/
oo Resmurch
0... Publishing

Open Journal of Applied Sciences, 2019, 9, 354-360
http://www.scirp.org/journal/ojapps

ISSN Online: 2165-3925

ISSN Print: 2165-3917

Travelling Solitary Wave Solutions to Higher
Order Korteweg-de Vries Equation

Chunhuan Xiang?, Honglei Wang?2*

'School of Public Health and Management, Chongging Medical University, Chongqing, China

*College of Medical Informatics, Chongqing Medical University, Chongqing, China

Email: *w8259300@163.com

How to cite this paper: Xiang, C.H. and
Wang, H.L. (2019) Travelling Solitary Wave
Solutions to Higher Order Korteweg-de Vries
Equation. Open Journal of Applied Sciences,
9, 354-360.
https://doi.org/10.4236/0japps.2019.95029

Received: April 24, 2019
Accepted: May 20, 2019
Published: May 23, 2019

Copyright © 2019 by author(s) and
Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International
License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

Abstract

The travelling solitary wave solutions to the higher order Korteweg-de Vries
equation are obtained by using tanh-polynomial method. The method is ef-
fective and concise, which is also applied to various partial differential equ-
ations to obtain traveling wave solutions. The numerical simulation of the
solutions is given for completeness. Numerical results show that the
tanh-polynomial method works quite well.
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1. Introduction

Nonlinear wave phenomena appear in various scientific and engineering fields
[1] [2] [3] [4], such as fluid mechanics, plasma physics, optical fibers, biology,
solid state physics, chemical kinematics, chemical physics and geochemistry. The
higher order Korteweg-de Vries equation is one of important equations for de-
scription localized structures in the modern physics, such as two-layer fluid [5],
steady-state solitary waves in a fluid [6], a three-layer fluid with a constant
buoyancy frequency in an each layer [7] [8], which means the investigation of
the travelling wave solutions for nonlinear partial differential equations plays an
important role. The Korteweg-de Vries (KdV) equation [9] [10] is first used to
describe the nonlinear long internal waves in a fluid stratified by both density
and current. The higher-order Korteweg-de Vries equation is investigated with
different methods [11] [12] [13], which is written as follows.

u, +u +yuu, +Puu +ouu, =0 (1)
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where the subscripts denote the partial derivatives of x and # The y, fand a are

constant parameters; u represents a real scalar function u(x, 7).

2. The Tanh-Function Method

Consider a given evolution equation with independent variables x and ¢ in the
form are given as
P(uyuu,u,uu,,)=0. (2)

xt?

By using the wave variable & =x+x¢ and substituting into Equation (2), we

obtain the following ordinary differential equation
Q(u,ug,ugg,u%,w-)zo. (3)

where u,,u,., - denotes the derivative with respect to the same sole variable
£.
The fact that the solutions of many nonlinear equations can be expressed as a
finite series of tanh-function motivates us to seek for the solutions
u(x,t)zU(f)zZa[ tanh(§)' (4)
i=0
where ¢ is a function about x and £ q,,q,,a,,-:- are constant parameters. m
can be obtained by balancing the derivative term of the highest order with the

nonlinear term as the follow

d?u
0 —mtp, p=123,
[dé"j pr

and

g Qu
Ol u Az :(q+1)m+p, g=01,2-p=123-

Usually m is a positive integer, however, once in a while, the value of m is a neg-
ative or a fraction, the other kinds of expression will introduced. In the following,
we illustrate the method by using it to solve the higher-order Korteweg-de Vries

equations.
3. The Tanh-Function Method Solutions for Higher-Order
Korteweg-de Vries Equation
Putting the variable & =x+x¢ into Equation (1) and we find
Kup +Ugzee +yusige: + Puug, +Ocuzu‘f =0; (5)
which is an ordinary differential equation. By using the above method, m = 2 is

obtained by balancing the derivative term of the highest order with the nonlinear

term.
u(&)=a, +a tanh (&) +a, tanh(cf)2 (6)

substituting (6) into (5) yields a set of algebraic equations for a,, a,, a,, , fand a.
Collecting all terms with the same power of tanh(¢&) together, equating each
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coefficient to zero, we obtain a set of simultaneous algebraic equations as fol-
lows:

16a, +aa;a, +2a,a,f —2a,a, +a,x =0
2aala, +272a, +2aaia, —2a f+4a; f—2a’y —16a,a,y +2a,x =0
-136a, - aaja, + aa; +6aaya,a, —14a,a,3+8a,a,y —18a,a,y —a,x =0
-2aala, —1232a, -2aaja, +4aa’a, + 4aaa, +4a’ B
—20a; B +8a}y +40a,a,y —16a,a,y —2a,x =0
240a, —aa; —6aaya,a, +5aa;a, +22a,a, - 6a,a,y +48a,a,y =0
1680a, —4aala, —4aad;a, +2aa, —2a; f+28a; B
—6aly —24a,a,y +40asy =0
~120a, —5aa;a, —10a,a, 8 —30a,a,y =0
~720a, —2aa, —12a; f-24aiy =0

