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In this paper, we consider the multiplicity results of nontrivial solutions of the

following Kirchhoff problem

L, ,u= |x|_bp* |u|p*'2 u+2k[ul"“u in @,
u=0 on oQ

(1.1)

where L, vi=-M (.[Q|x|fap |Vv|pdx)div(|x|fap [vv|" Vv) , Q is a smooth

N_p * Np

bounded domain of R", 1<p<N, O<ac< , p'= with
P N —dp

d=1+a-b, a<b<a+l, 1<q<2, 4 isareal parameter,
ke (Djp )_1 nc (ﬁ) with (D;’p )_1 is the topological dual of D;”(Q)
satisfying suitable conditions and M :R*U{0} > R" continuous function.

The original one-dimensional Kirchhoff equation was introduced by
Kirchhoff [1] in 1883 as an generalization of the well-known d’Alembert’s wave

equation:
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a_u
OX

atz

h 2L

u [R E au
ox?

2 2
dx]a u:g(x;u). (1.1)

His model takes into account the changes in length of the strings produced by
transverse vibrations. Here, L is the length of the string; 4 is the area of the cross
section; £ is the Young modulus of the material; ¢ is the mass density and P,
is the initial tension.

In recent years, the existence and multiplicity of solutions to the nonlocal
problem

2 .
_(a+ij|Vu| dx)Au:g(x,u) inQ, (12)
u=0 on oQ

has been studied by various researchers and many interesting and important
results can be found. In [1], it was pointed out that the problem (1.2) models
several physical systems, where u describes a process which depends on the
average of it self. Nonlocal effect also finds its applications in biological systems.
The movement, modeled by the integral term, is assumed to be dependent on
the energy of the entire system with u being its population density. Alternatively,
the movement of a particular species may be subject to the total population
density within the domain (for instance, the spreading of bacteria) which gives
rise to equations of the type

u, — m(jﬂudx)Au =h. (1.2)

For the multiplicity, certain chemical reactions in tubular reactors can be
mathematically described by a nonlinear two-point boundary-value problem and
one is interested if multiple steady-states exist, for a recent treatment of chemical
reactor theory and multiple solutions and the references therein. Bonanno in [2]
established the existence of two intervals of positive real parameters for which
the functional has three critical points whose norms are uniformly bounded in
respect to belonging to one of the two intervals and he obtained multiplicity
results for a two point boundary-value problem.

For instance, positive solutions could be obtained in [3] [4] [5]. Especially,

Chen et al. [6] discussed a Kirchhoff type problem when
g(xu)=f(x)uPu+2g(x)uf""u

where 1<q<2<p<2 =2N/(N-2) if N>3, 2"=0 if N=12, f(x)
and g(x) with some proper conditions are sign-changing weight functions.
And they have obtained the existence of two positive solutions if
p>40<A<i(a).

Researchers, such as Mao and Zhang [7], Mao and Luan [8], found
sign-changing solutions. As for in nitely many solutions, we refer readers to [8]
[9]. He and Zou [9] considered the class of Kirchhoff type problem when
g(x;u)=Af(x;u) with some conditions and proved a sequence of Ze. positive
weak solutions tending to zero in L” (Q).

DOI: 10.4236/jamp.2019.74053

782 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2019.74053

M. El Mokhtar O. El Mokhtar, Z. I. Aimuhiameed

In the case of a bounded domain of R" with N >3, Tarantello [10] proved,
under a suitable condition on £ the existence of at least two solutions to (1.2) for

4
a=0,b=1 and g(xu)=|u[N-2u+f.

Before formulating our results, we give some definitions and notation.

