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Abstract

This paper studies a high order moments portfolio optimization model with
transaction costs. The model takes kurtosis as objective function and takes the
skewness, variance, mean and transaction costs as constraints conditions.
Since the optimization problem is of high order and non-convex, it brings
some difficulties to the solution of the model. Therefore, this paper trans-
forms the optimization problem into a semi-definite matrix optimization
problem by using the moment matrix theory, and then solves it. Through the
study of four risky assets in China’s securities market, it is found that transac-
tion costs are significant parts in the study of portfolio model. In addition,
sensitivity analysis shows that the kurtosis and skewness are positively corre-
lated with the mean and variance invariant. When mean and skewness are
constant, kurtosis and variance are positively correlated. When mean and
skewness remain unchanged, the fourth order standard central moment and
variance are negatively correlated.
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1. Introduction

The traditional Markowitz mean-variance model [1] is based on the fact that the
utility function of investors is a quadratic function or that the return rate of asset
portfolio obeys the normal distribution [2]. However, a plethora of empirical
studies [3] show that the distributions of asset returns are not normally
distribution, but tend to be of asymmetric, leptokurtic and heavy-tailed features.
Therefore, it is not enough to study the mean and variance, but also to study

high order moments (skewness and kurtosis) in investment decision.

Skewness and kurtosis are important factors to describe investment risk
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except variance. Among them, skewness is used to measure the skew direction
and degree of statistical data distribution and to represent the asymmetric
characteristics of statistical data. It is also used to represent the asymmetric
characteristics of the probability density function of the assets yield. If the
skewness is positive, it means that positive returns are easy to generate. If the
skewness is negative, it means that the potential risk is greater than the potential

benefit. Skewness is defined as the third-order standard central moment
statistically,

E|:(r— yﬂ
(E[t-w])”

where, rrepresents the assets yield, g represents the expected return on risky

S(r)z

assets.

Kurtosis is of a sharp peaks and fat tail character of the probability density
function of the assets yield, compared with the normal distribution. If the
kurtosis is 3, the density function of the assets yield is the same as the steepness
of the normal distribution, that is, it has the same peak and tail characteristic. If
the kurtosis is greater than 3, the density function of the assets yield is steeper
than the normal distribution, that is, there are steeper peaks and thicker tails. If
the kurtosis is less than 3, the density function of the assets yield is gentler than

the normal distribution. Kurtosis is defined as the fourth-order standard central

£l
(e[e-ar])

Many scholars have considered skewness and kurtosis in their studies. Jean

moment statistically, K (r)=

Pierre Aubin and Hlne Frankowska [4] pointed out that investors prefer the
yield with a large skewness (the third order central moment) and dislike the
yield with a large kurtosis (the fourth order central moment). Yixuan Ran ef al.
[5] considered the influence of skewness and kurtosis in their portfolio model
and proposed the Grey Wolf Optimization algorithm to solve the problem.
Amritansu Ray and Sanat Kumar Majumder [6] proposed a new non-Shannon
fuzzy mean-variance-skewness-entropy model, which established a multi-objective
non-linear portfolio model by maximizing mean and skewness and minimizing
variance and cross-entropy. Mehmet Aksarayli and Osman Pala [7] proposed a
multi-objective optimization model which concerned mean, variance, skewness,
kurtosis and entropy simultaneously, and compared the out-of-sample per-
formance of two entropy measures Shannon entropy and Gini-Simpson entropy
in portfolio selection. Peng Shengzhi [8] established a portfolio model with
kurtosis as the objective function and mean, variance and skewness as the
constraint conditions, and solved it by semi-definite programming relaxation
algorithm.

