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Abstract 
In this paper, by proving the pullback asymptotic compactness of the stochas-
tic lattice Selkov equations with the cubic nonlinearity, the existence of a 
random attractor of the stochastic lattice reversible Selkov equations on 
infinite lattice with additive noises is proved. 
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1. Introduction 

In this paper, we study that the stochastic lattice Selkov system with the cubic 
nonlinearity and additive white noises on an infinite lattice is considered in [1] 
and [2]:  
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with initial conditions  
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1 2 1 2 1 2, , , , ,d d a a b b  are positive constants, ( ) 2
i i

α α
∈

= ∈ 
, { }|iw i∈  is inde-

pendent Brownian motions. 
The reversible Selkov model is derived from a set of the two reversible chemi-

cal reactions, which has been studied by [3] [4] and other authors:  

12 3 , .P Q Q Q Q+    

The original Selkov model corresponds to the two irreversible reactions, 
where the product 1Q  is an inert product. Let tu  and tv  are respectively the 
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concentrations of the reactants Q and P, Equation (1.1) can be regarded as a 
Selkov system (see [5]) on  :  

2 3
1 1 1 2 1

2 3
2 2 1 2 2

,

.
t t

t t

u d u a u b u v b u f w

v d v a v b u v b u f w

α

α

 = ∆ − + − + +


= ∆ − − + + +
             (1.3) 

For the Equation (1.1), the solution mapping defines a random dynamical 
system, which is a parametric dynamical system, and pullback absorbing set has 
been proved, see [1] and [2]. Random attractors are the appropriate objects for 
describing asymptotic dynamics of such a parametric dynamical system. There-
fore, in this paper, we would prove the existence of a random attractor for the 
stochastic lattice Selkov Equation (1.1). 

This paper is organized as follows. In the next section, we recall basic concepts 
and results related to random attractors. In Section 3, using the transformation 
of Ornstein-Uhlenbeck process, the stochastic Selkov equation with white noise 
is transformed into a noiseless determined Selkov equation with random va-
riables as parameters. In Section 4, we prove the pullback asymptotic compact-
ness for the random dynamical system. Then the existence of a random attractor 
is proved. 

2. Preliminaries 

Firstly, we introduce the relevant definitions of random attractor, which can be 
taken from [6] [7] [8]. 

Let ( ),H d  be a complete separable metric space, ( ), ,Ω    be a probabili-
ty space, [ )0,+ = ∞ . 

Definition 2.1. ( )( ), , , t t
θ

∈
Ω    is called a metric dynamical system if 

:θ ×Ω→Ω  is ( )( ),×    measurable, 0 , s t s tIθ θ θ θ+= =   for all 
,s t∈ , and tθ =   for all t∈ . 
Definition 2.2. A continuous random dynamical system (RDS) on H over a 

metric dynamical system ( )( ), , , t t
θ

∈
Ω    is a mapping  

( ) ( ): , , , , , ,H H t x t xϕ ω ϕ ω+ ×Ω× →   

which is ( ) ( ) ( )( ),H H+ × ×    -measurable and satisfies, for every ω∈Ω , 
1) ( )0, ,ϕ ω ⋅  is the identity on H; 
2) Cocycle property: ( ) ( )( ), , , , , ,st s t sϕ ω ϕ θ ω ϕ ω+ ⋅ = ⋅  for all ,t s +∈ ; 
3) ( ), , : H Hϕ ω +⋅ ⋅ × →  is strongly continuous. 
Definition 2.3. Suppose ( ),tϕ ω  is a random dynamical system, a random 

set   is called a random   attractor if the following hold:  
1) ( )ω  is a random compact set, i.e., ( )( ),d xω ω→   is measurable for 

every x H∈  and ( )ω  is compact for every ω∈Ω ;  
2) ( )ω  is strictly invariant, i.e., for every ω∈Ω  and all 0t ≥  one has 

( )( ) ( ), , ttϕ ω ω θ ω=  ; 
3) ( )ω  attracts all sets in  , i.e. for all B∈  and ω∈Ω  we have  

( )( ) ( )( )lim , , , 0,t tt
d t Bϕ θ ω θ ω ω− −→∞

=  
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where ( ), sup infx X y Y Hd X Y x y∈ ∈= −  is the Hausdorff semi-metric (here, 
,X H Y H⊆ ⊆ ).  

Theorem 2.1 ([9], Proposition 4.1) Let ( )K ω ∈  be an absorbing set for 
the random dynamical system ( ) 0,

, t t
t

ω
ϕ θ ω− ≥ ∈Ω

 which is closed and which satis-

fies for ω∈Ω  the following asymptotic compactness condition: each sequence 

( )( ), ,
n nn n t tx t Kϕ θ ω θ ω− −∈  with nt →∞  has a convergent subsequence in H. 