The space D;° (Q) is equiped with the norm

_ i
Jull = (J, I 9" o)

wich equivalent to the norm

Y yr
Jul,, = (Jolx“Jul"ax)™
Let S, , be the best constant of the weighted Caffarelli-Kohn-Nirenberg
type,
[ X [vv]” dx
Q

ap = N
(b ol o)
Q
Since our approach is variational, we define the functional Jon D;*(Q) by
(@) =(/PIM (Ul )= P ) [} ol k- (/@) [ klul"ex, 22)

A point U e’D;'p (Q) is a weak solution of the Equation (1.1) if it is the

S

(2.1)

critical point of the functional I Generally speaking, a function z is called a
solution of (1.1) if ueD;?(Q) andforall ve Dy?(Q) itholds

M (||u||p )'[Q|x|fap |Vu|p72 Vuvvdx — '[Q|x|7bp* |u|p*72 uvdx — AJ'Qk |u|q*1 uvdx = 0. (1.3)

with Mis incresing and verifying

0< Mo(t)z{

M(t) if0<t<t,
M, (t) ift>t,

Throughout this work, we consider the following assumption:

(K) There exist v,>0 and &, >0 such that k(x)>v,, for all x in
B(0,25,).

Here, B(a,r) denotes the ball centered at 2 with radius r.

In our work, we research the critical points as the minimizers of the energy
functional associated to the problem (1.1) on the constraint defined by the
Nehari manifold, which are solutions of our system.

Let A, be positive number such thatwhere

P -p) p-q [pp*_—qu - P (p-1)
A, :(*—][*—J MS q|k|m (Sa,p)p(p -p). (1.4)
p-g)\p —q
Now we can state our main results.
Theorem 1. Assume that 1<q<2, and (K) satisfied and A verifying
0 <A <A,, then the problem (1.1) has at least one positive solution.
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Theorem 2. In addition to the assumptions of the Theorem 1, if (X) hold and

M, > ﬂ* then there exists A, >0 such thatforall 4 verifying

0<A<min(A,,A;) the problem (1.1) has at least two positive solutions.

Theorem 3. In addition to the assumptions of the Theorem 2, there exists
A, >0 such that for all 4 verifying 0<A<min(A;,A,), then the problem
(1.1) has at least two positive solution and two opposite solutions.

This paper is organized as follows. In Section 2, we give some preliminaries.
Section 3 and 4 are devoted to the proofs of Theorems 1 and 2. In the last section,

we prove the Theorem 3.

2. Preliminaries

Definition 1. Let C€ R, E a Banach spaceand | ¢ Cl(E, ]R) .

1) (un )n is a Palais-Smale sequence at level ¢ (in short (PS )c ) in Efor Iif

I(u,)=c+o0,(1) and 1'(u,)=0,(1),

where 0, (1) tends to 0 as 2 goes at infinity.

2) We say that 7 satisfies the (PS)_ condition if any (PS) sequence in £
for Thas a convergent subsequence.

Lemma 1. [11] Let X Banach space, and |eC' (X,R) verifying the
Palais-Smale condition. Suppose that |(0)=0 and that:

1) thereexist R>0, r>0 such thatif ||u|| =R, then J(u)>r;

2) there exist (u,)e X such that |u,|>R and 1(u,)<0;

Let

¢ =inf max(1(y(t)))

ot iefoa)
where

r= {;/ e C([0,1]; X ) such that y (0) =0 et »(1) = uo},
then cis critical value of /such that C2T.

Nehari Manifold [12]

It is well known that the functional 7 is of class C' in D,”(Q) and the
solutions of (1.1) are the critical points of 7 which is not bounded below on
D, (Q). Consider the lowing Nehari manifold

M={ueD?(Q)\{0}:(1'(u),u) =0},
Thus, Ue M ifand only if
M (P X2 [9ul ax= X ul” dx= 2] kjuffde=0 (23)

Define
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Then, for Ue M
(9 (w).u)= p(M)Jul” = [ X Jol” dx—2a k"o
=(p=a) (M)l ~(p"~a) [.IX ™" Jol" o @4
=(p=p")(M)[ul* + 2(p" ~a) [ K|ul" ox.
Now, we split M in three parts:
M ={U€M:<¢'(U),U>>0}
M° :{UGM:<¢'(U),U>:O}
M ={UGM:<¢’(U),U><O}.

