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Abstract 
An alternative approach to the usual Kaluza-Klein way to field unification is 
presented which seems conceptually more satisfactory and elegant. The main 
idea is that of associating each fundamental interaction and matter field with 
a vector potential which is an eigenvector of the metric tensor of a multidi-

mensional space-time manifold nV  (n-dimensional “vierbein”). We deduce 
a system of field equations involving both Einstein and Maxwell-like equa-
tions for the fundamental fields. Confinement of the fields within the ob-
servable 4-dimensional space-time and non-vanishing particles’ rest mass 
problem are shown to be related to the choice of a scalar boson field (Higgs 
boson) appearing in the theory as a gauge function. Physical interpretation of 
the results, in order that all the known fundamental interactions may be in-
cluded within the metric and connection, requires that the extended space-time 
is 16-dimensional. Fermions are shown to be included within the additional 
components of the vector potentials arising because of the increased dimen-
sionality of space-time. A cosmological solution is also presented providing a 
possible explanation both to space-time flatness and to dark matter and dark 
energy as arising from the field components hidden within the extra space 
dimensions. Suggestions for gravity quantization are also examined. 
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1. Introduction 

In some previous papers [1] [2] [3] we proposed a first tentative approach to 
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field unification based on the usual Kaluza-Klein theory [4] [5] [6] and extension 
to non-Abelian Yang-Mills fields [7] [8]. Here we develop an alternative way to 
attack the problem, which appears to be conceptually more satisfactory and ele-
gant. Our proposal is based on the idea of associating each fundamental interac-
tion field with a vector potential which is an eigenvector of the metric tensor of a 
multidimensional space-time manifold nV  (n-dimensional “vierbein”). It is re-
levant to observe that within an n-dimensional space-time, the metric tensor, 
when represented onto the basis of its eigenvectors, yields a connection involv-
ing a 2-index antisymmetric tensor of the same form as a non-Abelian Maxwell 
tensor which may be related to the fundamental interaction fields in a quite nat-
ural way. 

Sec. 2 examines such a formulation of general relativity in n space-time di-
mensions. 

Sec. 3 presents a system of field equations involving both Einstein and Max-
well-like equations for the interaction fields. 

Sec. 4 is concerned with the problem of confinement of the interaction fields 
within the observable 4-dimensional space-time and shows that a non-vanishing 
particles’ rest mass arises thanks to a suitable gauge function which can be re-
lated to a scalar boson field (Higgs boson). 

Sec. 5 is devoted to a physical interpretation of the results and the conditions 
to be required in order that all the known fundamental interactions, (gravita-
tional, electro-weak and strong) may be included within the metric and connec-
tion. As we will see a 16-dimensional space-time is required to fit the standard 
model of elementary particles [9] [10]. 

Consideration on the placement of fermions within the theory will be the 
subject of the Secs. 6-8, while in Sec. 9 we examine applications to cosmology of 
the theory. 

The last two sections propose a new way to gravity quantization starting from 
a suitable energy-momentum tensor of the gravitational field. A complete pres-
entation of the theory and much more has been proposed in my book [11]. 

2. Tensor Representations onto the Basis of the  
Eigenvectors of the Metric      

Let us consider an n-dimensional space-time manifold nV , endowed with a 
symmetric metric g of signature ( ), , ,+ − −  and a torsionless connection Γ . 
In any local frame   a point x is identified in nV  by its co-ordinates xµ , 
with 0, 1,2, , 1i nµ = = − . As usual 0x  is the observable time and ix  are 
space co-ordinates. The non-underlined indices ( , , 0, 1, 2,3iµ ν = = ) are re-
served to the physically observable components, while the underlined Latin ones 
( , , 4,5, , 1j k n= −  ) identify the non-observable extra components. The con-
nection is given by the Christoffel symbols: 

( ), , ,
1 ,
2

g g g gα α β
µν µ β ν ν β µ µν βΓ = + −                  (1) 
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the inverse metric tensor gαβ  begin defined, as usual, by the relation: 

.g gα β α
γβ γ δ=                            (2) 

2.1. Metric Tensor and Connection Coefficients   

The n linearly independent eigenvectors ( ){ }, 0,1, 2, , 1a nµ
σ σ = −  of the metric 

tensor fulfill the orthonormality conditions: 

( ) ( ) ( )( ) , , 0,1, 2, , 1,g a a nµ ν
µν σ τ σ τη σ τ= = −               (3) 

where ( )( )( ) ( )1, 1, , 1diagσ τη ≡ − − . Then: 

( )( )
( ) ( )

( )
( ) ,g a a a aσ τ σ

µν µ ν νσ τ σ µη= ≡                    (4) 

provides its representation onto the basis of its eigenvectors. These orthonormal 
eigenvectors are undetermined by an imaginary exponential factor eiθ  which 
leaves unchanged the real metric tensor components, provided that the complex 
scalar product ( )

( )*a a σ
νσ µ  replaces the real product ( )

( )a a σ
νσ µ . This degree of 

freedom allows periodic wave propagating field solutions (see Sec. 4.1). In the 
following we will drop the ∗  complex conjugation mark, leaving it as unders-
tood, to avoid too heavy notations. 

The representation of the connection coefficients relative to the basis of the 
eigenvectors becomes now: 

( )
( ) ( )

( ) ( )
( )( )1 ,

2
a h a f f aσ σ σα α α α

µν µν µ νσ σ ν σ µΓ = − −                (5) 

with: 
( ) ( ) ( )

( )( )
( ) ( ) ( )

( ) ( )

( ) ( ) ( )

, ,

, ,

= ,

= ,

= .

f a a C a a

f g f

h a a

σσ σ σ τ υ
µν ν µ µ ν µ ντ υ

α α β
σ µ σ β µ

σ σ σ
µν µ ν ν µ

− +

+

                  (6) 

Significantly the connection includes antisymmetric non-Abelian tensors 
fields and a symmetric non-tensor field ( )h σ

µν . It is convenient to introduce also 
the new symbol (reduced connection): 

( )
( )1 .

2
a h σα α

µν µνσγ =                           (7) 

Then the complete expression of the connection in nV  writes also: 

( )
( ) ( )

( )( )1 .
2

a f f aσ σα α α α
µν µν µ νσ ν σ µγΓ = − +                 (8) 

Arising of non-Abelian Maxwell-like tensors ( )f α
σ µ  within the connection 

coefficients suggests that the electro-weak and strong interaction fields may be 
included into the metric tensor in a unified field theory when the space-time 
dimensionality is greater than four. 

2.2. Ricci Tensor   

The Ricci tensor: 
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, , ,R α α α β α β
µν µν α µα ν ν α µνµ β α β= Γ −Γ −Γ Γ +Γ Γ                 (9) 

is now to be evaluated on the basis of the eigenvectors of the metric. The follow-
ing auxiliary notations may be useful: 

( )
( ) ( )

( )( )1, ,
2

a f f aσ σα α α α α α
µν µν µν µν µ νσ ν σ µγΓ = + = − +           (10) 

from which we obtain: 

( )
( ) ( )

( )
1, , ,
2

f a g a fσ σα α α α α µν α α µ
µα µα µα µα α µν µσ µ σγΓ = + = − = −       (11) 

thanks to the symmetries. Calculations leading to an explicit representation of 
Rµν  in terms of ( )

( ),f h σµ
µνσ ν  and their derivatives are very heavy. 

