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Abstract

The economic production quantity model is widely used as a decision making
tool. However, climate change and energy supply instability have raised the
transport costs of raw materials, thereby affecting production costs. There-
fore, this paper presents a new model that considers the holding costs of raw
materials under conditions of two-level trade credit and limited storage ca-
pacity. Four theorems are developed to characterize the optimal solutions ac-
cording to a cost-minimization strategy. Finally, a sensitivity analysis is ex-
ecuted to investigate the effects of the various parameters on ordering policies
and the annual total relevant costs.
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1. Introduction

The economic order quantity (EOQ) model [1] and economic production quan-
tity (EPQ) model [2] have been widely used in mathematical analysis and in-
ventory management. Scholars have focused on the holding costs in production
and sale process, but have ignored the holding costs of raw materials. However,
the supplier provision of raw materials is affected by many factors such as the

sale date and weather, thus affecting the price fluctuation of raw materials.
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Therefore, [3] modified the EPQ model to consider the holding costs of raw ma-
terials, and [4] [5] subsequently incorporated raw materials into EPQ model.

[6] established an EOQ model under the condition of permissible delay. [7]
proposed the following trade credit condition: If a customer buys one item from
a retailer at time te[0,T], then the customer will have a trade credit period
N —t and make the payment at time N. Therefore, the retailer allows a maximal
trade credit period N for the customer to settle the account [8] [9] [10] [11] [12].
The retailer purchases more quantities that exceed what the owned warehouse
(OW) would consider for storing in a rented warehouse (RW) [9] [13] [14] [15]
[16].

[9] developed an EPQ model that considers two-level of trade credit—the
finite replenishment rate and limited storage capacity—but it ignores the effects
of raw materials and annual purchasing costs. Therefore, the main purpose of
this paper is to include the holding costs of raw materials for determining
optimal inventory policies, two-level trade credit and limited storage. This paper
considers a structure that involves three stages, each from the “supplier,
manufacturer, and customer (retailer)”. This paper assumes the manufacturer’s
position to calculate the annual total relevant costs, including the ordering cost,
purchasing costs, holding costs, interest payable, and interest earned. According
to the cost-minimization strategy, four theorems are developed to characterize
the optimal solution. Finally, sensitivity analysis is performed to determine the
critical impact factors and draw the conclusions. For business managers, the
model is simple to use for calculating the optimal cycle and annual total relevant
costs. Accurate information is crucial to making such decisions as a basis for an

investment plan.

2. Notations and Assumptions

2.1. Notations

Qorder size;
Pproduction rate;
D demand rate;

A ordering cost;

T cycle time.
D
=1-—>0
P P

L. Storage maximum;
s unit selling price per item;

cunit purchasing price per item;

h, unit holding cost per item for raw materials in raw materials warehouse;
h, unit holding cost per item for product in the OW;

h. unit holding cost per item for product in the RW;

I, interest rate payable per $ unit time (year);

I, interest rate earned per $ unit time (year);
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t, time in years at which production stops;

M the manufacturer’s trade credit offered by the supplier;

Nthe customer’s trade credit period offered by the manufacturer;

W storage capacity of the OW;

tw, time when the inventory level increases to W during the production
period;

tw, time when the inventory level decreases to W during the production

cease period is

T-

>

w
D

tw, —tw, time of rented warehouse is

DTp-W  DTp=W i brpsw
P-D D ;
0, if DT p<W

TRC(T) total relevant cost per unit ti when T >0;
T" optimal solution of TRC(T).

2.2. Assumptions

1) Demand rate Dis known and constant. me of the model.

2) Production rate Pis known and constant, P>D.

3) Shortages are not allowed.

4) A single item is considered.

5) Time period is infinite.

6) h.h,>h , M>N and s>c.

7) Storage capacity of raw materials warehouse is unlimited.

8) If the order quantity is larger than manufacturer s OW storage capacity,
then the manufacturer will rent an RW in which storage capacity is unlimited.
When demand occurs, it first is replenished from the RW which storages those
exceeding items. RW takes first in last out (FILO).

9) During the period the account is not settled, generated sales revenue is
deposited in and interest-bearing account.

a) When M <T, the account is settled at T =M , the manufacturer pays off
all units sold, keeps his or her profits, and starts paying for the higher interest
payable on the items in stock with rate 1.

b) When T <M, the account is settled at T =M and the manufacturer
does not need to pay any interest payable.

