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1. Introduction and Preliminaries

The classical terms, expansive flows on a metric space are presented by Bowen

and Walters [1] which generalized the similar notion by Anosov [2]. Besides,
Walters [3] investigated continuous transformations of metric spaces with dis-
crete centralizers and unstable centralizers and proved that expansive homeo-
morphisms have unstable centralizers; other result was studied in [4]. In discrete
case, this concept originally introduced for bijective maps by Utz [5] has been
generalized to positively expansiveness in which positive orbits are considered
instead [6]. Further generalizations are the pointwise expansiveness (with the
above radius depending on the point [7]), the entropy-expansiveness [8], the
continuum-wise expansiveness [9], the measure-expansiveness and their cor-
responding positive counterparts. However, as far as we know, no one has con-
sidered the generalization in which at most n companion orbits are allowed for a
certain prefixed positive integer n. For simplicity we call these systems
n-expansive (or positively n-expansive if positive orbits are considered instead).
A generalization of the expansiveness property that has been given attention re-

cently is the n-expansive property (see [10] [11] [12] [13] [14]).
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In this paper, we introduce a notion of n-expansivity for flows which is gene-
ralization of expansivity, and show that there is an n-expansive flow but not
(n —1) -expansive flow. Moreover, that flow is shadowable and has infinite
number of chain-recurrent classes.

Let (X,d) be a metric space. A lowon Xisamap ¢: X xR — X satisfy-
ing ¢(x,0)=x and ¢(¢(x,s),t) =¢(x,s+1) for xeX and t,seR. For
convenience, we will denote

¢(x,s) =4, (x) and ¢(a’b) (x) = {¢t (x) ite (a,b)}.

The set ¢, (x) is called the orbit of ¢ through xe X and will be denoted
by Orb, (x) . We have the following several basis concepts (see [1] [15] [16]).

Definition 1.1. Let ¢ be a flow in a metric space (X,d). We say that ¢ is
n-expansive (n € N ) if there exists ¢ >0 such that for every xe X the set

I(x,c)= {ye X;d(¢t (x),¢t(y))§c,w ER},

contains at most n different points of X.

We say that ¢ is finite expansive if there exists ¢ >0 such that for every
xeX theset I'(x,c) isfinite.

Definition 1.2. Let xe€ X . We say that x is a period point if there exists
T>0 suchthat ¢, (x)=¢,(x),VieR. Denote that r(x) Is the period of x,
which is the smallest non-negative number satisfying this equation.

Definition 1.3. Give 5,7>0 . We say that a sequence of pairs
(x.,)., CXxR isa (6,T)-pseudo orbitof ¢ if t;>T and
d((/ﬁtl_ (x;)5 % ) <S,Viel.

We define

and x,*t=¢,  (x) whenever s, <t<s,,.

Definition 1.4. We say that ¢ is shadowing property if for each €>0
there is 5>0 such that for any (8,1)-pseudo orbit (x,,t,)._,, there exists
xe€ X and an orientation preserving homeomorphism h:R — R such that
1(0)=0 and d(x, xt,¢,,(¥))<ec.

Denote by Rep the set of orientation preserving homeomorphism #:R — R
such that /(0)=0.

Definition 1.5. Give two points p and q in X. We say p and q are (5,T)
-related if there are two (5,T) -chains (x,.t,)  and (y,s,) such that
p=x,=y, and q=y,=x,. We say that p and q are related (p ~ q) if they
are (5,T ) -related for every &,T >0. The chain-recurrent class of a point

peX Isthesetofall points ge X suchthat p~gq.
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Theorem 1.1. For every neN, there is an n-expansive flow, define in a
compact metric space, that is not (n—1) -expansive, has the shadowing proper-

ty and admits an infinite number of chain-recurrent classes.

2. Proof of the Main Theorem

Consider a flow ¢ defined in a compact metric space (M ,do) ,and ¢ has
1-expansive, and has the shadowing property. Further, suppose it has an infinite
number of period points {p, } 4> Which we can suppose belong to different or-
bits. Let £be an infinite set, such that there exists a bijection 7:R — E . Let

o= {1’...’;1_]})({](}X[O,ﬂ'(pk)))

keN

and note that there exists a bijection s:Q — R . Consider the bijection
q:0Q — E defined by

q(i,k,j)=ros(i,k,j).

Let X=MUE . Thus, any point x€E has the form x:q(i,k,j) for
some (i,k,j)e Q. Definea function d:XxX —>R" by

d(x,y)
0, X:y»
dy(x,7), x,yeM,
1
z+d0(y’¢j(pk))’ x:q(i>k,j)>y€M,
1 C
) ;ero(x’@(pk))’ xeM, y=q(i.k.J).
1 .
- x=q(i,k,j), y=q(Lk,j), i =,
1 1
z+z+d0 (¢,(pk),¢,(pm)), x:q(iak’j)ay:(’I(Zamar)akimOrjir'

Now we prove that function d is a metric in X. Indeed, we see that
d(x,y)=0 iff x=y,and that d(x,y)=d(y,x) forany pair (x,y)eXxX.
We shall prove that the triangle inequality d(x,z)<d(x,y)+d(y,z) for any
triple (x,y,z)e XxXxX . When (x,y,z)eMxMxM we have that
dyy =dy» and d, is a metric in M. When (x,y,z)e M xM xE then
z=¢q(i,k,j) and

d(x,z) =%+a’0 (x,¢j(pk ))S d, (x,y)+%+a’0 (y,(/ﬁj(pk)) =d(x,y)+d(y,z).