But under the covariant Lorentz gauge condition: 

( )( )
,

0,g aα
σ

α
=                         (12) 

which can be shown to be equivalent to: 

( )
( ) 0,f a σα
ασ µ =                         (13) 

relevant simplifications arise, resulting: 

, 0, 0.gα α α µν α
µα µα µα µνγΓ = = =                 (14) 

Then the Ricci tensor assumes the meaningful form: 

( )
( ) ( )

( )( ) ( )
( )

( )
( )

( )

: :
1
2

1 ,
2 2

R R a f f a f f

f f g
n

σ σ σα α α
µν µν µ ν α µσ ν α σ µ α σ ν

σ α β
µν µνσα β

= − + −

+ +
−




        (15) 

where colon ( : ) denotes here the covariant derivative respect to the reduced 
connection and the notation: 

( )
( ) ( )

( )( ) ( )
( )

( ): :
1 1 ,
2 2 2

a f f a f f g
n

σσ σα α α β α β
µν α µ α ν µν ν ασ ν σ µ σ µ βα β= − + − −

−
    (16) 

has been introduced. It is convenient to represent also: 

( )
( ) ( )( ) ( )

( ) ( )( )
( ) ( ) ( ) ( )

1 ,
2

, ,

a a

a a

σ σ
µν µ νσ ν σ ν σ µ σ µ

ν ν
µν µνσ µ σ σ µ σ

 = + + + 

= =

    

   
       (17) 

where µν  is arbitrary, at present, adding vanishing contributions to µν  
and Rµν  because of antisymmetry. As we will see in Sec. 5 the tensor µν  in-
troduces a degree of freedom that will play an important role to fit elementary par-
ticle current densities. The Riemannian covariant derivatives will be replaced with 
non-Abelian covariant ones ( )D f α

α σ µ , when required. Eventually we obtain: 

( )
( ) ( )

( )
( )

( )
( ) ( ) ( )( )

( ) ( ) ( )( ) ( )

1
2 2

1 D
2
1 D ,
2

R R f f f f g
n

a f

f a

σσ α α β
µν µν α µ µνσ ν σα β

σ α
µ α σ ν σ ν σ ν

σα
α νσ µ σ µ σ µ

= − +
−

− − −

− − −



 

 

           (18) 
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the trace of which is given by: 

( )
( )

( )
( )

( ) ( ) ( )( )4 D .
2 2

nR R f f a f
n

σ σ βα β α
ασ σ β σ βα β σ β

−
= − − − −

−
         (19) 

3. Field Equations  

If the Lorentz gauge holds, being equivalent to (13), the Einstein field equations 
become: 

( )
( ) ( ) ( )( )

( ) ( ) ( )( ) ( )

( )
( ) ( ) ( )( )

( )
( )

( )
( )

1 1 D
2 2

D

1 D
2

1 .
4

R Rg a f

f a

a f g g

f f f f g

σ α
µν µν µ α σ ν σ ν σ ν

σα
α νσ µ σ µ σ µ

σ β α
α µν µνσ β σ β σ β

σσ α α β
α µ µνσ ν σα β

− − − −

+ − − 

+ − − −Λ

= −

   

 

 
            (20) 

Introducing the new variables: 

( ) ( ) ( ) ( )( )1 D ,
2

f α
ασ µ σ µ σ µ σ µλ = − −                    (21) 

and the energy-momentum tensor [ ]fTµν  of the fields ( )f σ
µν , defined by: 

[ ] ( )
( )

( )
( )

1 ,
4

fT f f f f gσσ α α β
µν α µ µνσ ν σα βκ = −                   (22) 

we obtain the following system of field equations: 

( )
( ) ( )

( ) ( )
( )

[ ]1 ,
2

fR Rg a a a g g Tσ σ σ β
µν µν µ ν µν µν µνσ ν σ µ σ βλ λ λ κ− − − + −Λ =      (23) 

( ) ( ) ( ) ( )D 2 .f α
α σ µ σ µ σ µ σ µλ− − =                     (24) 

Now, if we represent ( )σ µλ  onto the basis of the vector potentials, as: 

( )
[ ]

( )
[ ]

( )
( ), ,a aσ σ σ µ

σ µ σ µ σ µλ λ λ λ= =                  (25) 

and the current density: 

( ) ( ) ( )
[ ]

( )2 ,J aσ
σ µ σ µ σ µ σ µλ= + +                    (26) 

we arrive at a physically relevant form of the field equations: 

[ ]( ) ( )
( ) [ ]1 ,

2
fR Rg a a Tσ σ

µν µν ν µνσ µλ κ− − + Λ =                (27) 

( ) ( )D .f Jα
α σ µ σ µ=                           (28) 

Thanks to the Lorentz gauge and the symmetries the last Equation (28) results 
also equivalent to: 

( ) ( )D D .g a Jσ σα β
α µ µβ =                        (29) 

4. Field Confinement and Particle Rest Masses      
4.1. Vanishing of Particle Rest Masses in V4   

Let us consider the D’Alembertian field equation governing the potential ( )a σ
µ  
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in absence of currents: 
( )

; ; 0.g a σα β
µ α β =                           (30) 

We separate now the 4-vector components in 4V , which will be interpreted 
as related to the physical interaction fields carried by bosons, from the remain-
ing extra components: 

( )

( )
; ;

; ;

0, 1, 2,3,

0, 4,5, , 1.l

g a

g a l n

σα β
µ α β

σα β
α β

µ= =

= = −

                 (31) 

The latter components behave as scalars when observed within 4V  and may 
be associated with the matter fields governing fermions. The previous equations 
can be developed as: 

( ) ( ) ( ) ( )
; ; ; ; ; ;; ; 0,j j kk

k j kjg a g a g a g aβ σ σ σσαβ α
µ α β µ α µµ β+ + + =            (32) 

( ) ( ) ( ) ( )
; ; ; ; ; ;; ; 0.j j kk

l l k l j kl jg a g a g a g aβσ σ σ σαβ α
α β αβ+ + + =             (33) 

Physically we need to preserve covariance respect to any transformation of the 
co-ordinates within 4V , which are observable, while we may lose covariance 
respect to transformations involving the extra co-ordinates in the entire nV , 
since the latter are seen as scalars when observed from the physical space-time 

4V . So separate complex solutions are allowed to the 4-vector field Equation 
(32), i.e.: 

( ) ( )
[ ] [ ]

e ,
i

iik x ik x
a c

σ σα
ασ σ

µ µ
+

≡                       (34) 

and for each one of the 4V -scalar Equation (33): 

( ) ( )
[ ] [ ]

e .
l l i

iik x ik x
l la c

σ σα
ασ σ +

≡                      (35) 

The distinct wave numbers [ ]k σ
α  (components of a four-vector) and [ ]lk σ

α  
(scalars for an observer living in 4V ) are allowed to assume different values for 
each index l , related to the field ( )

la σ . In correspondence to these solutions 
Equation (32) and Equation (33) may be written as equivalent to Klein-Gordon 
equations [12] [13]: 

( ) [ ] ( )
2 2

; ; 2 0,
m c

g a aσσ σαβ
µ α β µ+ =



                   (36) 

( ) [ ] ( )
2 2

; ; 2 0,l
l l

m c
g a aσσ σαβ

α β + =


                   (37) 

where: 