10) If a customer buys an item from the manufacturer at time te[0,T], then
the customer will have a trade credit period N —t and make the payment at
time M.

11) The manufacturer can accumulate revenue and earn interest after his or
her customer pays the amount of the purchasing cost to the manufacturer until
the end of the trade credit period offered by the supplier. In other words, the

manufacturer can accumulate revenue and earn interest during the period from
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Nto Mwith rate |, under the condition of trade credit.

e

12) The manufacturer keeps the profit for the use in the other activities.

2.3. Model

The model considers three stages of a supply chain system. This paper supposes
that the supplier prepares raw materials for production, and the quantity of raw
materials is expected to decrease with time (from time 0 to t,). The quantity of
products is expected to increase with time up to the maximum inventory level
(from 0 to t,); the products are sold on demand at the same time. After
production stops (at time t,), the products are sold only on demand until the

quantity reaches zero (at time 7), as shown in Figure 1.

3. The Annual Total Relevant Cost

The annual total relevant cost consists of the following element.

As shown in Figure 1, the raw material inventory level can be described by the
following formulas, and we set the time in years at which production stops t,,
the optimal order size Q and storage maximum L, :

(P-D)t,—D(T —t,)=0,

:E_ (1)

Raw Materials
Inventory Level
A

0

—Pt

4

0 [ T 'Time

Product
Inventory Level

A

DT}~

-Dt

4

~Nfm——————

0 s T Time

Figure 1. Raw materials and product inventory level.
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Q=Pt, =DT.

L, =(P—D)xt, :(p_D)D_PT: DTp.

3.1. Annual Ordering Cost

Annual ordering cost is

A
=

3.2. Annual Purchasing Cost

Annual purchasing cost is

1
cQx==cD.
Q T

3.3. Annual Holding Cost

Annual holding cost

1) As shown in Figure 1, annual holding cost of raw materials is

DT
DT>~ 1 DT,

x—="h_x X—

" 2 T " 2 T 2P

2) Two cases occur in annual holding costs of owned warehouse.

a) DT p<W, asshown in Figure 2.

Annual holding cost in owned warehouse is

Txly, 1 DThp

h x
° 2 T 2

b) DTp>W , asshown in Figure 3.
Annual holding cost in owned warehouse is
tw, —tw, )+T |W 2
hox[( ‘ ) ] ><l:Wh0 —W—h".
2 T 2DTp

3) Two cases occur in annual holding costs of rented warehouse.

a) DTp<W, asshown in Figure 2.

Product
Inventory Level
A

W _____________
DT}«

max f———————— ===

)

(3)

(4)

(5)

(6)

(7)

(8)

/

Figure 2. Annual holding cost when DT p <W .

= .
Time
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Inventory Level
A

DTt~

Time

Figure 3. Annual holding cost when DT p >W .

Annual holding cost in rented warehouse is
0. (9)

b) DTp>W , as shown in Figure 3.

Annual holding cost in rented warehouse is

2
hrx(twd_tWi)X(Lmax_W)xizhr(DTp_W) . (10)
2 T 2DTp

3.4. Annual Interest Payable

Four cases to occur in costs of annual interest payable for the items kept in

stock.
1) O<T<N.
Annual interest payable is
0. (11)
2) NST<M.
Annual interest payable is
0. (12)

PM
3) M<T< F , as shown in Figure 4.

Annual interest payable is

CIp{(T—M)xD(T—M)}(l:MI 03

2 T 21
M -
4) M< o <T, as shown in Figure 5.

Annual interest payable is

_ cl_p(DT?—PM?
CIpX[TxIZDTp_MX(Pz D)M]X$: 2 r ) ”

3.5. Annual Interest Earned

Three cases to occur in annual interest earned.

1) 0<T <N, asshown in Figure 6.
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Product
Inventory Level
A
DT~ _
Lmax '_________:_>‘P\\
27 | T~~l
- I ~<
D(T—M)-—————;r’————i- ———————— =
, I
7z !
- | o
0 3 M T Time

Figure 4. Annual interest payable when M <T < % .

Product
Inventory Level
A

" Time
. . PM
Figure 5. Annual interest payable when M < o <T.
$
A
DT '_____________________/_/l_ ______
-7 |
-7 |
e |
e |
/// |
// |
e |
e |
-7 |
/// : -
0 T N M Time
Figure 6. Annual interest earned when 0<T <N .
Annual interest earned is
1
SlexDT(M—N)x?=SIeD(M—N). (15)

2) N<T <M, asshown in Figure 7.