Transaction costs are important parts of securities investment. Many scholars

have considered them in their research. Andrew H. Y. Chen [9] first proposed a
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portfolio problem with transaction costs. Arnott R D and Wagner W H [10],
Enrico Angelelli [11] and others studied the impact of transaction costs in
investment portfolios.Wang and Liu [12] studied the multi-period mean-variance
portfolio problem with fixed transaction costs and proportional transaction costs.
Suraj S. Meghwani and Manoj Thakur [13] incorporated transaction costs into
the portfolio optimization model and formulated it as a three-objective problem,
namely mean, variance and transaction costs. Atsushi Yoshimoto [14] studied
the portfolio problem with variable transaction costs. Wei Chen et al [15]
proposed a possibilistic mean-semi-absolute deviation portfolio model with
V-shaped transaction costs, and solved it by FA-SA algorithm. Xue Deng ef al
[16] proposed the fuzzy mean-entropy portfolio models with transaction costs,
and then sensitivity analysis of the objective function coefficients and constraint
coefficients of the model.

Through the analysis of the above research, this paper takes transaction costs
into account. In this paper, it is try to establish a portfolio model with kurtosis as
the objective function and skewness, variance, mean and transaction costs as the
constraints, then the model is transformed into a semi-definite matrix optimi-
zation problem by means of moment matrix theory, and then solved it. Moreover,
this paper analyzed the impact of transaction costs on the portfolio, as well as
the relationship between kurtosis and skewness, kurtosis and variance, fourth-
order standard center moment and variance.

The rest of this paper is organized as follows. In Section 2, we present the
portfolio optimization model with transaction costs. In Section 3, we describe
the research methodology. In Section 4, this approach effectiveness is illustrated

in experiments. Section 5 concludes the paper.

2. Model Description
2.1. Assumptions and Notations

In this section, assuming that in Chinese market without friction and not
allowed to sell short. Then, The notation used in this article is illustrated. There
are nrisky assets, R=(R,R,,",R, )T is the assets yield vector,

1=ty 1, )T is expected return vector of risk assets, x=(x,,x,,"-,X, )T

n

is risk asset weight vector, R, =x"R=)"" xR, is portfolio return, u, =x'u

S e Al

is Portfolio expected return, S,, ¥, and R, are respectively given skewness,

variance and mean.

2.2. Model Establishment

Investors can choose one of the mean, variance, skewness and kurtosis of
portfolio as the objective function according to their risk preference, and the
other three as the limited conditions to build a portfolio optimization model. In
this paper, we choose kurtosis as the objective function, and the skewness,
variance and mean as constraints to construct the portfolio optimization model.

The following model is obtained:
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min K, = >
(EI:(RP_:L[P)Z:D
i S = E|:(RP_/‘P)3:| <
(E[(Re = )2])3/2 (1)

Because the variance of each stock is constant, therefore, this paper respectively
using the third order central moment E [(r—,u)q and fourth order center
moment E[(r— ,u)q to describe of skewness and kurtosis, and Formula (1)

can be reduced to:

st [(RP +) |=S.
% E[ 2] 7,
Hp =x' U= R
z’]xl—l
x, 20

2.3. Establishment of Transaction Costs Function

Transaction costs can be divided into explicit costs and implicit costs. The
explicit costs are also known as the fixed costs, which is the general name of
various taxes such as procedure fee and stamp duty. Implicit costs refer to the
indirect costs incurred in the course of securities transactions. This paper will
start with explicit cost, and the most direct manifestation of explicit cost is stamp
duty, transfer fee and brokerage commission. The charging rules [17] are as
follows:

1) Stamp duty: It is charged at 1%o of the transaction amount and is
unilaterally levied, that is, it is charged separately to the seller according to the
transaction amount of the stock transaction.

2) Transfer fee: It is charged at 0.02%o of the transaction amount, but the fee is
only paid when investors conduct Shanghai stock and fund transactions.