[ ]
[ ] [ ] [ ] [ ]

[ ]
[ ] [ ] [ ] [ ]

2 ,

2 .

j j k
j j k

j j kl l ll
j j kl

m g k k g k k
c

m g k k g k k
c

β σ σ σσ
βσ

β σ σ σσ
βσ

= − −

= − −





            (38) 

The covariance, which is broken in the extra space, while it is preserved in 
4V , allows different rest mass values which will be attributed respectively to bo-
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son vectors carrying the fundamental interactions and to fermions characteriz-
ing the matter fields. Manifestly a non-vanishing particle rest mass is related to 
the dependence of the vector potential on the extra co-ordinates ix . So the re-
quest that the fields ( ) ( ), la a σσ

µ  are confined within the physical space-time 4V  
so that they depend only on the observable co-ordinates xα , is equivalent to 
impose that the particles associated with those fields have vanishing rest mass: 

[ ] [ ]0, 0.lm mσ σ= =                        (39) 

4.2. Particle Masses and Scalar Boson Gauge Fields  

Now we will show how non-vanishing particle rest masses are related to the 
presence of the n-scalar gauge fields ( )σφ , which seem to play a role similar to 
the one of the Higgs scalar boson field (see [14]-[19]). But here a different mass 
generating “mechanism” is presented, which is based on a suitable gauge choice 
which is established in order to ensure the confinement of the physically ob-
servable fields. 

In fact, as it is well known, the n-vector potential ( )a σ
µ  is determined except 

for a gauge transformation: 
( ) ( ) ( )

; ,a aσ σ σ
µ µ µφ→ +                        (40) 

where the n-scalar field ( )σφ  is required to fulfill the D’Alembertian equation: 
( )
; ; 0,g σα β
α βφ =                          (41) 

so that the Lorentz gauge is preserved. We point out that those scalar fields do 
not appear in the observable tensors ( )f σ

µν  which are gauge invariant, since: 
( ) ( ) ( ) ( ) ( )( ) ( ) ( )( ), , , , , , , , .f a a a aσ σ σ σ σ σ σ
µν ν µ µ ν ν µ ν µ µ ν µ νφ φ= − = + − +  

Then the dependence of ( )σφ  on the extra co-ordinates lx  does not affect 
the observables ( )f σ

µν  and cannot be detected by direct observation within the 
physical space-time 4V . Introducing now a wave solution for ( )σφ  like: 

( ) ( )
[ ] [ ]

e ,
i

iiK x iK x
C

σ σα
ασ σφ

+
≡                       (42) 

into (41) we obtain the Klein-Gordon equation: 

( ) [ ] ( )

[ ]
[ ] [ ] [ ] [ ]

2 2

; ; 2 0,

2 .j j k
j j k

M c
g

M g K K g K K
c

σσ σαβ
α β

β σ σ σσ
βσ

φ φ+ =

= − −





                (43) 

We remark that while a single solution ( )σφ  is required for the covariance of 
the 4-vector ( )

;
σ
αφ  in 4V , different solutions: 

( ) ( )
[ ] [ ]

e ,
l l i

iiK x i K xl lC
σ σα
ασ σφ

+
≡                        (44) 

are allowed for each value of the index l , to obtain extra components ( )
;l
σφ , 

each of them being a scalar respect to transformations of the co-ordinates xα  
within 4V . So different masses: 
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[ ]
[ ] [ ] [ ] [ ]2 ,j j kl l ll
j j klM g K K g K K

c
β σ σ σσ

βσ = − −


               (45) 

arise for the scalar fields contributing respectively to bosons ( [ ]M σ ) and fer-
mions ( [ ]lM σ ). 

If we choose a gauge such that that ( )a σ
µ  depends only on xα  (so that 

[ ] 0m σ = ), while ( )σφ  (which is not observable in 4V ) may depend also on lx , 
then the gauge transformation (40) implies into (36): 

( ) ( ) [ ] ( )
2 2

; ; ; ; ; ;2 0,
M c

g a g σσ σ σαβ αβ
µ α β µ α β µφ φ+ + =



                 (46) 

which in correspondence to the solution(42) for the field ( )σφ  may be written 
as: 

( ) [ ] ( ) [ ] [ ] ( )
2 2

; ; ; ; 2 0,
M c

g a g iK iKσσ σσ σ σαβ αβ
µ α β µ α β µφ φ+ + =



            (47) 

so preserving the gauge invariance, thanks to (43), resulting: 
( )

; ; 0,g a σαβ
µ α β =                          (48) 

We now perform the following transformation of field variables: 

( ) ( ) [ ] ( )( ) [ ] ( ) [ ] ( ) ( )( )1 1ˆˆˆ , ,
2 2

a a iK iK iK aσ σ σσ σ σ σ σ σ
µ µ µ µ µ µφ φ φ= + = −    (49) 

the inverse of which is given by: 

( ) ( ) [ ] ( )( ) [ ] ( ) [ ] ( ) ( )( )1 1ˆ ˆˆ ˆˆ ˆ, .
2 2

a a iK iK iK aσ σ σσ σ σ σ σ σ
µ µ µ µ µ µφ φ φ= − = +    (50) 

From (50) into (48) we obtain: 
( ) [ ] ( )

; ; ; ;
ˆˆˆ 0.g a iK gσσ σαβ αβ

µ α β µ α βφ− =                    (51) 

And from (50) into (43) we have: 

( ) [ ] ( )( ) [ ] ( ) [ ] ( )( )
2 2

2; ;
ˆ ˆˆ ˆˆ ˆ 0.

M c
g a iK a iKσσ σσ σ σ σαβ

µ µ µ µ
α β

φ φ+ + + =


         (52) 

It follows: 

( ) [ ] ( ) [ ] ( ) [ ] ( )
2 2 2 2

; ; ; ;2 2
ˆ ˆˆˆ ˆ 0.

M c M c
g a a iK gσ σσσ σ σ σαβ αβ

µ α β µ µ α βφ φ
 
 + + + =
 
  

      (53) 

After the transformation the fields ( ) ( )ˆˆ ,a σ σ
µ φ  are required to fulfill the 

Klein-Gordon equations: 

( ) [ ] ( )
2 2

; ; 2

ˆ
ˆ ˆ 0,

m c
g a aσσ σαβ

µ α β µ+ =


                    (54) 

( ) [ ] ( )
2 2

; ; 2

ˆ
ˆ ˆ 0,

M c
g σσ σαβ

α βφ φ+ =


                    (55) 

where [ ] [ ]
ˆˆ ,m Mσ σ , are to be determined. Combination of (54) and (55) with (51) 

and (53) leads to: 
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[ ] [ ]( ) ( )
[ ] [ ]( ) ( )

[ ] [ ]( ) [ ] ( )2 2 2 2 2 2 ˆˆ ˆˆ ˆ ˆ ˆ0, 0.m M a m M a M M iK σσ σ σ
µ µ µσ σ σ σ σ σ φ− = − + − =  (56) 

Then the relations between the masses result to be: 

[ ] [ ] [ ] [ ]
ˆˆ , .m M M Mσ σ σ σ= =                     (57) 

Non-vanishing particle rest masses arise and are equal to the respective scalar 
boson masses. Further gauge transformations: ( ) ( ) ( ) ( );a a f xσ σ σ α