Annual interest earned is
sl, x((DN *DDT=N) | b1 (m —T))xl
2 T
sI,D(2MT —N*-T?)
2T '

(16)
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4

" Time
Figure 7. Annual interest earned when N <T <M.
3) N<M <T, asshown in Figure 8.
Annual interest earned is
DN +DM )(M —-N 1 sI.D(M?-N?
sl, x ( I ) x—=M. (17)
2 T 2T

3.6. The Annual Total Relevant Cost

From the above arguments, the annual total relevant cost for the manufacturer
can be expressed as TRC(T) = annual ordering cost + annual purchasing cost +
annual holding cost + annual interest payable + annual interest earned.

Because storage capacity W = DT p, there are four cases arise:

1) ﬂ< N,
Dp
2) N £ﬂ< M,
Dp
3 M PM
Dp D
g MW
D Dp
Case 1. ﬂ< N .
Dp
According to Equations (1)-(17), the annual total relevant cost TRC (T) can
be expressed by
. w
TRCl(T), if0<T <— (18a)
Dp
. W
TRC, (T) if —<T<N (18b)
Dp
TRC(T): TRC3(T), ifN<T<M (18c)
TRC, (T) if M<T <% (18d)
TRC, (T ) if % <T (18e)
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0 N M Time

Figure 8. Annual interest earned when N <M <T .

where

2
TRC,(T) = T§+ cD+ DzTth +DThep

~sI,D(M -N), (19)

2 2 w2
TRCZ(T)=$+CD+DTh"‘ _W h, hr(DTp W)

+Wh, +
2DTp 2DTp (20)

~sI,D(M -N),

2 2 RV
TRC, (T) =24 D+ 2y, ~ W T e (BTp-W)

T 2P 2DTp 2DTp
sI,D(2MT - N?-T?)

2T ’

1)

2 %h  h(DTp-W)
TRC, (T)= 24D+ 2y, - W (DTp-W)
T 2P 2DTp 2DTp

2
L oL,D(T-M) _slD(M?-N?)
2T 2T ’

(22)

2 2 RYTA
D°Thy , i, — W7 L N(DTp-w)
2P 2DTp 2DTp
+clpp(DT2—PMZ)_sIeD(MZ—NZ)
2T 21 '

TRC5(T)=TA+CD+
(23)

TRC(T) iscontinuousat 7; T €[0,:0) because of
W w
TRCl(D—pjoRCZ(D—pj, TRC,(N)=TRC,(N), TRC;(M)=TRC,(M),

e, (Bt |-me, (B2
D D

Case2. N Sﬂ<M .
Dp

According to Equations (1)-(17), the annual total relevant cost TRC (T) can
be expressed by
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TRC,(T), if0<T <N (24a)
. w
TRC,(T), if N<T<— 24b
o(T), i <5, (24b)
W
TRC(T)={TRC,(T), if ——<T <M (24c)
0
TRC,(T), if M <T <% (24d)
TRC, (T), if%sT (24¢)
where
2 sI.D(2MT —N?-T?
TRCG(T):T§+cD+DThm+DTh°p— D ) (25)

2P 2 2T
TRC(T) is continuous at 7; T €[0,:0) because of TRC,(N)=TRC,(N),

TRC, [ﬂj =TRC, (ﬂj ,» TRC;(M)=TRC,(M),
Dp Dp
TRC, [mj =TRC, (mj
D D
Case3. M Sﬂ<m.
Dp D
According to Equations (1)-(17), the annual total relevant cost TRC (T) can
be expressed by
TRC,(T), if0<T <N (26a)
TRC,(T), if N<T<M (26b)
TRC, (T), if M <T <V (26¢)
TRC(T)= Dp
TRC, (T), if <7 <PV (264)
Dp D
TRC, (T), if % <T (26¢)
where
2 cl,D(T-M)’
TRC, (T)=2 4+ e+ 21 DTy S (T-M)
T 2P 2 2T 27)
sI,D(M? - N?)
o