Therefore, when (x,y,z)e ExM xM , changing the role of x and z in the

previous case, we obtain this result. When (x, y,z)eMxE xM , we have

y=q(i,k,j) and
d(x,z)=d, (x,z)£%+d0 (x,¢j (pk))+d0 (z,¢j (pk)):do (x,y)+d,(y.2).

When (x,y,z)e MxExE, we have y=gq(i,k,j) and z=(l,m,r). If
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k#m or j=r then

d(x,z)= %ero (x4, (P.))

<%+%+do (x’¢j (Pk))+d0 (¢j (pk)’¢’(p’”))
=d(x,y)+d(»,2).

If k=m, j=r and i/ then
1 1 1
d(x,z)=;+do(x,¢r(pm))<;+;+d0(x,¢j(pk))=d(x,y)+d(y,z).

Soif (x,y,z)€ ExExM , change the role of xand zin previous case, and we
get the result. If (x,y,z)e ExMxE then x=gq(i,k,j) and z=gq(l,m,r).
Hence,

d(x.2)+d(12) =4 dy (1, (p0) +do (340, (1)

and

1 1 . .
;+Z+d0(¢j(pk)9¢r(pm)) 1fk¢m0r]¢l’,

1

k

d(x,z):

ifk=m, j=randi=l

Thus, we always get the result d(x,z)<d(x,y)+d(y,z) for both of 2 cases.

When (x,y,z)€ ExExE , welet
x:q(ilaklajl)ay:q(i27k29j2)sz:q(i3ak39j3)‘
Case1.If k =k, and j, =j; wehave d(x,z):ki,and
d(x,y)+d(y,z) 1

2 . . .
k_’ k =k, =kyand j, = j, = j,
1
2 2 . . .
k—+k—+d0(¢j (k)-8 (k))+dy (2, (k)8 (k). Kk =k #k, or j, = jy # .
1 2

It means that d(x,z)<d(x,y)+d(y,z) forboth of 2 cases.
Case 2. If k #k, or j # j,,wehave

1 1
d(x,z)=—+—+d0(¢/.l(kl),¢/3(k3)),
1 3
and
d(x,y)+d(y,z)
2 1 o
k—+k—+d0(¢jz (k). (k). k =k, and j, = j,,
1 3
1 2 .
= k_+k_+d°(¢f‘ (k).9,, (k,))- k, =k, and j, = j,,
1 3
1 2 1 S
T dy (g (6).8, () dy (6, ()9, (k). K =k =k or = o % s
1 2 3
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Hence, d(x,z)<d(x,y)+d(y,z).

It implies dis a metric in X.

Next, we prove that (X ,d) is a compact metric space. Let any sequences
(x,) . €X. We prove that this sequence has a convergent subsequence. If

n/neN
(x, )neN has infinite elements in A4 then the compactness of M and the fact
Ay =dys 50 (x,) . has a convergent subsequence. We consider (x,)
has finite elements in A4 therefore, it has infinite elements in £. We can assume
that (x,) ,CE then x,=¢(i.k,.j,). If there is NeN such that
k,<N,VneN then the set {x,;neN} is finite, so at least one point of
(xn )nEN appears infinite times, forming a convergent subsequence. Now sup-

pose (k,) . is unbounded, therefore, limk, =c. We choose y, =4, (p o )’

n—»o0

so (,), ., M and d(x”,y,1)=kL,VneN. Since (y,) . is a subset of

n

compact set M, (y,)  has a subsequence ( Y, )I . converging to yeM .

neN
Thus, we have

d(xn,»J/)<d(xn,»yn,)+d(y,,],y)=ki+d(ynl,y)—>0 when [ — .

ny

It implies that (x, )nEN has a subsequence (xn[ )IEN which converges to y.
Thus, (X,d) isacompact metric space.
Forall 1eR, we defineamap y, by
@ (x) if xeM,
v, (x)= {q(i,k,(j+t)mod7r(pk )) if x=q(i,k, j).

We can see that j,  j+¢ cannot bein N, but we can define a real number:
tmodﬂ(pk):z r, when

t=mr(p,)+r, meZ, 0<r<xz(p,).

By definition of flow, it's easy to see that y is a flow of X. Indeed, we can

provethat w, =y, oy Vt,seR.If xeM, weget
Vi, (¥) =4, (x) =04 (x) =y, oy, (3), ViseR
If x=q(i,k,j),wehave
V... (x)=q(i.k(j+t+s)modz(p,)) =w, ow, ().

Therefore, y is the flow with the previous properties.

In order to prove that y is n-expansive, first we see that ¢ is l-expansive;
so there is @>0 such that if d(4 (x).4(y))<a,VieN, then x=y. Sup-
pose that {x,,---,x,,,} are n+1 different points of X satisfying

>+l

d(l//t(x,.),l//,(xj))ﬁa, VieR, V(i,j)e{l,--,n+1}x{l,--,n+1}.