3) Brokerage commission: In order to balance the maximization of client
resources and commission income, the securities company adopts a flexible
pricing strategy based on the customer's trading method, trading frequency and
the amount of funds and positions, but none of them exceed 3%o of the

transaction amount. This paper takes 1%o.
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2.4. The Model with Transaction Costs

Assuming that the initial investment of the investor is 0, as this paper considers
that short selling is not allowed in the market, so the investor’s investment ratio

x, is not negative. Therefore, the total transaction costs function is
C(x)=x"w

where o =(,0,,,, )T , @, represents a fixed proportion of the transaction
amount, then the transaction costs function is a fixed proportional function of
the investment amount [17], thus, the improved portfolio model with transaction
costs can be expressed as:

min K, = E[(RP —,up)4]

st. S, = E[(RP —u, )3] -3,

Ve =E|:(RP_IHP)2 =I7P (2)

2.5. Algebraic Representation of the First Four Order Moments of
the Portfolio Return Rate

The physics tensor operation is used to restate the variance, skewness and kurtosis
of the portfolio yield, as follows [18] [19]:

The variance of portfolio yield:

Ve=2 2 xxop=x'| 1 1 x=x'Myx
n ”
where M, =E|(R-u)(R-p)' |={o,} ~isan nxn order covariance matrix,
its componentis o, = E[ (R, - 11,)(R, - #,) |-
The skewness of portfolio yield:

S _Zl ]Z} ]Zm lxlxjxmsljm - M3 ('x®x)

where M, =E[(R—/¢)(R—ﬂ) ®(R_lu)1 {Sym 15 an nxn® order
coskewness matrix, its component is s, =FE [ R M R. - ,u/.)(Rm — My, )] >
® is the Kronecker product.

The kurtosis of the portfolio yield:

Kp=), Zj—:] Do 2o X% X, Xk = XM (x ® x @ x)

where M, = E[(R—ﬂ)(R—,U)T ®(R—,U)T ®(R- ,u) J {kym,} . isan
nxn’ order cokurtosis matrix, its component is

kijml = E[(Ri —H )(Rj —H; )(Rm —Hy )(RI —H ):| :
Formula (2) can be rephrased as follows:
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min p(x): (x®x®x)
gl(x): (x®x) S
gz(x)=x Myx=V,

_ (3)

g (x)=x"u-x'w=R,
g.(x)= ln X
x, 20

3. Method

According to Lasserre, Waki and Peng [8] [20] [21], the optimization problem is
transformed into the linear matrix inequality optimization problem by using the
moment matrix theorem, and then transformed it into a semi-definite matrix
programming problem.
When
p(x) =x'M, (x®x®x)
_Z, 12, IZm 12 XXX, XK, (4)
=2 P

where, " =512, max ) @, =4.

The vector (l,xl,xz,---,xn,xlz,x]xz,--~,x1xn,--~,x5,--~,xf,-~~,x:) is the basis of
the fourth-order polynomial p(x), and p= { pa} is the coefficient vector of
the basis components in  p(x).

When

K ={xe R":x"M, (x®x)=§P,xTM2x= Vyox"si—x"w=R,,

z:’:lxl. =1, x ZO}

={xeR” th=x"M, (x®x)—§,, >0,h, =-x"M, (x®x)+§,, >0,
hy=x"M,x~V,>0,h, =—x"M,x+V, >0,
hy=x"p—x"w-R,>0,h,=—x"u+x"w+R, >0,

hy =" x—120,h==>" x +120,x, 20}

Theorem 1. [20] The P > min, , p(x) and p, > min, ij(x)dy
are equivalent, that is,

1) inf P, =inf p, .

2) If x* is a global minimizer of P, then u" = 0. is a global minimizer
of p.. '

3)If x" is the unique global minimizer of P,,then u" = 6. is the unique
global minimizer of p, .

According to the theorem 1, Formula (3) can be converted into the following

problem:
min,,_, ) [ p(x)du (5)

That is to find the probability measure in the finite Borel probability measure
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space to make IKp(x) dyu optimal.
From Formula (4), we can get

[op()du=[ 3, px"du=3 (p.[x"du) =3, p.y. (6)

where, y, = Ikxady is the « -order moment of the probability measure .

Thus, the Formula (5) is transformed into the following problem:
min{ya el Za paya

The objective function becomes a linear function composed of a sequence of
moments, which simplifies the problem.

The characteristics of {y,} are described as below definitions.