Note that M contains every nontrivial solution of the problem (1.1).
Moreover, we have the following results.

Lemma 2. [ is coercive and bounded from below on M.

Proof. If Ue M, then by (2.3) and the Holder inequality, we deduce that

)0/ [l )4 ) o o -1
11 (1 1) 1)
(2w ()4 22 o .

Thus, 7is coercive and bounded from below on M.

We have the following results.
Lemma 3. Suppose that U, is a local minimizer for 7 on M. Then, if

u, ¢ M°, U, isa critical point of £
Proof If U, is a local minimizer for Jon M, then U, is a solution of the
optimization problem

{u/%?:o} '(u)-

Hence, there exists a Lagrange multipliers 6 € R such that
1'(ug) = 64" (up) inH*
Thus,
(1"(uy ), uy) = 0(g'(uy ), y).

But <¢'(U0),U0> #0, since u, ¢ M°. Hence €=0. This completes the
proof.

Lemma 4. There exists a positive number A, such that, for all 1e(0,A,)
we have M°=0.

Proof. Let us reason by contradiction.

Suppose M’ %@ suchthat 0< A< A,.Moreover, by the Holder inequality
and the Sobolev embedding theorem, we obtain

p*

b= 28] (5.5 e
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and

1
* oq L 1
Ju] < (_p* —4 j" MK, A7, (2.6)
p-p
From (2.5) and (2.6), we obtain A > A, which contradicts an hypothesis.
Thus M= M"'UM . Define

=inf | T=inf | “=inf I(u).
c:=inf 1(u),c inf (u) and c inf. (u)

For the sequel, we need the following Lemma.
Lemma 5. If M, > ﬂ* then,
p
1) Forall 4 suchthat 0<A<A,,onehas c<c’<0.
2) There exists A; >0 suchthatforall 0<A<A;,onehas ¢ >C,.

Proof.
1) Let ue M". By (2.4), we have

P S
2l > [

p

10=(E-waprr o[- 1)

and so

Al

(2.2)
(8 (22 |
q p p
If MO>§,weconcludethat c<c' <0.
2) Let ue M™. By (2.4) and the Holder inequality we get
P—q
11 - p[i] e (1
()= (___JMO(E q] (S0 ) (o8 = A == KL {Ju
pp P —-q qa p

Thus, for all 4 such that

q p"= _ p p _q p[ p'i:p] p*(p*Q) a
0<A<A1=EMO[p*_qJ[ﬂ\J (Savp)P(P**PHkLO ’

we have 1(u)=C,.
For each u e D;P(Q)\{0}, we write

e |

=t (U) = >0.

(p*_lj X ol ox

q

t

m

Lemma 6. Let A real parameters such that O0<A<A, . For each
UED;"’(Q) , there exist unique t° and t~ such that O<t' <t <t ,
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(t+u)e/\/l+, (t’u)e/\/lf,
I(t*u)z inf I(tu) and I(t’u)zsupl(tu).

0<tsty, 20

Proof With minor modifications, we refer to [13].

Proposition 1. (see[13])

1) Forall 4 suchthat 0<A<A,, there exists a (PS )c+

2) For all A such that 0<A<A,, there exists a a (PS)
M.

sequence in M.

sequence in

-

3. Proof of Theorem 1

Now, taking as a starting point the work of Tarantello [10], we establish the
existence of a local minimum for Jon M".

Proposition 2. For all A such that 0<A<A,, the functional 7 has a
minimizer U; € M" and it satisfies:

D I(ug)=c=c,

2) (Ug) is a nontrivial solution of (1.1).