TRC(T) is continuous at 7, T €[0,0) because of TRC,(N)=TRCy(N),

TRC;(M)=TRC, (M), TRC, [Dﬂ] =TRC, (ﬂj ,
P

Dp
TRC, [m] _TRC, (Mj
D D

PM W
Case4., —<—

D Dp’
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According to Equations (1)-(17), the annual total relevant cost TRC (T) can

be expressed by
TRC,(T), if0<T <N (28a)
TRC,(T), if N<T <M (28b)
TRC, (T), if M <T <M (28c)
TRC(T)= D
TRC,(T), if M <7 < W (28d)
D Dp
W
TRC,(T), if —<T (28¢)
Dp
where
2 cl,p(DT?-PM?
Tch(T):§+cD+DThm+DTh°p+ 2 )
T 2P 2 2T (29)
sI,.D(M?-N?)
I
TRC(T) is continuous at 7, T €[0,00) because of TRC,(N)=TRC,(N),

TRC, (M)=TRC, (M), TRC, (?] ~TRC, (ﬂ] ,

D
TRC, (ﬂj ~TRC, (ﬂj .
Do Dp
For convenience, all TRC,(T)(i=1~8) aredefinedon T>0.
4. The Convexity of TRC,(T)(i=1~8)

Equations (19)-(23), (25), (27) and (29) yield the first order and second-order

derivatives as follows.

TRC{(T):;—ZA+%( D;‘m +ph0J, (30)
TRC/(T) = i—/:‘ >0, (31)
2 —
2t (go ") D( Dh
TRC;(T)= o7 £ +3( P”’+phrj, (32)
z p—
TRC;(T)= = £__>o (33)
2 -
—2A+W(;° h')—sleDNz o
TRC}(T) = z{)TZ +?( 3 +phr+sle], (34)
2 —
2A+W(grh°)+sleDN2
TRCJ(T) = pT - >0, (35)
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W?(h, -h
—2A+(D‘Jr)+DM2(sIe—clp)—sleDN2
()= p
TRC:(T)= 21? (36)
D( Dh,
+? 5 +ph +cl, |,
W2(h —h
2A+(D'°)+DM2(pr—sIe)+sleDN2
TRC(T) = P = SN
W?(h,—h
—2A+(D"r)+DM2(sle—clp)—sIeDN2+prPM2
/ p
TRC(T) = 21? (38)
D( Dh,
+E[ 5 +p(hr+clp)),
2 —_
2A+W(g’h")+DM2(clp—sle)+sIeDN2—prPM2
TRC!(T) = P = . (39)
, —2A-sI,DN?  D( Dh,
TRC; (T) = 72 +E( 5 +ph0+slej, (40)
2
TRCS”(T):%%>O, (41)
, —2A+DM?(sl,~cl,)-sI.DN’ p(ph_
TRC7(T)= 72 +?( 5 +ph0+prJ, (42)
,—. 2A+DM?’(cl, -sl,)+sl,DN?
TRC;(T)= 3 : (43)
~2A+DM?(sl,—cl,)-sl,DN?+cl ,PM?
TRC;(T) = ( : ")2 : ?
D( Dh i o
+E( pm+p(h°+C|p)j’
and
-« 2A+DM?*(cl, sl )+sI,DN* —cl PM?
TRC;(T)= 3 : (45)
Let
W2(h, ~h
G4:2A+(+°)+DMZ(pr—sIe)+sIeDN2, (46)
Dp
W2(h —h
GS:ZA+M+DM2(CIP—sle)+sIeDN2—prPM2, (47)
Dp
G, =2A+DM?(cl, -sl,)+sl,DN?, (48)
and
G, =2A+DM?(cl, -sl,)+sl, DN —cl ,PM?, (49)
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Equations (46)-(49) imply
G, <G, <G,, (50)

and

G, <G, <G,. (51)

Equations (30)-(45) reveal the following results.

Lemma 1. 1) TRC,(T) isconvexon T >0 if i=1236.