µ µ µ→ +  remain 
possible involving only the observable co-ordinates xα , while the gauge is fixed 
in the extra space-time. The same procedure can be implemented also respect to 
the extra components ( )

la σ , obtaining the rest masses: 

[ ] [ ] ,l lm Mσ σ=                            (58) 

which will be related to the fermions (leptons and quarks) as we will show in the 
next section. We emphasize that the gauge fields ( )σφ  may be related to only 
one scalar field Φ , according to the relation: 

( )
[ ]
( ) [ ]

,g τσσ
τφ δ= Φ                           (59) 

where [ ]g τ  are coupling constants of the vector potentials with a single scalar 
boson field, for which the solution: 

e ,
i

iiK x iK xC
α

α +Φ =                          (60) 

fulfills the Klein-Gordon field equation: 
2 2

; ; 2 0.M cgαβ
α βΦ + Φ =



                      (61) 

Then it results: 

( )
[ ]
( ) ( )

[ ]

( )
[ ]
( ) [ ] [ ] [ ] ( )

;

e ,

.

i
i

g
iK x iK x

g

C

K g g K

σ
α

α

τ

σσ
τ

σ τ σσ σ
µ µ µτ

φ δ

φ δ φ

+=

= Φ ≡

                (62) 

And being ( ) [ ] ( )
; K σσ σ
µ µφ φ= , we obtain: 

[ ] [ ] .K g Kσ σ
µ µ=                         (63) 

Then the masses of the vector bosons carrying the interaction fields would 
become: 

[ ]
[ ]ˆ ,m g Mσ

σ =                            (64) 

being: 

2 .j j k
j j kM g K K g K K

c
β

β= − −


                   (65) 

The values of [ ]m̂ σ  depend on the coupling constant with the scalar boson of 
mass M. Similarly the masses of fermions result: 

[ ]
[ ]ˆ ,l

lm g Mσ
σ =                           (66) 

being: 
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( )
[ ]
( ) [ ] ,ll gσ τσ
τφ δ= Φ                         (67) 

and [ ]lg τ  the coupling constants of the fields ( )
la σ  with the scalar field Φ . 

5. Interaction Fields (Bosons)   
5.1. Gravitational Field   

The present section is concerned with the physical interpretation of the compo-
nents of the vector potentials. We start considering the free gravitational field in 
ordinary space-time 4V . 

1) 4n =  
In ordinary empty space-time, when no extra dimensions are present (stan-

dard general relativity) the metric tensor is interpreted, as usual, as a free gravi-
tational field. Therefore its eigenvectors ( )a σ

µ  may be conceived as the vector 
potentials of the free gravitational field. In fact in this occurrence the metric 
tensor is given by: 

( )( )
( ) ( ) , , , , 0,1, 2,3,g a aσ τ

µν µ νσ τη µ ν σ τ= =              (68) 

and the potentials ( )a σ
µ  are clearly responsible of gravitation, according to gen-

eral relativity. The connection is given by: 

( )
( )

( )
( )( )1 ,

2
a f a fσ σα α α α

µν µν µ νσ ν σ µγΓ = − +                (69) 

where: 

( )
( )

1 ,
2

a hσα α
µν µ σ νγ =                         (70) 

are the coefficients of the reduced connection. The Ricci tensor has simply the 
form: 

, , .R α α α β α β
µν µν α µα ν µβ να µν αβ= Γ −Γ −Γ Γ +Γ Γ               (71) 

So the Einstein equations are as usual:  

1 0,
2

R Rg gµν µν µν− −Λ =                     (72) 

where no energy-momentum tensor appears, since the whole gravitational field 
is included into space-time geometry. 

But if we represent the Ricci tensor in terms of the reduced connection, which 
only partially embeds the gravitational field into geometry and leaves part of it as 
an external field of strength ( )f σ

αβ  we have the following field equations, in the 
Lorentz gauge: 

[ ]
( )

( ) [ ]1 ,
2

gR Rg g a a Tσ σ
µν µν µν ν µνσ µλ κ− −Λ − =              (73) 

( ) ( )D .f Jα
α σ µ σ µ=                          (74) 

The energy-momentum tensor of the non-embedded into geometry contribu-
tion to the gravitational field appears: 
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[ ] ( )
( )

( )
( )

1 ,
4

gT f f f f gσ σα αβ
µν αµ αβ µνσ ν σκ = −                  (75) 

together with the gravitational current density: 

( ) ( ) ( )
[ ]

( )2 .J aσ
σ µ σ µ σ µ σ µλ= + +                   (76) 

More, an equivalent gravitational energy-momentum embedded into geome-
try may be defined: 

[ ] [ ]
( )

( )1 .
2

GT R Rg g a aσ σ
µν µν µν µν νσ µκ λ= − + −Λ −             (77) 

So the field equations for the gravitational field can be written in the equiva-
lent energetic form: 

[ ] 0,grTµν =                            (78) 

where: 
[ ] [ ] [ ].gr G gT T Tµν µν µν= +                        (79) 

2) 4n >  
When the space-time dimensionality is greater than 4, we still associate the 

potentials labeled by 0,1,2,3σ = , to the gravitational field, while we relate the 
components of additional potentials ( ) , 4,5, , 1, 0,1, 2,3sa s nµ µ= − = , to the 
non-gravitational interaction fields. We emphasize that when 4n >  each vector 
potential ( )saµ  includes also the extra components ( ) , 4,5, , 1la l nσ = − , be-
cause of the increased dimensionality of space-time. So we are led naturally to 
the following physical interpretation. 
- The gravitational field observed within the physical space-time 4V  is de-

scribed by the ( )a σ
µ  ( ), 0,1, 2,3σ µ = , which are 4-vectors in 4V .  

- The electro-weak and strong interactions are associated with the ( )saµ , 
( 4,5, , 1s n= − ), which are also 4-vectors in 4V .  

- The remaining components ( ) ( ) ( )
( )
( ) ( )s

l l lsa a aσ σ σσ
σδ δ= + , which behave as scalars 

within the observable space-time 4V  are related to the matter fields, i.e., to 
fermions (leptons, quarks).  

We observe also that the sectors of the potentials of indices , lµ : 

( ) ( )
[ ] [ ]

( ) ( )
[ ] [ ]

( ) ( )
[ ] [ ]

( ) ( )
[ ] [ ], , , ,

e , e ,

e , e ,

s si i
i i

l l s l s li i
i i

ik x ik x ik x ik xs s

ik x ik x ik x ik xs s
l l l l

a c a c

a c a c

σ σα α
α α

σ σα α
α α

σ σ
µ µ µ µ

σ σ

+ +

+ +

= =

= =
           (80) 

solutions to the corresponding Klein-Gordon field equations: 

( ) [ ] ( ) ( ) [ ] ( )

( ) [ ] ( ) ( ) [ ] ( )

2 2 2 2

; ; ; ;2 2

2 2 2 2
, ,

; ; ; ;2 2

0, 0,

0, 0,

ss s

l s ls s
l l l l

m c m c
g a a g a a

m c m c
g a a g a a

σσ σαβ αβ
µ α β µ µ α β µ

σσ σαβ αβ
α β α β

+ = + =

+ = + =

 

 

       (81) 

may be associated with particles of different rest masses: 