Proof If 0< A< A, then by Proposition 1 (1) there exists a (u,) (PS)
sequence in M, thus it bounded by Lemma 2. Then, there exists

ot

U; € D;”(Q) and we can extract a subsequence which will denoted by (u,)
such that

n

—ug weakly in D}° (Q)

—u¢ weakly in L” (Q) G)
)

— Uy strongly in LY (Q
u, >u, aeinQ
Thus, by (3.1), u, isa weak nontrivial solution of (1.1). Now, we show that

u, converges to uj strongly in H; (). Suppose otherwise. By the lower

n

+
Uo

<liminf "Un” and we obtain

n—oo

P dx —(ﬂ/q).[ﬂk

semi-continuity of the norm, then either

o=1(u) =0/ (s |")-0/p)

<liminf I (u,)=c.

n—oo

* dx

+ +
lJO u0

+
Uo

We get a contradiction. Therefore, U, convergeto u; strongly in H; (Q).
Moreover, we have u; € M. If not, then by Lemma 6, there are two numbers
+ _ . ot + -t -
t; and t,, uniquely defined so that (to Uy )E M" and (t Ug ) eEM . In
particular, we have t; <t; =1. Since

Ll (tug)

dZ
o =0 and Fl(tug) >0,

t=tg

t=tg

there exists t; <t” <t; such that | (tgug ) <l (tfua) . By Lemma 6, we get
Htus )< 1(tug ) <1 (tug ) =1(ug),

which contradicts the fact that |(U§ ) =C" . Since |(ug ) = I(

U

nonnegative solution of (1.1). By the Harnack inequality, we conclude that

+
Uo

) and

€ M", then by Lemma 3, we may assume that ul is a nontrivial
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U, >0 and v, >0, see for exanmple [12].

4. Proof of Theorem 2

Next, we establish the existence of a local minimum for 7on A" . For this, we

require the following Lemma.

Lemma 7. Assume that M, > ﬂ* then for all 4 such that 0<A<A,, the
p

functional /has a minimizer u, in M~ and it satisfies:

) 1({yy)=c>0,

2) u, isanontrivial solution of (1.1) in Dal'p (Q)

Proof If 0< A <A,, then by Proposition 1 (2) there exists a (u,) , (PS )e-
sequence in A", thus it bounded by Lemma 2. Then, there exists

u, e DP (Q) and we can extract a subsequence which will denoted by (un)n

such that
u, — U, weakly in D;°(Q)
u, —u; weaklyin L* (Q)
u, = U, stronglyin L (Q)
u, >u, aeinQ
This implies that

.[Q|x|‘bp* |un|p* dx — .[Q|x|'bp* |u0’|p* dx, as n goes to .

Moreover, by (X) and (2.4) we obtain

™ o x> ((p"—‘;))M (ol
P’ *
_ _ P
>Mo(;’*_zj[“ "J(savp)(p*p) -C,
if MO>£* we get
p
[ o, dx>c, >0, (4.1)

This implies that
.[Q|x|_bp* |ug|p* dx>C,.

Now, we prove that (u”)n converges to U, strongly in D;'p (Q) Suppose
otherwise. Then, either "ug ||< liminf ||un|| By Lemma 6 there is a unique t;
n—oo
such that (taua) € M. Since

U, € M, 1(u,)21(tu,), forallt>0,

we have

I(tgug)<l@ol(t5un)s lim1(u,)=c",

n—oo
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and this is a contradiction. Hence,
(u,), > Uy stronglyin D;° (Q).
Thus,

I (u,) converges to I (u; ) =c as n tends to +cx.

Since I(ug)z | (|ug|) and u, e M, then by (4.1) and Lemma 3, we may
assume that u, is a nontrivial nonnegative solution of (1.1). By the maximum
principle, we conclude that u, >0.

Now, we complete the proof of Theorem 2. By Propositions 2 and Lemma 7,
we obtain that (1.1) has two positive solutions u; € M* and u, € M. Since
MM =, this implies that u; and u, are distinct.