2) TRC,(T) is convex on T>0 if G, >0. Otherwise TRC/(T) is
increasingon T >0 forall i=4,57,8. Solving

TRC/(T)=0,i=1~8 (52)
then
(53)
(54)
W?(h, -h
2A+(Dr°)+sIeDN2
T, - P : (55)
D ™+ ph. +5sl
ey
W2 (h, —h
2A+(D'°)+DM2(pr—sle)+sleDN2
T - P if G, >0, (56)
Dh, , o
D P +ph +cl,
W2 (h, —h
2A+(Df°)+DMZ(clp—sle)+sIeDN2—CIpM2
T P — if G, >0, (57)
D( Pm+p(hr+clp)j
. 2A+sl,DN?
Te = ’ i £ ’ (58)
D D—h”‘+ h, +sl
p TP+l
[2A+DM? (cl, sl )+5,DN”
= if G, >0, (59)
Dh,
\l D( b +ph0+prJ
and
[2A+DM? (el —sl,)+5I,DN? —cl M?
- if G >0, (60)

8 _\/ D(D2m+p(ho+clp)J
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are the respective solutions of Equation (52). Furthermore, if T exists, then
TRC,(T) isconvexon T >0 and

<0 if0<T<T’ (61a)
TRC/(T)={=0 ifT=T (61b)
>0 if T <T (61c)

Equations (61a)-(61c) imply that TRC;(T) is decreasing on (O,Ti*J and

increasing on [Ti*,oo) forall i=1~8.

5. Numbers A;

Case 1. ﬂ< N .
Dp
Equations (30), (32), (34), (36) and (38) yield
e W) otrey| Wl e (62)
o) ey
Dp
' ’ A23
TRC; (N)=TRC}(N)=—2, (63)
2N
' ’ A34
TRC;(M)=TRC} (M )=—%, (64)
2M
TRC, (mj =TRC! [ PM jz Bas R (65)
D D (PM )
2 -
D
where
2
Ay =—2A+ D(KJ ( Dh phoj, (66)
Do P
W?(h, —h
A23=—2A+M+DN2(Dhm+Phr)v (67)
Dp P
W?(h,—h
A34:—2A+M—S|9DN2+DM2[D—hm+phr+S|ej, (68)
Dp P
W2 (h,—h
Ag :—2A+(D+')+ DM? (sl —cl,)—sl,DN?
PM Y’ pDh )
+ D(?j (_Pm + ph, +clpj.
Equations (66)-(69) imply
Ay <Ay <Ay <Ay (70)

Case2. N ££<M .
Dp

Equations (30), (34), (36), (38) and (40) yield
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’ ’ A
TRCl(N)zTRCG(N)=2|\1|62, (71)
TRC, (ﬂj =TRC] [ﬂj __fw =, (72)
i Do)y w.
Dp
' ' A34
TRC;(M)=TRC; (M )=—2, (73)
2M
TRC, [mj =TRC! ( PM ] - s = (74)
D D (PM j
2 ——
D
where
A, =—2A+DN? (_ng +,0hoJ, (75)
w \’( Dh
A63:—2A—5IEDN2+D[—) ( m+pho+slej. (76)
Dp P
Equations (68), (69), (75) and (76) imply
A S A <Ay <Ay (77)
Case3. M Sﬂ<m.
Dp D
Equations (30), (36), (38), (40) and (42) yield
TRC;(N)=TRC}(N) =%, (78)
' ! A67
TRC;(M)=TRC;(M)=—, (79)
2M
Ry Y |otrey| W |- Am (80)
or) e )
Dp
TRC, (mj :Tch(PM j= Aas = (81)
D D (PM j
2 ——
D
where
2 ,( Dh
Ag; =—2A—sl_.DN? + DM Tm+ph0+sle , (82)
w Y[ Dh
A, =—2A+DM?(sl, —cl ) -5l ,DN* + D[D—p] ( o+ ph, +c|p]. (83)
Equations (64), (70), (77) and (78) imply
A <A SA,, <Ay (84)
Case 4. —< ﬂ .
Dp

DOI: 10.4236/0alib.1105140 15 Open Access Library Journal


https://doi.org/10.4236/oalib.1105140

G.-F. Yenetal.

Equations (30), (38), (40), (42) and (44) yield

TRC,/(N)=TRC{(N)= Alﬁz,
2N
' _ ! _ A67
TRCG(M)_TRC7(M)_—M2,
TRC; (mj =TRC; (mj S >
D D [PM j
2 ——
D
TRCé(ﬂjoch(ﬂJz Ags =
Pr Pr) (W
Dp

where

) 2 o PM Y (Dh,
Ay =—2A+DM? (sl —cl,)—sI,DN +D[F >

+ph0+cuj,

Ags =—2A+DM? (s, —cl ) —sI, DN’ +cl PM?

. D[Dﬂpj[DF'j ol o)

Equations (69), (75), (89) and (90) imply
A SAg A <A,

16 — =67 — =78 —

Based on the above arguments, the following results holds.