[ ]
[ ]

[ ] [ ]
[ ]

[ ]
,

, ,, ,s l
s l s lm k k m k k

c c
σ α α
α ασ σ= =

 

             (82) 
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if we allow that the covariance is preserved only in the observable space-time 
4V , while it may be broken in the extra dimensions of the multidimensional 

space-time nV . 
We emphasize that all the previous masses [ ] [ ],, s lm mσ  result to be null when 

the vector fields depend only on xα . The non-zero rest masses of fermions as-
sociated with the ( )

la σ  arise thanks to the contribution of the massive scalar 
gauge fields ( )σφ  which are allowed to depend also on lx . The field equations 
for the gravitational field in 4V  involve now, beside the terms labeled by 

0,1,2,3σ = , the new contributions labeled by 4,5, , 1l n= − , and the corres-
pondent additional energy-momentum tensor. We have: 

[ ]
( )

( ) [ ]
( )

( ) [ ] [ ]1
2

s g fs
sR Rg g a a a a T Tσ σ

µν µν µν ν ν µν µνσ µ µλ λ κ κ− −Λ − − = +    (83) 

( ) ( )D ,f Jα
α σ µ σ µ=                         (84) 

where: 

[ ] ( )
( )

( )
( )

1 ,
4

f s s
s sT f f f f gα αβ

µν αµ αβ µννκ = −                  (85) 

is the energy-momentum of the non-gravitational Maxwellian fields as they may 
be observed within the physical space-time 4V . 

A more familiar form of the Einstein equations, which hides the whole gravi-
tational field into geometry is obtained if we write the metric tensor as: 

( )
( ) ( )

( ), ,s
sg g a a g a aσ

µν µν µ µν µν σ ν= + =               (86) 

The connection writes now as: 

( )
( ) ( )

( )( )1 ,
2

s s
s sa f f aα α α α

µν µν µ νν µγΓ = − +               (87) 

where a new partially reduced connection is defined by: 

( )
( ) ( )

( )( )1 .
2

a f f aσ σα α α α
µν µν µ νσ ν σ µγ γ= − +               (88) 

In this way the gravitational field is entirely hidden into geometry and only 
the non-gravitational fields contribute to the energy-momentum tensor. The 
field equations become: 

[ ]
( )

( ) [ ]1 ,
2

s fs
sR Rg g a a Tµν µν µν ν µνµλ κ− −Λ − =              (89) 

where: 

, , ,R α α α β α β
µν µν α µα ν να µνµβ α βγ γ γ γ γ γ= − − +                (90) 

are the 4V  components of the new partially reduced Ricci tensor, evaluated 
respect to the partially reduced connection. 

Respect to the usual Einstein equations a new term appears, i.e.: 
[ ] [ ]

( )
( ) .d s s

sL a aµν νµλ=                        (91) 

Moreover Rµν  differs from the expected Ricci tensor 4Rµν  in 4V , being 
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evaluated respect to α
µνγ  instead of: 

( ) ( )
( )

4 4 4 4
, , ,4 4

1 , .
2

g g g g g a aσα αβ
µβ ν νβ µ µν β µν µ σ νµνΓ = + − =       (92) 

A comparison between the usual Einstein equations in 4V  and (73) is possi-
ble if we write: 

[ ] [ ] [ ]4 41 ,
2

d f dR R g L T Tµν µν µν µν µνκ κ− + = +              (93) 

where: 
4

4 , 4 , 4 4 4 4 ,R α α α β α β
µν µν α µα ν µβ να µν αβ= Γ −Γ −Γ Γ +Γ Γ         (94) 

is the usual Ricci tensor in 4V  and: 

[ ] 4 41 1 ,
2 2

dT R R g R Rgµν µν µν µν µνκ = − − +              (95) 

The additional contributions [ ]dLµν  and [ ]dTµν  could be considered as possible 
contributions to dark energy and dark matter emergence. 

5.2. Electro-Weak Field   

In order to describe unified electromagnetic and weak fields we need one Ab-
elian field and three non-Abelian ones. So the indices 4,5,6,7s =  will be re-
lated to electro-weak interactions and the vector potential components: 

( ) ( ), 4,5,6,7, electro-weak interaction fieldsa sµ =         (96) 

will be interpreted as electro-weak fields. The space-time dimensionality 
required, is now raised up to 8n = . The electromagnetic and weak interaction 
fields are mixed in the unified electro-weak theory. So the choice of the physical 
meaning of these vector potentials ( )saµ  will depend on the standard model re-
presentation adopted. 

Non-diagonal representation 
The non-diagonal representation of the electro-weak field involves the vector 

fields , aB Wµ µ , 1,2,3a = , the corresponding strength tensor being given by: 

, , ,, ,,, ,a a a a b c
bcF B B F W W g W Wµν ν µ µ ν µν ν µ µ ν µ ν= − = − +            (97) 

where g is one of the electro-weak coupling constants and a
bc  is the Le-

vi-Civita symbol. So we are led to associate the components of each potential 
( )saµ  in physical space-time 4V  ( 0,1,2,3µ = ) in the following way: 

( ) ( ) ( ) ( )4 5 6 71 2 3, , , .a B a W a W a Wµ µ µ µ µ µ µ µ= = = =             (98) 

Dimensional constants depending on the unit system have been absorbed into 
the definition of the fields themselves. Then the strength field tensors compo-
nents result: 

( ) ( ) ( )
( )( )( )

( ) ( ) ( )
, , 0

.qss s s r
r q

f a a C a aµν ν µ µ ν µ ν= − +                  (99) 

Identifying (97) and (99) we determine the structure constants: 
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( )( )( )
( )

( )( )( )
( ) ( )

( ) ( )
34

3 30 0
0, .qs b c a

a bcr qr q r q
C C gδ δ δ−

− −
= =           (100) 

Diagonal representation 
According to the standard model the physical fields: 

( ) ( ) ( ) ( )4 5 6 7, , , ,a A a W a W a Zµ µ µ µ µ µ µ µ= = = =           (101) 

are provided by the diagonal representation, which is obtained thanks to a rota-
tion of 3 ,W Bµ µ  of the Weinberg angle, defined by the relation: 

tan ,W
g
g

θ
′

=                         (102) 

g ′  being a second electro-weak coupling constant. So that we have the follow-
ing alternative way to associate our vector potentials with the electro-weak fields: 

3

3

cos sin ,

sin cos .
W W

W W

Z W B

A W B
µ µ µ

µ µ µ

θ θ

θ θ

= −

= +
                 (103) 

In the diagonal representation the strength tensors are obtained through the 
inverse rotation: 

3 cos sin ,

sin cos .
W W

W W

W Z A

B Z A
µ µ µ

µ µ µ

θ θ

θ θ

= +

= − +
                (104) 

when substituted into (97). We have: 

, ,

3 3
, ,

, , , ,

sin cos ,

cos sin ,

, .

Z A
W W

Z A b c
W W bc

Z A

F F F

F F F g W W

F Z Z F A A

µν µ ν µ ν

µν µ ν µ ν µ ν

µν ν µ µ ν µν ν µ µ ν

θ θ

θ θ

= − +

= + +

= − = −

           (105) 

Eventually it results: 

, ,

1 1 1 1
,, ,,

2 2 2 2
,, ,,

, ,

,

,

,

.