Define 1 [22]: Matrix

Yoo Yioo0 Yoo T Yy

Yioo-0 Yaoo--0 V100
Mz()’): Yoto-0 Vito-0 Vozo--0

ys(t) oo vee ces st(t)

where, ¢ is the degree of the objective function, and s(z) is the dimension of
the basis of the objective function.

Define 2: M, (gqy) isa matrix composed of components
Mr (qy)(i,j) = quy{ﬁ(,-’j)ﬂ/}

where f(i, /) indicates the lower subscript of each component y, of M,(y),
and ¢, represents the coefficient corresponding to each component of the
function ¢(x).

Theorem 2. [8] If q(x) is a polynomial with a degree of2d or 2d -1 and
0 ={x:q(x)20}, then M,(y)=0, M, ,(q*y)*>0.

According to the analysis, the Formula (3) can be transformed into the

following semi-definite matrix optimization problem.

min p'y
st. M =0
0) %
M, (h*y)=0
j=1’27...78

where, ¢>max(d,.d,, -, d).

4. Experimental Analysis

In order to further analyze the effectiveness of the proposed method, this section
selects samples from the Chinese market for analysis. Two stocks of Shenzhen
Stock Exchange and two stocks of Shanghai Stock Exchange are selected, namely
Shenzhen Energy (000027), Western Securities (002673), Baiyun Airport (600004)
and Guangzhou Port (601228). The sample is the daily closing quotation, which
from May 29, 2017 to May 29, 2018, and a sample size of 244, it is based on the
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Guotaian CSMAR database. The data needs to be preprocessed before the model

is solved.

4.1. Sample Data Analysis

In order to simplify the problem, the risk-free assets are ignored, and the return
on investment is based on the logarithmic returns, R; = ln(Aj /4 ) » where 7is

the /-th stock and /is the /-th day, 4, indicates the closing price of j-th day.

4.1.1. Calculate the Expected Rate of Return for Stock i
=K (Ri )

Use the Excel to get the expected return on the four stocks, as shown in the
following Table 1.

4.1.2. Stock Variance, Third-Order Standard Center Moment, Excess
Kurtosis (Fourth-Order Standard Center Moment Minus 3),
Skewness, Kurtosis, Jarque-Bera Statistic

A scatter plot of the mean and third-order standard central moment and a
scatter plot of the mean and excess kurtosis are given in Table 2, as shown in the

following Figure 1.

third-order standard center moment

*
0 1 Il 1 Il 1 1 1 1 * ]

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

mean %103

Figure 1. Scatter plot of mean and third-order standard central moment.

Table 1. Expected rate of return for each stock.

stocks Shenzhen Energy =~ Western Securities ~ Baiyun Airport Guangzhou Port

H, 0.00065955 0.00173903 0.00011836 0.00173632
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From Figure 1, we can get the third-order standard central moment of the
four stocks are positive, and none of them are zero, indicating that the four
stocks have certain asymmetry. From Figure 2, we can get the excess kurtosis of
the four stocks are all positive, indicating that they have certain characteristics of
sharp peaks and fat tail, especially the third stock, baiyun airport. The Jarque-
Bera statistic of the four stocks’ returns are greater than the critical value of 0.5%
of the 4’ (2) distribution. Then we can confirm the non-normal distribution

characteristics of the return rates on the four stocks.
100
90
80
70
60 -

50

excess kurtosis

40

30

20 -

10 -

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

mean x1073

Figure 2. Scatter plot of mean and excess kurtosis.