Lemma 2. (A) If A,, <0, then

(al) G,>0,

(b2) T, exists,

(c3) TRC,(T) isconvexon T >0.

(B)If A, <0, then

(b1) G,>0 and G, >0,

(b2) T, and T, exist,

(b3) TRC,(T) and TRC,(T) areconvexon T >0.
(C)If Ay <0, then

(c1) G,>0,

(c2) T, exists,

(c3) TRC,(T) isconvexon T >0.

(D) If A,, <0, then

(d1) G,>0 and G, >0,

(d2) T, and T, exist,

(d3) TRC,(T) and TRC,(T) areconvexon T >0.
(E)If A,3<0,then

(el) G, >0 and G; >0,

(€2) T, and T, exist,

(e3) TRC,(T) and TRC,(T) areconvexon T >0.

(85)

(86)

(87)

(88)

(89)

(90)

(o1)
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(F)If Ag <0, then

(f1) G;>0 and G;>0,

(f2) T, and T, exist,

(f3) TRC;(T) and TRC,(T) areconvexon T >0.

Proof
(A) (al) If A,, <0, then
W2 (h,—h
ZAZM—SleDN2+DM2(D—hm+phr+S|e]. (92)
Dp P
Equation (92) implies
Dh
G42DM2(Tm+phr+clp)>0. (93)

(a2) Equation (56) and lemma 1 imply that T, exists.

(a3) Equation (37) and lemma 1 imply that TRC, (T) isconvexon T >0.

(B) (b1) If A, <0, then

W?(h,—h,)
Dp

PM ’( Dh
+D| — ™+ ph +cl_ |.
(DJ(P P J

Equation (94) implies
2
PM \?( Dh,
GSZD(?j ( > +p(hr+clp))>0. (95)

Equations (50) and (95) demonstrate G, >G,>0.
(b2) Equations (56), (57) and lemma 1 imply that T, and T, exist.
(b3) Equations (37), (39) and lemma 1 imply that TRC,(T) and TRC,(T)

2A> +DM?(sl, —cl, )—sI,DN?

(94)

are convexon T >0.

(C) (1) If A, <0, then
2 2 Dhm
2A>sI,DN°+ DM T+ph0+sle , (96)
Equation (96) implies
Dh
G72DM2(T"‘+pho+clpj>0. (97)

(c2) Equation (59) and lemma 1 imply that T, exists.
(c3) Equation (43) and lemma 1 imply that TRC,(T) isconvexon T >0.
(D) (d1) If A,, £0, then

2
2A>DM?(sl, —cl,)-s|,DN*+D W (D—hm+pho+0|pj. (98)
Dp P
Equation (98) implies
2
G72D(ﬂj [Dhm+pho+clpj>0. (99)
Dp P
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Equations (51) and (99) demonstrate G, >G, >0.

(d2) Equations (56), (59) and lemma 1 imply that T, and T, exist.

(d3) Equations (37), (43) and lemma 1 imply that TRC,(T) and TRC,(T)
are convexon T >0.

(E) (el) If A, <0, then

2
2A> DMZ(sIe—pr)—sleDN2+D(%j (DS'" +ph0+clpj. (100)

Equation (100) implies
PM \’( Dh,
GBZD(TJ ( 5 +p(h0+clp)j>0. (101)

Equations (51) and (101) demonstrate G, >G,; >0.
(e2) Equations (59), (60) and lemma 1 imply that T, and T, exist.

(e3) Equations (43), (45) and lemma 1 imply that TRC,(T) and TRC,(T)
are convexon T >0.
(F) (f1) If Ay <0, then

2A=DM?(sl, —cl,)-slI,DN*+cl ,PM?

2 (102)
+ D(ﬂJ (Dhm +p(hO +cl p)j
Dp P
Equation (102) implies
2
W Dh,
ngD[D—pj ( = +p(h0+clp)j>0. (103)

Equations (51) and (103) demonstrate G, >G; >0.
(f2) Equations (57), (60) and lemma 1 imply that T, and T, exist.

(f3) Equations (39), (45) and lemma 1 imply that TRC,(T) and TRC,(T)
are convexon T >0.