A

b c
bc

b c
bc

Z

F A A

F W W g W W

F W W g W W

F Z Z

µν ν µ µ ν

µν ν µ µ ν µ ν

µν ν µ µ ν µ ν

µν ν µ µ ν

= −

= − +

= − +

= −




                (106) 

Identifying (106) with (99) we reach: 
( ) ( ) ( ) ( )4 5 6 71 2, , , ,A Zf F f F f F f Fµν µν µν µν µν µν µν µν= = = =          (107) 

and determine the relations for the structure constants: 

( )( )( )
( )

( )( )( )
( )

( ) ( )

( )( )( )
( )

( ) ( ) ( )( )( )
( )

4 5 1
3 30 0

6 72
3 30 0

0, ,

= , 0.

b c
bcr qr q r q

b c
bcr qr q r q

C C g

C g C

δ δ

δ δ

− −

− −

= =

=




           (108) 

In each representation the field equations exhibit the Maxwellian form: 

( ) ( )D , 4,5,6,7.s sf J sα
α µ µ= =                   (109) 

In terms of the vector potentials the previous equation becomes, in the Lo-
rentz gauge, a Klein-Gordon equation with current density. In Sec. 8 we will 
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examine the current density ( )sJ µ . 

5.3. Strong Interaction Field   

The strong interaction field is carried by massless gluons and we are required to 
add 8 non-Abelian fields Aµ

  which we relate to the indices 8,9, ,15s =  : 
( ) ( )7 , 8,9, ,15, 1,2, ,8.s sa A sµ µδ −= = = 


            (110) 

Therefore 16n =  space-time dimensions are needed to describe all the known 
fundamental interactions.  

The strength tensors for strong interactions are: 

, , .sF A A g A Aµν ν µ µ ν µ ν= − +     
                 (111) 

where sg  is a suitable coupling constant and the structure constants, according 
to the standard model, are given by [9]: 

123 147 156 246 257

345 367 458 678

1 1 1 11, , , , ,
2 2 2 2

1 1 3 3, , , ,
2 2 2 2

= = = − = =

= = − = =

    

   
        (112) 

Identification of (99) with (111) now yields: 

( )( )
( ) ( )

( ) ( )
7

7 7 .s s
sr qr q

C gδ δ δ−
− −

=   
                 (113) 

The Maxwellian field equations are now: 

( ) ( )D , 8,9, ,15.s sf J sα
α µ µ= =                 (114) 

6. Matter Fields (Fermions)    

Let us, now, examine in more detail all the 16 components ( )a σ
µ  of the vector 

potential appearing in the theory. 
In the previous sections we interpreted the first 4 components of each poten-

tial as related to the fundamental interactions (gravitational, electro-weak and 
strong). 

Here we show how it is possible to interpret the remaining 12 extra compo-
nents, we have labeled by the index 4,5, ,15l =  . 

As we have shown, these components are seen as scalar fields by an observer 
living in the physical space-time 4V , since they are not affected by the trans-
formations of the co-ordinates 0 1 2 3, , ,x x x x  in 4V . 

Until now we considered only interaction fields, carried by vector bosons 
(gravitons, photons, 0,W Z±  and gluons) and nothing was said about fermions 
(leptons and quarks). 

Now we introduce also the 6 leptons ( , , , , ,ee µ τµ τ ν ν ν ) and the 6 quarks, (up, 
down, top, bottom, charm, strange) with their respective anti-particles and left/right 
chirality. 

So we may summarize the physical interpretation of the potential components 
as follows: 
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( ) ( )

( )( )

4 4

bosons fermions

( , )gravitational
spinor components

( , )Abelian electro-weak

( , )non-Abelian electro-weak

spinor components
( , )strong

-vectors -scalars l

l

l

a a
l

l

a a

a a
a

a a

a a

V V

σσ
µ

µ
σ
µ

µ

µ

↓ ↓

 →
 ← 
 → 

≡ 
 → 
 ←  → 
↑ ↑

 

( )eptons,quarks

 

Physical Interpretation of the Field Extra Components    

In this subsection we want to show how the 192 extra components of the vector 
potentials ( )a σ

µ , may be related to the spinor fields associated with the fermions 
(leptons and quarks) appearing in the standard model of elementary particle 
theory.  

Each spinor is a set of 4 complex valued functions of the observable co-ordinates 
xµ , which are to be provided by the 196 complex functions offered by the extra 

components of the vector potentials ( )
la σ :  
1

2

3

4

.

ψ
ψ
ψ
ψ

 
 
 ≡  
  
 

ψ                            (115) 

Each component of ψ  may be evaluated as a linear combination of the 
( )
la σ . 
The simplest representation is given, of course, by:  

( ) ( ) , 4,5, ,15,l la lσ σψ = =                     (116) 

which can always be obtained with a suitable choice of the extra co-ordinates 
ix .  
Then we can associate groups of 4 components to the spinors representing the 

physical elementary fermions, e.g., as:  

( )

( )

( )

( )

( )
( )
( )
( )

1

2

3

4,5, ,15,
0 l.h. and r.h. leptons ,
4 l.h. and r.h. red quarks ,,
8 l.h. and r.h. green quarks ,
12 l.h. and r.h. blue quarks ,

l

l

l

l

lσ

σ

σ

σ

ψ
σ

ψ
σ

ψ σ
ψ σ

+

+

+

= 
  =
 

= 
  =   = 



           (117) 

where l.h., r.h. denote respectively left-hand and right-hand chirality and red, 
green, blue the quark color.  

According to this scheme a detailed sketch of the physical meaning of all the 
components of the vector potentials ( )a σ

µ  can be summarized as the following 

https://doi.org/10.4236/jamp.2019.76089


A. Strumia 
 

 

DOI: 10.4236/jamp.2019.76089 1320 Journal of Applied Mathematics and Physics 
 

sketch shows. 
 

 
 

The index l , running from 4 to 15, it labels 12 spinors corresponding to the 6 
leptons , , , , ,ee µ τµ τ ν ν ν , and to the 6 quarks in dependence on the values of σ  
and 12 more spinors related to the respective anti-particles. 

7. Dirac Field Equations    

The extra equations which govern fermion fields are given by: 

[ ]
( )

( )4 41 ,
2

ss
l l ll lsR R g g a a Tµ µ µµ µλ κ− −Λ − =            (118) 

[ ]
( )

( )4 41 ,
2

ss
jl j l j lj l ls jR R g g a a Tλ κ− −Λ − =            (119) 

( ) ( )D ,l lf Jα
α σ σ=                         (120) 

where the energy-momentum tensor includes both the contribution of the inte-
raction fields and the contribution of the gravitational field arising from extra 
dimensions. 

We have: 
[ ] [ ] ,f dT T Tµν µν µν= +                        (121) 

[ ] ( )
( )

( )
( )

1 ,
4

sf s
s sT f f f f gα α β

µν α µ ν µνα βκ = −                 (122) 

[ ] ( )4 41 .
2

dT R R R R gµν µν µν µνκ = − − −               (123) 

According to the standard model the covariant derivatives are determined in 
such a way that the gauge invariance conditions in 4V  are preserved even 
when a gauge choice is fixed in the extra space-time. Such a choice is always 
possible because of the degrees of freedom provided by the anti-symmetric ten-
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sor Aµν  (arbitrary until now). Moreover, thanks to the latter tensor we will be 
able to obtain also the correct current densities in the r.h.s. of the interaction 
fields equations. 