Table 2. Mean, Variance, Third-order standard center moment, Excess kurtosis, Skewness,
Kurtosis, Jarque-Bera statistic for each stock.

stocks Shenzhen Western Baiyun Guangzhou
Energy Securities Airport Port

Mean 0.00065955 0.00173903 0.00011836 0.00173632

Variances 0.00010518 0.00039679 0.00083951 0.00046760
Third-order standard

center moments 0.34597184 0.83363682 8.04344754 0.26292693

Excess kurtosis 4.37482549 5.55668050 98.58424447 5.24389392

Skewness 0.00000037 0.00000655 0.00019445 0.00000264

Kurtosis 0.00000008 0.00000134 0.00007101 0.00000179

Jarque-Bera statistic 199.4484495 342.174481 101439.3541 282.3786249
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4.2, Solve the Problem

4.2.1. Solution of Portfolio Optimization Problem without Transaction
Costs

According to the sample data, we will study the above portfolio model without

transaction costs. Firstly, we can set R, =0.00005332, ¥, =0.00019227 and

S, =0.00000510, Formula (3) is concretized into the following optimization

problem:

min p(x)=0.00000008x; +0.00000134x; +0.00007101x;

+0.00000179x; +0.00000090x; x; +0.00000177x; x;
+0.00000038x; x; +0.0000013 1x,x; +0.00000166x; x;
+0.00000431x; x; +0.0000003 Lx; x, +0.00000015x; x,
+0.00000039x; x, +0.0000015 Lx,x; +0.00000174x; x,
+0.00000314x; x, —0.00000366x, x; +0.00000442.x, x;
+0.00000587x; x, +0.00000210x,x; +0.0000032 1x, x;
+0.00000143x,x; +0.00000074x;x,x, +0.00000169x; x,x,
+0.00000176x,x; x, +0.00000363x,x; x, +0.00000077x; x,x,
+0.0000009 1x, x, x; +0.00000084x,x; x, +0.00000388x, x, x;
+0.00000184x,x,x; +0.00000386x; x,x, +0.00000265x,x; x,
+0.00000372x, x,x; +0.00000303x,x,,x,

s.t. g, (x)=0.00000037x; +0.00000655x; +0.00019445x;
+0.00000264x; +0.0000044 1x; x, +0.00000089x; x,
+0.00000553x; x, +0.00001057x,x; +0.00000985x; x,
+0.00002373x;x, +0.00001107x,x; +0.00002142x,x;

+0.00000555x,x2 —0.00000675x, x> +0.0000139 1x, x

+0.00001557x2x, +0.00000668x, x,x, +0.00000571x,x,,
+0.000020801x, x,.x, +0.00001443 1x,x,x, = 0.00000510

2, (x)=0.00010518x; +0.00039679x; +0.00083951x;
+0.00046760x; +0.00022167x,x, +0.00009557x,x,

+0.00024047x,x, +0.00021917x,x, +0.00039333x,x,
+0.00019957x,x, = 0.00019227

g5 (x)=0.00065955x, +0.00173903x, +0.00011836x,
+0.00173632x, = 0.00005332

g (x)=x+x,+x+x, =1

x,20,i=1,2,3,4

(8)

According to Formula (8), the basis vector of the objective function p(x) is
(EIEAE AT LA SHEL NN ARNEARRN 9)

From Formula (6), Formula (9) can be converted into the following form:

y= (.Va ) = (J’OOOO:yloom)’mom)’omo"”aYO004)
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According to Formula (8), constraints can be converted into the following
form:
h = g, (x)—0.00000510 >0
h, =—g,(x)+0.00000510 >0
hy = g,(x)—0.00019227 > 0
h, =—g,(x)+0.00019227 > 0
hs = g, (x)—0.00005332 >0
hs = —g5(x)+0.00005332 >0
h, =g, (x)—l 20
hy=—g,(x)+1=0
According to Formula (7), Formula (8) can be converted into the following

form:

Using MATLAB to solve the problem, minimize the kurtosis of the optimal

portfolio is obtained:
x=(x,%,,%;,x, )T = (0.2870,0.2160,0.2210,0.2760)T

From the results, we can see that only by investing 28.70% of the total
investment amount in Shenzhen Energy, 21.60% in Western Securities, 22.10%
in Baiyun Airport and 27.60% in Guangzhou Port, so that the minimum kurtosis
is 0.00000040.

After studying the case without transaction costs, we will continue to study

the above portfolio optimization problem when considering transaction costs.