Incorporate the above arguments, we have completed the proof of lemma 2.
6. The Determination of the Optimal Cycle Time T* of TRC(T)

W
Theorem 1. Suppose D—< N . Hence,
el

(A)if 0<A,,then TRC(T")=TRC,(T,) and T" =T,

(B)if A, <0< Ay, then TRC(T")=TRC,(T,) and T"=T,.

(C)if Ay <0<Ay,,then TRC(T")=TRC,(T,) and T"=T,.

(D) if Ay <O<A,,then TRC(T")=TRC,(T,) and T =T,.

(E)if A, <0,then TRC(T")=TRC,(T,) and T"=T,.

Proof (A) If 0<A,,,then 0<A}, <A,; <A, <A, . So, Equations (61a)-(61c),
lemma 1 and 2 imply

(al) TRC,(T) is decreasing on (O,Tl*] and increasing on [Tl*,Dﬂ]
P

(a2) TRC,(T) is increasing on {Dﬂ N} .
P
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(a3) TRC,(T) isincreasingon [N,M].

(a4) TRC,(T) is increasing on [M,%}.

.. . PM
(a5) TRC,(T) isincreasing on F'OO .

Since TRC (T) is continuous on T >0, Equations (18a)-(18e) and (al)-(a5)
reveal that TRC (T) is decreasing on (O,Tl*] and increasing on [T;,oo) .
Hence, T" =T, and TRC(T")=TRC,(T,).

(B)If A,<0<A,,then A,<0<A, <A,, <Aj. So, Equations (61a)-(61c),

lemma 1 and 2 imply.

(b1) TRC,(T) is decreasing on [O,Di]
el

(b2) TRC,(T) is decreasing on {Dﬂ,ﬁ} and increasing on [TZ*, N] :
o

(b3) TRC,(T) isincreasingon [N,M].
(b4) TRC,(T) isincreasing on [M,%}.

(b5) TRC,(T) isincreasing on [%,ooj.

Since TRC(T) is continuous on T >0, Equations (18a)-(18e) and (al)-(a5)
reveal that TRC(T) is decreasing on (O,TZ*] and increasing on [Tz*,oo) .
Hence, T"=T, and TRC(T")=TRC,(T,).

(O)If A,;<0<A,,,then A, <A,,<0<A,, <A, . So, Equations (61a)-(61c),

lemma 1 and 2 imply.

(c1) TRC,(T) is decreasing on { W}

(c2) TRC,(T) is decreasing on {

Dp
(c3) TRC,(T) isdecreasingon |N, 3* and increasing on [T;, M ] .
(c4) TRC,(T) isincreasingon |M,—— PM
(c5) TRC,(T) isincreasing on %

Since TRC(T) is continuous on T >0, Equations (18a)-(18e) and (c1)-(c5)
reveal that TRC(T) is decreasing on (O,T;] and increasing on [T;,oo) .
Hence, T" =T, and TRC(T")=TRC,(T,).

(D) If A, <0<A,,then A, <A, <A, <0<Aj.So, Equations (61a)-(61c),
lemma 1 and 2 imply

(d1) TRC,(T) is decreasing on [ODﬂ}
e

(d2) TRC,(T) is decreasing on {Dﬂ N} .
P

(d3) TRC,(T) isdecreasingon [N,M].
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(d4) TRC,(T) is decreasing on [M,T;] and increasing on {T;,%}

(d5) TRC4(T) is increasing on

%)

Since TRC (T) is continuous on T >0, Equations (18a)-(18e) and (d1)-(d5)
reveal that TRC(T) is decreasing on (O,T;] and increasing on [T;,oo) .
Hence, T =T, and TRC(T")=TRC,(T,).

(E) If Ag<0, then A, <A,; <A, <A,<0. So, Equations (6la)-(61c),

lemma 1 and 2 imply.

(el) TRC,(T) isdecreasing on

(e2) TRC,(T) is decreasing on

(e3) TRC,(T) is decreasing on
(e4) TRC,(T) is decreasing on

(e5) TRC,(T) is decreasing on

2]
]
| Dp
[N,M].
M.

PM o
D

} and increasing on [TS*,oo).

Since TRC(T) is continuous on T >0, Equations (18a)-(18e) and (e1)-(e5)
reveal that TRC (T) is decreasing on (O,TS*] and increasing on [Ts*,oo) .
Hence, T" =T, and TRC(T")=TRC,(T,).

Incorporating all argument above arguments, we have completed the proof of

Theorem 1.

