table 2. Supermassive.

M R=R Py R KT, B

(M) (cm) (g-em™) (Pa) (eV)

8 (10°) 2.4 (10 2 (10 3.9 (102) 1.1 (10°) 0.99
107 3(10%2) 1.3 (10%) 2.5 (102) 1.1 (10%) 0.98
10° 3 (101) 1.3 (10) 2.5 (10%) 6.2 (10%) 0.62
10° 3 (101 1.3 (107 2.5 (10'%) 2.3 (10%) 0.23
101 3 (10%) 1.3 (107) 2.5 (10') 8 (10%) 0.08
10" 3 (10%) 1.3 (107) 2.5 (10" 2 (10%) 0.02
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4. Remarks

The model presented here is a great improvement over the previous work [1].
The Lane-Emden solutions yield functions for the density, pressure, and kinetic
energy. They decrease from their maximum value at the center to zero at the
surface of the black hole. The polytropic solution is simply more realistic than
the incompressible model.

It is evident from Table 1 and Table 2 that the largest and smallest black holes
are similar, in that their density is very low. Moreover, the force of gravity at the
surface is weak. It is roughly equal to the force here on Earth. Leptons near the
surface would be vulnerable to ambient radiation, and it is an open question
whether such black holes could achieve equilibrium in the first place. Such con-
siderations provide loose upper and lower limits for the black hole mass. To date,

the largest and smallest observed masses are 2x10°”M_ and 5x10°M_, re-

O]
spectively.

Supermassive black holes must be stable, in order to endure for more than 10
billion years. The lepton model is stable, in part, because there are no thermo-
nuclear reactions. For this to remain the case, it is important that the black hole
stays free of contamination by baryons. In particular, there can be no flow of
matter into the black hole. A recent observation of the Milky Way’s black hole
shows that this is, indeed, the case [6]. It was found that cool inflowing gas be-
comes hot and then expands outwardly, before it reaches the black hole. Moreo-
ver, the opposing flows are equal in magnitude. These experiments demonstrate
that the function of a black hole is to heat hydrogen gas. The black hole steadily
loses energy in this process. The most spectacular are the quasars, which can ra-
diate one solar mass per year. In a related development, star formation has been

detected in the hot gas outflow from an active galaxy [7].
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