4.2.2. Solution of Portfolio Optimization Problem with Transaction Costs

According to the sample data, Formula (3) is concretized into the following

optimization problem:

min  p’(x)=0.00000008x; +0.00000134.x; +0.00007101x;

+0.00000179x; +0.00000090x; x; +0.00000177x;x;
+0.00000038xx; +0.00000131x7x; +0.00000166x;x;
+0.0000043 Lx; x; +0.0000003 1x; x, +0.00000015x; x,
+0.00000039x; x, +0.00000151x,x; +0.00000174x; x,

DOI: 10.4236/me.2019.106100
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+0.00000314x; x, —0.00000366x,x; +0.00000442x, x;
+0.00000587x; x, +0.00000210x,x, +0.00000321x,x;
+0.00000143x,x; +0.00000074x7 x,x, +0.00000169x; x, x,
+0.00000176x,x; x, +0.00000363x,x; x, +0.00000077x; x,x,
+0.0000009 Lx, x, x7 +0.00000084x, x; x, +0.00000388x, x, x;
+0.00000184x, x,x; +0.00000386x; x,x, +0.00000265x, x; x,
+0.00000372x,x,x; +0.00000303x, x, X, x,

s.t. gf(x)=0.00000037x; +0.00000655x; +0.00019445x;
+0.00000264x; +0.00000441x; x, +0.00000089x; x,
+0.00000553x; x, +0.00001057x,x; +0.00000985x] x,
+0.00002373x2 x, +0.00001107x,x; +0.00002142x, x;
+0.00000555x,x; —0.00000675x,x; +0.00001391x,x;
+0.00001557x7 x, +0.00000668x, X, x; +0.0000057 1x, X, x,
+0.000020801x, x,x, +0.00001443 1x,x,x, = 0.00000510

25 (x) =0.00010518x7 +0.00039679x2 +0.0008395 x>
+0.00046760x7 +0.00022167x,x, +0.00009557x,x,

+0.00024047x, x, +0.00021917x,x, +0.00039333x,x,
+0.00019957x,x, = 0.00019227

2} (x) ==0.00034045x, +0.00073903x, —0.00090164x,
+0.00073632x, = 0.00005332

gi(x)=x +x, +x +x, =1

X >0,i=1,2734

(10)

According to Formula (10), the constraints can be converted into the
following form:

h =g/ (x)—0.00000510 > 0
h, =g/ (x)+0.00000510 >0
hy = g5 (x)—0.00019227 >0
h, =—-g}(x)+0.00019227 > 0

hi = g, (x) —-0.00005332>0
hi =—g; (x)+0.00005332 >0
hy=g,(x)-1=0
hy=—gi(x)+1=0
According to Formula (7), Formula (10) can be converted into the following

form:
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Similarly, using MATLAB to solve it, minimize the kurtosis of the optimal
portfolio is obtained:

x=(%,%,,%,,x,) =(0.2740,0.2259,0.2340,0.2661)"

From the results, we can see that only by investing 27.40% of the total
investment amount in Shenzhen Energy, 22.59% in Western Securities, 23.40%
in Baiyun Airport and 26.61% in Guangzhou Port, so that the minimum kurtosis
is 0.00000045.

4.2.3. Summary

Without transaction costs, the investor takes 28.70% of the total investment
amount to invest in Shenzhen Energy, 21.60% to invest in Western Securities,
22.10% to invest in Baiyun Airport and 27.60% to invest in Guangzhou Port. At
this time, it can be concluded that the minimum kurtosis of the investment
portfolio is 0.00000040. When transaction costs are taken into account, investors
invest 27.40% of the total investment amount in Shenzhen Energy, 22.59% in
Western Securities, 23.40% in Baiyun Airport and 26.61% in Guangzhou Port.
At this time, the minimum kurtosis of the investment portfolio is 0.00000045. In
both cases, although Shenzhen Energy has the largest proportion of investment,
followed by Guangzhou Port and finally Western Securities, the proportion of
investment in the four stocks is different. In addition, according to the analysis
of the transaction costs function, the transaction cost accounts for 1%o of the
investment amount. When the investment amount increases, the transaction
costs will increase relatively. Therefore, in the investment process, the impact of

transaction costs cannot be ignored.