Solving the algebraic equations, we get the results:
1) The first case a, =0

4y —\[136a-2aa,+16/* ~ax - —6/—12y —\(68+127)’ —14400:

. a ? 2a
u, (x,1) = a, +a, tanh(x+1ct)2 (7)
4y C36a-20a, 167 —ax  ~68—12y+(68+12y) ~1440a
h= a > &= 2a
u, (x,6) = a, +a, tanh (x + &)’ (8)
4y —-136a 20, f +16y* - ax 68— 12y+,(6+127)’ — 14400
a, = N =
‘ a = 2a
uy (x,1) = a, +a, tanh (x+ 1)’ 9)
47+\/—136a—2aa2ﬂ+16y2 —ak —6ﬂ—127/—\/(6,3+12)/)2 —-1440c
a, = > = >
‘ a @ 2a
u, (x,1)=a, +a, tanh()c—i-lct)2 (10)
2) The second case
_840+10a,f+15ay _\/10a0y+6a2(2ﬁ+37—aa0)—1320 343y 64
o 16y T a T 2a
us (x,1) = ay +a, tanh (x + &) + a, tanh (x + xt)’ (11)

_840+10a,f+15a,y  _ \/10a0y+6a2(2ﬂ+37/—0!a0)—1320 a__3y_3 [ _64a
= , a4 =— ,a, =

16y a : 2a

y

ug (x,1) = a, +a, tanh (x + &t) + a, tanh (x + 1)’ (12)
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4 2

_ 840+10a, +15a,y 4 _\/10a07+6a2(2ﬂ+3y—0{a0)—1320 . _3y-3 ,72—6405
= , a = _

% 16y a 2a
u, (x,t) = a, +a, tanh (x + &t) +a, tanh (x +x7)’ (13)
o 0100 150y :_\/10a0y+6a2(2ﬂ+3}/—aa0)—1320 - 3y 434y} —64a
16y a 2a
ug (x,1) = ay +a, tanh (x + &) + a, tanh (x + xt)’ (14)

Equations (7)-(14) are the solutions in the tanh(x+ &) form for higher or-
der Korteweg-de Vries Equation (1). The numerical simulations u, (x,t) and
u, (x,t) are shown with a=-1, f=2, y=04, k=1, the range of xand ¢
are xe[-1,1] and re[-11] in Figure 1 and Figure 2, respectively. Simulation
us(x,t) of Equation (11) with & =0.01, f=-8, y=3, k=1, the range of x
and tare xe [—10,10] and te [—10,10] , which is shown in Figure 3. Simulation
ug(x,t) for Equation (12), with & =0.01, f=-5, y=3, x=1. The range of
xand tare xe [—10,10] and te [—10,10] , which is shown in Figure 4. From
the figures, we know that the amplitude of the traveling wave solutions changes
with time. All figures are smooth and no singularity in the given time and given field.
These solutions help us find the peak and the deep location in physics system.

1.0-1.0

Figure 1. Simulation u(x,7) of Equation (7) with a=-1, =2, y=04, «k=1.
The range of xand rare xe&[-11] and 7e[-11]. The valley appears in the middle.

Figure 2. Simulation u,(x,7) for Equation (8), with a=-1, =2, y=04, x=1.
The range of xand tare xe[-11] and ¢e[-1,1]. The peak appears in the middle.
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Figure 3. Simulation u,(x,f) of Equation (11) with @=0.01, f=-8, y=3, x=1.
The range of xand tare xe[-10,10] and ¢e€[-10,10]. The jump appears in the mid-
dle.

Figure 4. Simulation u(x,r) for Equation (12), with «=001, g=-5, y=3,
x =1. The range of xand rare xe&[-10,10] and ¢e[-10,10]. The jump appears in the
middle.

4. Summary

Some new analytical solutions of the higher-order Korteweg-de Vries Equation
(1) are obtained by successfully employing tanh-function method in this paper,
which can be employed to discuss some interest physical phenomena, such as
two-layer fluid, steady-state solitary waves in a fluid, three-layer fluid with a
constant buoyancy frequency in an each layer. This tanh-function method is
based on a previous work [14] [15] [16] [17] [18]. It is very interest to find these
novel analytical evolution solutions, which is useful in establishing the connec-
tion between the longstanding rheological mechanics energy conservation prob-

lem and two-layer fluid, steady-state solitary waves in a fluid.
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