5. Proof of Theorem 3
In this section, we consider the following Nehari submanifold of M
M, = {u e Dy" (Q)\{0}:(1"(u),u) =0 and [ju] 2 p > O}.
Thus, ue M, ifand only if
p -ap p =bp" | 1" q
M (||u|| )_[Q|x| |Vu| dx—_fQ|x| |ul dx—ljﬂk|u| dx=0 and ||u|= 0 >0.
(5.1)

Firsly, we need the following Lemmas

Lemma 8. Under the hypothesis of Theorem 3, there exist g, such that M,
is nonempty forany 4<0 and pe(0,0,).

Proof Fix U, € Dy (Q)\{0} andlet

(1) ={1"(1).t0,)
=M Ju |7 7 [ ] [up|” dx— 2t [ Kug|" dx.
Clearly g(0)=0 and g(t)—>—c as N—>+00. Moreover, we have

9 (1) = Mo]lu|’ _.[Q|X|7bp* |“0|p* dx_’ljgk|“o|q dx

0 .
leuollp{'\/'o—(sa,p)” by [luo | p}ﬂlluollqlklm-

1 P’

If |u|ze>0 for O0<p<p,= Mo"*i’p(savp)p(p*—p) , then there exist
LI
A, :(Mog‘”‘—(sw) PP qJ|k|wl and t; >0 such that g(t,)=0. Thus,

(tup)e M, and M, isnonempty forany A<A,.

Lemma 9. There exist A; >0 and M positive real such that
(¢'(u),u)<-M <0,

for ue M, andany A<A;.
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Proof. Let Ue M, then by (2.3), (2.4) and the Holder inequality, allows us to

write

('(w).uy<|ul" [ A(p* ~a)lk|, (p" = p)Moo®* |

(p"—p)Mgo" "

Thus, if 2 <A;=min(A,,A,) with A, = , then we obtain

(p"-a)lKl,
that
(¢'(u),u)<0, foranyueM,. (5.1)
Lemma 10. There existrand 77 positive constants such thatif M, > i* ,
p
1) We have

I(u)=n>0 for|ul, =r.

2) There exists o € M, when "0'" >r,with r= ||u|| ,such that 1(o0)<0.

Proof. We can suppose that the minima of 7 are realized by (U | and u; .
The geometric conditions of the mountain pass theorem are satisfied. Indeed, we
have

a) By (2.4), (5.1), the Holder inequality, we get

e v

Thus, for M, > ﬁ* there exist 7,r >0 such that
p

I(u)=7>0 when r=|uf small.

b) Let t>0, then we have forall e M,
tp tp* Con* « tq
|(t0) == M (||¢9||”)—Fjg|x| " 16]° dx—/lE.[Qk|€|q dx.

Letting 0 =10 for ¢large enough, we obtain 1(c)<0. For ¢large enough
we can ensure ||of>r .
Let I' and cdefined by

F::{y:[O,l] — M, :7(0)=u, and 7(1)=U5}
and

c=inf max(l (;/(t)))

yell te[0,1]

Proof of Theorem 3.
If O</1<min(Al,A2) then, by the Lemmas 2 and Proposition 1 (2), 7
verifying the Palais-Smale condition in M, . Moreover, from the Lemmas 3, 9

and 10, there exists U, such that
I(u)=c and u, e M,.

Thus u, is the third solution of our system such that u, #u; and u, #u, .

Since (1.1) is odd with respect i, we obtain that —u_ is also a solution of (1.1).
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Conclusion 1. In our work, we have searched the critical points as the
minimizers of the energy functional associated to the problem on the constraint
defined by the Nehari manifold M, which are solutions of our problem. Under
some sufficient conditions on coefficients of equation of (1.1), we split M in
two disjoint subsets A" and M thus we consider the minimization
problems on M" and M respectively. In the Sections 3 and 4 we have
proved the existence of at least two nontrivial solutions on M, for all
0<A<min(A,A,).

In the perspectives we will try to find more nontrivil solutions by splliting

again the sub varieties of Nehari.
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