4.3. Sensitivity Analysis of the Relationship between Kurtosis,
Skewness and Variance

In this section, we will give the relationship between kurtosis and skewness,
kurtosis and variance, and the relationship between fourth-order standard
central moment and variance, then further verify the effectiveness of the above

solution.

4.3.1. Sensitivity Analysis of the Relationship between Kurtosis and
Skewness

Firstly, we can set R, =0.00005332 and ¥, =0.00019227, then the ideal
skewness S, is continuously adjusted, we can get a series of optimal solution
and the optimal portfolio kurtosis, as shown in Table 3. According to Table 3,
the relationship of the skewness and the optimal portfolio kurtosis can be

plotted. From Figure 3, we can get the kurtosis and skewness of the optimal
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Figure 3. Relationship between skewness and kurtosis.

Table 3. The optimal solution and the change of optimal portfolio kurtosis with S, .

Ideal skewness S, kurtosis X, X, X, X,
0.000003 0.000000320 37.26% 3.11% 16.69% 42.94%
0.000004 0.000000374 31.63% 10.90% 20.47% 37.00%
0.000005 0.000000444 27.72% 21.02% 23.17% 28.09%
0.000006 0.000000537 24.70% 30.12% 25.28% 19.90%
0.000007 0.000000648 21.90% 30.61% 27.12% 20.37%
0.000008 0.000000744 19.88% 30.94% 28.47% 20.71%
0.000009 0.000000898 17.06% 31.46% 30.30% 21.18%
0.000010 0.000000935 16.54% 31.48% 30.72% 21.26%
0.000011 0.000001031 15.11% 31.77% 31.68% 21.44%
0.000012 0.000001257 12.02% 32.32% 33.65% 22.01%
0.000013 0.000001395 10.41% 32.56% 34.72% 22.31%
0.000014 0.000001533 8.95% 32.81% 35.69% 22.55%
0.000015 0.000001692 7.38% 33.09% 36.72% 22.81%
0.000016 0.000001831 6.12% 33.29% 37.56% 23.03%
0.000017 0.000001970 4.95% 33.49% 38.35% 23.21%
0.000018 0.000002148 3.51% 33.73% 39.29% 23.47%
0.000019 0.000002229 2.95% 33.79% 39.71% 23.55%
0.000020 0.000002453 1.30% 34.10% 40.77% 23.83%
0.000021 0.000002571 0.53% 34.13% 41.30% 24.04%
0.000022 0.000002586 0.52% 34.13% 41.38% 23.97%
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portfolio are positively correlated. Under the mean and variance of the portfolio
unchanged, the kurtosis of the optimal portfolio increases with the increase of
the skewness, which means that investors want to increase the skewness of the
portfolio and need to take more risk of kurtosis.

4.3.2. Sensitivity Analysis of the Relationship between Kurtosis and
Variance

In the previous section, we analyzed the relationship between kurtosis and
variance. In this section, we will continue to analyze the relationship between
kurtosis and variance and the relationship between the fourth order standard
central moment and variance. Firstly, we can set R, =0.00005332 and

S, =0.00000510, then continuously adjust the ideal variance 7, , and we can
obtain a series of the optimal solution and the kurtosis of the optimal portfolio,
as shown in Table 4. From Table 4, the relationship of variance and the optimal
portfolio kurtosis can be plotted in Figure 4, and the relationship of variance
and fourth-order standard central moment can be drawn in Figure 5. From
Figure 4, we can see that the kurtosis and variance of the optimal portfolio are
positively correlated. When the portfolio’s mean and skewness constant, the
variance increases and the kurtosis of the optimal portfolio is also increase. Since
the calculation of the fourth-order standard central moment K (r) is related to
the variance, we also need to study the relationship between the variance and the
fourth-order standard central moment. As shown in Figure 5, the variance is
negatively correlated with the fourth-order standard center moment, which
means that the fourth-order standard center moment decreases with increasing

variance when the portfolio mean and skewness are constant.
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A
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Figure 4. Relationship between variance and kurtosis.
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Figure 5. Relationship between variance and fourth-order standard center moment.