Now we consider (29), with vanishing currents we have when lµ = : 
( )D D 0.lg a σα β

α β =                          (124) 

Following a scheme like (117) we may replace the latter equation for the po-
tentials ( )

la σ  with the second order spinor equation: 
( )D D 0.lg σα β

α βψ =                         (125) 

Rest masses and contributions are expected to be hidden into the derivatives 
respect to the extra co-ordinates, so that (125) identifies with the Klein-Gordon 
equation: 

( ) [ ] ( )
2 2

2D D 0,l
l l

m c
g σσ σαβ

α βψ ψ+ =


                 (126) 

which leads to the Dirac equation: 

( ) [ ] ( )D 0,l
l l

m c
i σσ σα

αγ ψ ψ+ =


                   (127) 

[ ]lm σ  being the respective rest masses of leptons and quarks, related to the scalar 
boson mass: 

[ ]
[ ] .l

lm g Mσ
σ =                         (128) 

8. Current Densities    

When µ µ= , the 4-vector ( )J σ
µ  is to be related to the physical charge current 

density: 
( ) ( )

[ ] [ ] ( )no sum over ,j eσ σ µ
µ µ µσ σ δ σ= ψ γ ψ            (129) 

where the notation ( )e σ  means each kind of charge carried by fermions. Then 
the identification follows: 

( ) ( )
[ ] [ ].J eσ σ

µ µσ σψ ψ= γ                      (130) 

Since ( )J σ
µ , with 16n = , results to be: 

( ) ( ) ( ) [ ] ( )2 ,J aσσ σ σ σ
µ µ µ µλ= + +   

where: 
( ) ( ) ( ) ( ), .a aσ σ ν σ σ ν
µ µν µ µν= =     

we can determine the until now free term ( )σ
µ  as: 

( ) ( )
[ ] [ ]

( ) [ ] ( )2 .e aσσ σ σ σµ
µ µ µ µ µσ σψ ψ δ λ= − − γ            (131) 

9. Cosmological Solution  

In this section we examine a cosmological solution to the Einstein field equations in 
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empty extended space-time 16V . We start generalizing Robertson-Walker metric 
as follows: 

( )
( )

( )

2 2
2 2 2 2

00 11 222

2 2 2
33

, , ,
1

sin ,

g
g g

g

c a t
g c g g c a t r

Kr

g c a t θ

= = − = −
−

= −

        (132) 

to which we add the extra components: 

[ ] ( )
2 20, ,l i l illg g c a tµ δ= = −                  (133) 

so that the cosmological principle is preserved within the observable space-time 
4V . The [ ]lc  are suitable constants which play a role in order to field quantiza-

tion [11]. The co-ordinates, as usual, are spherical in 4V  and arbitrary else-
where: 

0 1 2 3, , , , , 4,5, ,15.ix ct x r x x x iθ φ= = = = =        (134) 

In correspondence to this solution the non-vanishing components of the Ricci 
tensor become: 

( )
( )

( ) ( ) ( )
( )

2 2

00 112 2 2

15 14 2
, ,

1
a t a t a t a t Kc

R R
c a t c Kr

+ +
= − =

−

  

         (135) 

( ) ( ) ( )22 2

22 2

14 2
,

r a t a t a t Kc
R

c

 + + =
 

                (136) 

( ) ( ) ( )22 2 2

33 2

14 2 sin
,

r a t a t a t Kc
R

c

θ + + =
 

             (137) 

( ) ( ) ( )
( )

2
2

2 2

14
no sum over ,

j

j j

g

c a t a t a t
R j

c c

  
 + =

 

        (138) 

the Ricci scalar curvature being: 

( ) ( ) ( )2 2

2 2

6 5 35
.

g

a t a t a t Kc
R

c c

 + + = −
 

             (139) 

Then the only non-vanishing Einstein equations in the empty extended 
space-time 16V  result: 

( ) ( )22 22 2105 3 0,ga t c c a t Kc− Λ + =              (140) 

( ) ( ) ( ) ( )2 22 2 214 91 0,ga t a t a t c c a t Kc+ − Λ + =          (141) 

respectively in correspondence to the observable space-time and space-space 
components. While, for the extra space-space components the field equations 
are all identical to: 

( ) ( ) ( ) ( )2 22 2 214 91 3 0,ga t a t a t c c a t Kc+ − Λ + =         (142) 

A first result, arising from existence of the extra dimensions is given by the 
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flatness condition: 

0,K =                             (143) 

because of compatibility between (141) and (142). The latter compatibility pro-
vides a quite natural explanation of the observed flatness of the physical universe, 
at least in correspondence to this solution. Then only the following equations 
remain: 

( ) ( )22 22105 0,ga t c c a t− Λ =                    (144) 

( ) ( ) ( ) ( )2 22 214 91 0,ga t a t a t c c a t+ − Λ =              (145) 

in which the coefficients [ ]
2

lc  do not appear, while the coefficient 
2

gc , re-
lated to the gravitational field in 4V , does. Then from (144) one obtains, for 
positive Λ  (as it is physically observed): 

( )
( )

,
105g

a t
c

ca t
Λ

= ±


                      (146) 

the integration of which leads to: 

( ) [ ] 105
0 e ,

gc ct
a t a

Λ
±±=                      (147) 

since the empty extended space-time 16V  behaves like a multidimensional De 
Sitter universe, in which no singularity appears. Equation (145) is also fulfilled 
by the solution (147). Positive sign in the exponential corresponds to an ex-
panding universe as it is physically observed. 

Dark Matter and Dark Energy from Space-Time Extra Dimensions   

We remember that the non-vanishing Einstein field equations in 4V  in pres-
ence of external matter-energy fields are given by: 

( )
( )

2
2 22

22
3 ,g g

a t
c c c

c a t
κ− Λ =



                 (148) 

( )
( )

( )
( )

2
2 2

2 22
2 ,g g

a t a t
c c

c a t c a t
κ− − + Λ = ℘

 

            (149) 

where matter-energy fields are represented, as usual, as a perfect fluid of ener-
gy-momentum tensor: 

( )2 ,T c u u gµν µ ν µν= +℘ −℘                  (150) 

uµ  being the 4-velocity of the fluid particle, which in a co-moving reference, 
,℘  being the mass-energy and pressure densities of the fluid. From (144) and 

(145) we solve: 

( )
( )

( )
( )

2
2 2

2 22

1 1, ,
105 105g g

a t a t
c c

c a tc a t
= Λ = Λ

 

          (151) 

which substituted into (148) and (149) leads to: 
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2 34 ,
35

cκ = − Λ                        (152) 

34 ,
35

κ℘= Λ                         (153) 

resulting: 
2 .c℘= −                          (154) 

The astonishing result of a negative mass density   provided by (152), Λ  
being assumed to be positive, suggests that the cosmological constant, due to the 
extra space-time dimensions, plays the role of a repulsive gravitational source, 
which is responsible of universe expansion, together with the positive pressure 
density ℘  given by (153). So the mass-energy density   and ℘  represent 
the mass-energy and pressure densities of the empty extended space-time 16V  
(vacuum energy and pressure) which are seen as matter contributions by an ob-
server living in 4V . 