Then the random dynamical system ϕ  has a unique global random attractor  

( ) ( )( )
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K

t t
t t t

t K
ω τ

ω ϕ θ ω θ ω− −
≥ ≥

=
 

  

3. Ornstein-Uhlenbeck Process 

Let ( ){ }22 , :i i iii
u u u uι

∈∈
= = ∈ < +∞∑




 , with the inner product and norm 

as follows:  

( ) ( )2 2, , , , , .i i i ii i
i
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∈ ∈

∈

= = = = ∈∑
 



 

Then ( )2 2 , , ,ι ι= ⋅ ⋅ ⋅  is a Hilbert space. Set 2 2E ι ι= ×  be the product Hil-
bert space. In view of the cubic term 2 3,u v u± ± , we need 6 6,u vι ι∈ ∈  to make 
(1.1) hold in 2ι . 

Introducing an Ornstein-Uhlenbeck process (O-U process) (see [10]) in 2ι  
on ( )( ), , , t t

P θ
∈

Ω   given by the Wiener process:  

( ) ( ) ( ) ( )( )1 2
0

1 2 e d , , ,a a s
t ty a a s s tθ ω θ ω ω+

−∞
= − + ∈ ∈Ω∫   

and y solve the Itô equations:  

( ) ( )1 2d d d , 0.y a a y t w t t+ + = >  

There exists a tθ -invariant set ′Ω ⊂ Ω  of full P measure such that 
1) the mappings ( )ss y θ ω→  are continuous for each ω∈Ω ; 
2) the random variables ( )ty θ ω  is tempered. 
Let  

( ) ( ) ( ) ( ) ( ) ( ), .t tu t u t y v t v t yθ ω θ ω= − = −   

From (1.3), we have  
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(3.1) 

with the initial value condition  

( ) ( ) ( ) ( ) ( ) ( )0 0 0 0 0 00, , , 0, , .u u u u y v v v v yω ω ω ω ω ω= = − = = −       

4. Pullback Asymptotic Compactness 

From Theorem 2.1, to prove the existence of a random attractor for the random 
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dynamical system generated by (1.1), it is necessary to obtain the pullback ab-
sorbing property and the pullback asymptotic compactness. The pullback ab-
sorbing property has been obtained by [2]. For the pullback asymptotic com-
pactness, we have the following lamma. 

Lemma 4.1. Assume the initial functions ( ) ( )( ) ( )0 0,u v Kω ω ω∈ , where 
( )K ω  is the absorbing set. Then for every 0ε > , there exist ( ), 0T ε ω >  and 
( ), 0N ε ω >  such that the solution ( )( ) ( )( )( )0 0, , , , ,u t u v t vω ω ω ω  of (1.1) sa-

tisfies  
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0 0
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ε ω

θ ω θ ω θ ω θ ω ε− − − −
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 + <  ∑  

for all ( ), 0t T ε ω≥ > . 
Proof. We choose a smooth function ρ  such that 0 1ρ≤ ≤  for all s∈  

and  

( )
0, if 1,
1, if 2,

s
s

s
ρ

 <=  >
                      (4.1) 

and there exists a positive constant 1c , such that ( ) 1s cρ′ ≤  for s∈ . 
We first consider the random Equation (3.1). Let r be a fixed positive integer 

which will be specified later. Taking the inner product of the Equation (3.1) with 
i
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r
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(4.2) 

By ( ) 1s cρ′ ≤ , we have  
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From (4.2), we have  
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Then from (4.2)-(4.5), we find that  
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For the third term and forth term in the right-hand side of (4.6), we have  
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For the fifth term and sixth term in the right-hand side of (4.6), we have  

( )

( ) ( )

1 1

1 1 1

1 1 1 1 1
1

2 21
1

1

2 , 2 ,

1
2

1
2 2

,
3

i i i i
i

i i i i i i
i r i r

i i
i r i r

i i
d Ay u d By B u

r r

i i
d y y u u

r r

i i
d y y u d y y u

r r

ia u C y
r

ρ ρ

ρ ρ

ρ ρ

ρ

+ +
∈

+ + +
≥ − ≥

≥ ≥ −

    
− = −          

  +   
= − − −         

 +   
= − − + −   

   
 

≤ + 
 

∑

∑ ∑

∑ ∑



 

 

 



 

2 22
2 2

1
2 , ,

3 i i
i r i r

i iad Ay v v C y
r r

ρ ρ
≥ ≥ −

   
− ≤ +   

   
∑ ∑             (4.8) 

where , 1, 2jC j =  are positive constants depending only on 1 2 1 2, , ,d d a a . For 
the last two terms in the right-hand side of (4.6),  
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From (4.6)-(4.9), we have  
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Replace ω  by tθ ω− . From (4.11) in [2], with t replaced by kT  and ω  by 

tθ ω− , it follows that  
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Thus, there exists a ( ) ( )1 , kT Tε ω ω>  such that if ( )1 ,t T ε ω> , then  
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From (4.11), we have  
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where { }3 1 2max ,d d d= . Recall that ( ) ( )( ) ( )0 0, (t t tu v Kθ ω θ ω θ ω− − −∈  , which 
implies that ( ) ( ) ( )2 2 2