Table 4. The optimal solution and the change of optimal portfolio kurtosis with 7, .

Ideal variance 7, kurtosis K(r) X, X, X Xy
0.00005 0.000000153 61.2000 61.80% 22.33% 1.20% 14.67%
0.00006 0.000000157 43.6111 59.11% 23.01% 2.76% 15.12%
0.00007 0.000000159 32.4490 57.38% 23.10% 3.93% 15.59%
0.00008 0.000000162 25.3125 54.34% 23.82% 6.09% 15.75%
0.00009 0.000000235 29.0123 39.22% 27.30% 15.91% 17.57%
0.00010 0.000000308 30.8000 33.76% 28.35% 19.47% 18.42%
0.00011 0.000000323 26.6942 32.93% 28.55% 19.99% 18.53%
0.00012 0.000000322 22.3611 32.98% 28.52% 19.96% 18.54%
0.00013 0.000000332 19.6450 32.44% 28.66% 20.28% 18.62%
0.00014 0.000000339 17.2959 32.06% 28.73% 20.52% 18.69%
0.00015 0.000000357 15.8667 31.14% 28.91% 21.10% 18.85%
0.00016 0.000000370 14.4531 30.57% 29.02% 21.47% 18.94%
0.00017 0.000000410 14.1869 28.89% 29.35% 22.55% 19.21%
0.00018 0.000000438 13.5185 27.83% 29.55% 23.23% 19.39%
0.00019 0.000000441 12.2161 27.68% 27.02% 23.28% 22.02%
0.00020 0.000000479 11.9750 26.81% 15.75% 23.69% 33.75%
0.00021 0.000000516 11.7007 26.21% 10.25% 24.00% 39.54%
0.00022 0.000000553 11.4256 25.66% 6.04% 24.30% 44.00%
0.00023 0.000000591 11.1720 25.16% 2.49% 24.58% 47.77%
0.00024 0.000000643 11.1632 24.18% 0.00% 25.18% 50.64%

DOI: 10.4236/me.2019.106100 1522 Modern Economy


https://doi.org/10.4236/me.2019.106100

X. Li, P. A. Zhang

5. Conclusions

In this paper, we study the portfolio model with skewness, kurtosis and transac-
tion costs. This model takes kurtosis as the objective function and takes skew-
ness, variance, mean and transaction costs as the constraint conditions. Because
of non-convexity and high order of the objective function, this paper, based on
Lasserre and Waki’s research, transform the optimization problem into a semi-
definite matrix optimization problem for solving. This method can effectively
avoid the non-convexity and high order moment.

This paper selected two stocks of Shenzhen Stock Exchange, Shenzhen Energy
(000027) and Western Securities (002673), and two stocks of Shanghai Stock
Exchange, Baiyun Airport (600004) and Guangzhou Port (601228). By the ex-
ample, we can get that the transaction costs would make the investment ratio of
the four stocks different, in the case of other conditions unchanged. When we
study the portfolio problem, the transaction costs cannot be ignored. In addi-
tion, we obtain the relationship between the kurtosis of the optimal portfolio and
the variance, the relationship between the kurtosis of the optimal portfolio and
the skewness and the relationship between the fourth-order standard center
moment and the variance, through Sensitivity analysis. More accurately, the
kurtosis and skewness of the portfolio are positively correlated, when the mean
and variance of the portfolio are constant. Moreover, the kurtosis and variance
of the portfolio are also positively correlated, when the mean and skewness of
the portfolio are constant. Since the calculation of the fourth-order standard
central moment is related to the variance, we also need to study the relationship
between the fourth-order standard central moment and the variance. When the
portfolio mean and skewness are constant, the fourth-order standard central

moment decreases as the variance increases.
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