Hence, at most one of these points belong to M. Consequently, at least n of
them belong to £ Without loss of generality, we get
Xy =q(iy.kys ) me{l,--,n} . Because i, e{l,-,n—1} and we have n

number i ; thus, by Pigeonhole principle, at least two of these points are of the
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form q(i,k,j) and g(i,m,r). We prove that k=m. Indeed, if k=m, we
have 2 points are ¢(i,k,j) and g(i,k,r) with j=r (because all of n+1

points are different). For each s € R we have

d(¢,(¢;(p.)))-4(2. (4. ()
=d (v, (k. /)., (a( ””)))
<d(v, (qa(i-k. /)., (a(ik,r))) <a

This implies that ¢,(p,)=¢,(p,) (by the Proposition of 1-expansive of ¢),
which implies that ;=7 and we obtain a contradiction. Therefore, k= m.

Now we implies that: for every seR we have:

d(.(¢(p.)))-d(4.(4 (p.)))
—d (v (a(i.k.0)) v (a(imr) ==
< d(l//s (q(i,k,j)),yls (q(i,m,r))) <a.

So similarly, we have ¢,(p,)=4,(p,); hence, p, = p,, which is contradic-
tion with the fact that k s m . Thus, we cannot choose n+1 points satisfy this
proposition; it means y is n-expansive in X.

Next, we prove that y is not (n—l) -expansive. For any a >0, we choose

k eN suchthat —<a, so we have

d(;bj(pk),q(i,k,j)):%<a,‘v’jeR,Vie{1,~-~,n—1}. So TI'(p,.a) contain at

least n points {p,{,q(l,k,O),m,q(n—l,k,O)} and that y is not (n-1)
-expansive, because there is not a>0 satisfies this define about (n-1)
-expansive.

Now we prove that y has the shadowing property. Since ¢ has the sha-
dowing property, for each €>0, we can consider &, >0, so for any (5¢,1)

-pseudo-orbit in A we have the %—shadowing. Now consider (x,,z,)  has

0
the (8,1)-pseudo-orbit by y in X. We assume that o <?¢<§. So we have

d (l//tn (x,)s %, ) <0 . Let Nis a smallest integer number such that % <d,and
we consider (x,,x,,) in3 cases.
Case 1. If (x,,x,,, )€ ExM ,wehave x, =q(i,k,j) and

d(l//,” (x, ),xnﬂ) = %+d0 (xn+1,¢j+tn (ps )) , SO %< Sshence, k>N.

Case2.If (x,,x,,,)eMxE,weobtain x,,, =q(i,k,j) and

n+l

d(t,//,n(x") xm) k+d (¢ (Pe):9; (x )),so ;<5;hence, k>N.

Case 3. If (x,,x,,)e ExXE, we have x, =q(i,k,j) and x,,, =q(l,m,r).
So v, (x,)=q(i-k,j+1,). Thus, if we want d(z//t” (x,), n+l)< &, we have ei-
ther if k>N ,so m>N (by similarly) or if k<N, we have x,, =y, (x,),

such that x,,, =q(i.k,j+t,). When (x,.z,)  isone of orbit {q(Lk,j,)}

€Z nez’
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and j . =j, +t,,YneZ.Sooneobtain s, =j, — j,,thus,
d(%—x,, (xn),l//, (xo)) =d(q(l,k,t—sn +jn),q(l,k,l+j0)):0, s, St<s,,.

Therefore, the shadowing property is proved.
When x, =q(/,k, j),then k>N .Define asequence (y,.t,),

| if x, eM,
718, () if x, = q(Lk, j).

Then (y,.t, )neZ is &, -pseudo-orbit in M since
(8, (3,):21)=d (v, (3.):7.01)
S d (l//tn (yn )’l//t” ('xn )) + d(l/jtn (xn )’xn+1 ) + d('x)1+1’yn+l )

, ©M by

€

< i+ o +i <6,
N N
Hence, there exists y e M and a function /e Rep such that
d(¢t7sn (yn )9¢h(1) (y)) < %’ vsn S 1< Sn+1‘
So
d (¢/‘5n (xn )’¢h(t) (y)) < d(¢l—.v,, (xn )’¢r—.v” (yn )) + d(¢t—xn (yn )’¢h(t) (y))
I €
<—+—=<e
2

Therefore, (x,,,tn)neZ is € -shadowing. Hence, y has the shadowing

property.
Finally, we have y admits an infinite number of chain-recurrent classes. In-
deed, if we have ¢(i,k,/)e E then

d(q(ik.j).x) z%, vre X \q(ik. )}

So if O0<ex< ! then the orbit of q(i,k,j) cannot be connected by e
-pseudo orbits with any other point of X. This proves that the chain-recurrent
classes of ¢(i,k,j) contains only its orbit. Therefore different periodic orbits
in Ebelong to different chain-recurrent classes and we conclude the proof.
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How are the properties of the local stable (unstable) sets of n-expansive flows?
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