0 0t t tu v Rθ ω θ ω θ ω− − −+ ≤  , and ( )R ω  is tempered in [2]. 
Thus there exists ( ) ( )2 , kT Tε ω ω>  and ( )1 , 0N ε ω >  such that for ( )2 ,t T ε ω>  
and ( )1 ,r N ε ω> , we have  
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1 2,f f ι∈ , there exists ( )2 , 0N ε ω >  such that for ( )2 ,r N ε ω> ,  
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∑ ∑                 (4.16) 

Finally, we estimate the last terms on the right-hand side of (4.11). Let * 0T >  
to be determined later. We have for *

kt T T> +   
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Using (4.12) in [2], we have  

( ) ( )( ) ( )
*3*

3
2 2 5 2

3 4
3

2
e d e .

k

a
TT a s

s sT t

C
C y C y s l

a
θ ω θ ω ω

−−

−
+ ≤∫     (4.18) 

Thus, by choosing  

( )5*

3 3

162 ln ,
C l

T
a a

ω
ε

>  
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For the fixed *T , from Lebesgue’s theorem, there is ( )3 ,N ε ω  such that for 
( )3 ,r N ε ω> ,  
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Therefore, by letting  

( ) ( ) ( ) ( ) ( ){ }*
1 2, max , , , , , ,kT T T T Tε ω ε ω ε ω ε ω ω= +  

( ) ( ) ( ) ( ){ }1 2 3, max , , , , , ,N N N Nε ω ε ω ε ω ε ω=         (4.21) 

for ( ),t T ε ω>  and ( ),N N ε ω>  , we have  
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which implies that  
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provided ( ),N ε ω  is large enough. This completes the proof of the lemma. 


 
We are now ready to show the pullback asymptotic compactness of the ran-

dom set ( )K ω . 
Lemma 4.2. For ω∈Ω , the set ( )K ω  is pullback asymptotically compact in 

the sense of each sequence ( ) ( )( ), , ,
n nn n n t tu v t Kϕ θ ω θ ω− −∈  with nt →∞  

having a convergent subsequence in 2 2ι ι× . 
Proof. We follow the method of [9]. Let ω ′∈Ω  for each sequence 

{ } 1 21
: , , ,n nn

t t t t∞

=
→ ∞  as n →∞ , and  

( ) ( )( ) ( )( ), , , , , , ,
n n n nn n t n n n t n n t tu t x v t y t Kθ ω θ ω ϕ θ ω θ ω− − − −∈ ;  

this implies that there exists ( ) ( ),
nn n tx y K θ ω−∈  such that  

( ) ( )( ) ( )( ), , , , , , , , .
n n nn n t n n n t n n t n nu t x v t y t x yθ ω θ ω ϕ θ ω− − −=  

Since ( )K ω  is a bounded absorbing set, for large n, ( )( ) ( ), , ,
nn t n nt x y Kϕ θ ω ω− ∈ ; 

thus there exists ( ) 2 2,u v ι ι∈ × , and a subsequence  
( ) ( )( ), , , ,

nn n n t n nu v t x yϕ θ ω−′ ′ =  such that  

( ) ( )( ) ( ) 2 2, , , , , , weak in .
n nn n t n n n t nu t x v t y u vθ ω θ ω ι ι− −′ ′ → ×    (4.24) 

Next, we will show that ( ),n nu v′ ′  is also strongly convergent in the norm ⋅  
in 2 2ι ι× , i.e., for each 0>  there is ( )* , 0N ω >  such that for 

( )* ,n N ω≥  ,  

( ) ( )( ) ( ), , , , , , .
n nn n t n n n t nu t x v t y u vθ ω θ ω− −′ ′ − ≤   

From Lemma 4.1, for any 0> , there exists ( )* ,N ω  and ( )1 ,K ω  such 
that for ( )* ,n N ω≥  ,  
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Since ( ) 2 2,u v ι ι∈ × , there exists ( )2 0K >  such that  
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Let ( ) ( ) ( ){ }1 2, max , ,K K Kω ω=   . From the weak convergence (4.24), we 
have for each ( ),i K ω≤   as n →∞ ,  

( ) ( )( ) ( ), , , , , , ,
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which implies that there exists ( )*
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Combining (4.25)-(4.27), we obtain that for ( )* ,n N ω≥  ,  
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    (4.28) 

Hence, we have completed the proof of Lemma 4.2.                      


 
Theorem 4.1. The random dynamical systems ( ){ } 0,

,
t

t
ω

ϕ ω
≥ ∈Ω

 possess a ran-

dom attractor in 2 2ι ι× . 
Proof. Note that random dynamical system is pullback asymptotically com-

pact in E by Lemma 4.1 and 4.2. On the other hand, the random dynamical sys-
tem has a pullback absorbing set by Lemma 4.1 in [2]. Then the existence and 
uniqueness of a random attractor follow from Theorem 2.1 immediately.    
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