The matter term includes: 
1) The mass-energy and pressure densities of matter/interaction fields ( [ ] [ ],f f℘ ) 

embedded in 16V  space-time geometry, as evaluated respect to the reduced 
connection Γ , being equal to the mass-energy and pressure densities of mat-
ter/interaction fields as observable in 4V ; 

2) The usual 4V  vacuum energy 4
vac  and a vacuum pressure 4

vac℘  densi-
ties owed to the cosmological constant (standard dark energy); 

3) The residual vacuum energy vac
ex  and a vacuum pressure vac

ex℘  densities 
owed to the extra space dimensions. 

4) The extra mass-energy mat
ex  and pressure mat

ex℘  densities owed to the dif-
ference between the usual 4V  connection 4Γ  and the reduced connection 
Γ , previously suggested as hypothetical responsible of dark matter (see Sec 5.1): 

( )
( )

4 42
mat 00 00 00 00

4 4
mat

1 ,
2

1 .
2

ex

ex
jk jk jk jk

c g R R R R g

g R R R R g

κ

κ

= − − −

℘ = − − −


               (155) 

Eventually Equation (148) and Equation (149) may be written equivalently as: 

( )
( )

[ ]( )
( )
( )

( )
( )

[ ]( )

2
24 2

vac vac mat22

2
24

vac vac mat2 22

3 ,

2 .

ex ex f
g

ex ex f
g

a t
c c

c a t

a t a t
c

c a t c a t

κ

κ

= + + +

− − = ℘ +℘ +℘ +℘



 

   

        (156) 

where: 

( ) [ ]

( ) [ ]

4 42
vac vac

2 2
vac mat

vac mat

, ,
34 ,
35

34 .
35

ex ex f

ex ex f

c

c c

κ κ

κ κ

κ κ

= Λ ℘ = −Λ

+ = − Λ −

℘ +℘ = Λ + ℘



                  (157) 
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Remarkably the total mass-energy and pressure densities: 
[ ] [ ]4 4

vac vac mat vac vac mat, ,ex ex f ex ex f= + + + ℘=℘ +℘ +℘ ℘           (158) 

are constant and directly proportional to the cosmological constant. 
In the following sections we evaluate the mass-energy and pressure contribu-

tions of the matter/interaction fields and the dark matter owed to the extra di-
mensions. 

10. Energy-Momentum Tensor of Gravitational Field  

In the present section we investigate a way to obtain an interpretation of the 
Einstein tensor as equivalent to the energy-momentum tensor of gravitational 
fields (labeled by [G]), in order to be able to quantize the gravitational field itself 
in a natural manner. 

Let us start considering the Einstein field equations in the physical space-time 
4V , in presence of external fields: 

[ ]4 41 ,
2

FR R g g Tµν µν µν µνκ− −Λ =                   (159) 

the label [F] denoting the non gravitational contributions to mass-energy. And let 
us introduce the notation: 

[ ] 4 41 .
2

GT R R g gµν µν µν µνκ = − + + Λ                  (160) 

We can interpret in a natural way [ ]GTµν  as the energy-momentum tensor of 
the gravitational field and write now the Einstein equations as an energetic bal-
ance between the gravitational and non-gravitational fields: 

[ ] [ ] 0,G FT Tµν µν+ =                           (161) 

instead of embedding gravity within the geometry of space-time. From the cal-
culations developed in the previous sections we are able to evaluate [ ]GTµν  in 
correspondence to the Robertson-Walker metric. Eventually we have, in pres-
ence of more gravitons, labeled by an index p: 

[ ]

[ ] ( )

[ ] ( )
[ ] ( )

2
00

2 2
11

2 2 2
22

2 2 2 2
33

34 ,
35

34 ,
35
34 ,
35

sin .

G
gpp

G
gpp

G
gpp

G
gpp

T c

T c a t

T c a t r

T c a t r

κ

κ

κ

κ θ

= Λ

= − Λ

= − Λ

= − Λ

∑

∑

∑

∑

                (162) 

Now we can identify: 

[ ] [ ]2 34 34, ,
35 35

G Gcκ κ= Λ ℘ = − Λ                 (163) 

as the energy and pressure densities of the gravitational field as observed in 4V , 
which include both visible and dark contributions, pressure being here negative 
as a consequence of gravitational attraction. Of course the energy and pressure 
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densities of the gravitational field are equal and opposite in sign respect to the 
mass-energy and pressure densities ,℘  given by (152), (153) arising from the 
non-gravitational fields, so that the balance of gravity and non-gravitational 
fields is exactly zero. 

11. Quantization of the Gravitational Field  

Let us now examine the Hamiltonian density of the gravitational field, which is 
given by the [ ]

00
GT  component of the energy-momentum tensor we have just 

evaluated. We have, by summation over all the particles: 

[ ] 234 1 ,
35

G
gpp c

κ
= Λ∑                     (164) 

the index p labeling each graviton. 
Integrating on a space region   of volume V we get the total Hamiltonian 

of the gravitational field enclosed within this region: 

[ ] [ ] 23 34d .
35

G G
gpp

VH g x c
κ

= = Λ∑∫             (165) 

Note that if   is assumed to be the whole universe at instant t the volume 
becomes time dependent. 

Now we introduce the frequencies [ ]g pω  through the relations: 

[ ] [ ]
34 ,
35 gp g p g p

V c aω
κ
Λ =                   (166) 

The square modulus yields (where complex conjugation symbol * has here 
been reintroduced): 

[ ] [ ] [ ] [ ] [ ]( )2 * *34 1 .
35 2gp g p g p g p g p g p

V c a a a aω
κ
Λ = +        (167) 

Then the Hamiltonian becomes: 

[ ]
[ ] [ ] [ ] [ ] [ ]( )* *1 ,

2
G

g p g p g p g p g ppH a a a aω= +∑           (168) 

Quantization results by replacing the coefficients [ ] [ ]
* ,g p g pa a  with the quan-

tum creation and annihilation operators [ ] [ ],g p g p
+a a , by the correspondence 

rules: 

[ ] [ ] [ ] [ ]
* , .g p g p g p g pa a+→ →a a                (169) 

The coefficient [ ]g pc  being arbitrary it can always be adjusted in such a way 
to fit the right commutation relations for the operators [ ] [ ],g p g p

+a a : 

[ ] [ ] [ ] [ ] ,g p g p g p g p I+ +− =a a a a                    (170) 

thanks to which we obtain: 

[ ]
[ ] [ ] [ ]

1 ,
2

G
g p g p g pp ω + = + 

 
∑  a aH              (171) 

which provides also for the gravitational field a quantized Hamiltonian in the 
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usual form as known in q.e.d. 

12. Conclusion  

We have proposed the guidelines of a possible physical interpretation of a model 
of unified interaction (boson) and matter (fermion) fields within the geometry 
of a multidimensional space-time manifold 16V . We have seen how to identify 
interaction fields with the vector components ( ) , 0,1, 2,3a σ

µ µ =  of the eigen-
vectors ( ) , 0,1, 2, ,15a σ

µ µ =   of the metric tensor ( )gµν≡g  in 16V  and the 
remaining components ( )

la σ  with the spinor matter fields. Meaningful conse-
quences of these results have been obtained also in cosmology and a way to 
quantization of the gravitational field has been examined. All those results have 
been presented in detail in my book [11]. 
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