W
Theorem 2. Suppose N < oy <M . Hence,
ol

(A)if 0<Ay,then TRC(T")=TRC,(T,) and T" =T,

(B)if A, <0<Ag,then TRC(T™)=TRC,(T;) and T =T,.
(O)if Ag<0<Ay,, then TRC(T")=TRC,(Ty) and T"=T;.
(D) if Ay <0<A,then TRC(T")=TRC,(T,) and T"=T,.

(B)if Ay <0, then TRC(T")=

TRC,(T,) and T =T,.

Applying lemmas 1, 2 and Equations (24a)-(24e), the following results hold.

W PM
Theorem 3. Suppose M <—— <—— . Hence,

Dp

(A)if 0<Ay,then TRC(T")=TRC,(T,) and T" =T,

(B)if A, <0<Ag,then TRC(T™)=TRC,(T;) and T =T,.

(O)if Ay <0<A,,,then TRC(T")=TRC,(T;) and T"=T,.

(D)if A <0<A,then TRC(T")=TRC,(T,) and T"=T,.

(E)if Ag<0,then TRC(T")=TRC,4(Ty) and T" =T,

Applying lemmas 1, 2 and Equations (26a)-(26e), the following results hold.

Theorem 4. Suppose % < Dﬂ . Hence,

o)

(A)if 0<Ay,then TRC(T")=TRC,(T) and T" =T,

(B)if A, <0< Ag,then TRC(T

*):TRC6<T6*) and T =T,.

(O)if Ag; <0< A, then TRC(T")=TRC,(T;) and T"=T,.
(D) if Az <0< Ag, then TRC(T")=TRC,(Ty) and T =T,
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(B)if Ag <0,then TRC(T")=TRC,(T,) and T"=T,.
Applying lemmas 1, 2 and Equations (28a)-(28e), the following results hold.

7. Sensitivity Analysis

We present the sensitivity analysis by Maple 18.00 for determining the unique
solution T, when TRC/(T)=0,i=1~8,given P =4500 units/year,

D =3000 units/year , A=%$1000/order, s=%$30/unit, c=$10/unit,

h, =$0.5/unit/year , h, =$1.5/unit/year , h =$5/unit/year , 1 =$0.3/year,
I, =$0.08/year, M =90 days=90/365year, N =45days=45/365 year,

W =350 units. We increase/decrease 25% and 50% of the parameters simultan-
eously to execute the sensitivity analysis. Table 1 lists the results of comparing

the computational results with those of [9] (Figures 9-12).

8. Conclusions

Although traditional models facilitate calculation, they ignore the importance of
raw materials. However, the related costs of raw materials directly affect the total
relevant costs, thereby generating significant errors in the overall consideration.
Therefore, this paper presents a new inventory model that applies raw mate-
rials with two-level of trade credit—the finite replenishment rate and limited
storage capacity—by considering the trade credit condition proposed by [7].

Consequently, [9] can be treated as a special case in this paper.

Table 1. Comparison of relative parameters impact to T  and TRC(T*) in the

sensitivity analysis.
T TRAT)
Impact
this paper [9] this paper [9]
Positive & Major A A c A
Positive & Minor h, I, h, I, A, s h,, b, 1, s G h, 1,
Negative & Minor S 6 hy,, h, s 6 h, h, I, h, I,
Negative & Major 1, 1,
0.6
0.5
— A
0.4+ - S
p -=C
= == h_m
0.3t ——=h_o
= h_r
—+1_p
0.2+ — e
0.1

05 025 0 0.25 05
Parameters %

Figure 9. The sensitivity analysis for T" of this paper.
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0.6
0.5 \
0.4 -9
r i
03 : -—h_o
: \l ——h_r
—1_p
0.2 —|_e
0.1

05 - 025 0 ‘ 025 0.5
Parameters %

Figure 10. The sensitivity analysis for T" of [9].

50000

45000 /
40000 ’ A
/ - 8
35000 — O
30000 / = h o
25000 / : :1_pr
20000 —le

15000

TRC (T*)

05 - 025 0 025 05
Parameters %

Figure 11. The sensitivity analysis for TRC (T*) of this paper.

4250

4000

/

3750

3500 / / :g
/ -=C

3250

TRC (T*)

3000+ ——h_r

2500 —
2250

05 " 025 0 ' 0.25 0.5
Parameters %

Figure 12. The sensitivity analysis for TRC (T*) of [9].
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