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Abstract 
In this article we proposed derivation of the wave function of a quantum sys-
tem from the functional representation of the state of this system. There is 
considered representation of creation and annihilation operators by boun-
dary and co-boundary operators of chain and co-chain complexes on the 
physical space. 
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1. Introduction 

A quantum physical system can represented by a couple ( ),U ℑ , where U is 
some C*-algebra which Hermitian elements that are called observables, and 
some subset UEℑ⊂  of the set positive functionals on U with norm one called 
the quantum states of this physical system [1] [2] [3]. 

Denote by UP , the set of pure states on C*-algebra U, U UP E⊂ . 
In the set of all linear continue functional on C*-algebra U we have topological 

structure which is called as *weakly topological structure [2]. Accordingly, in the 
set UP  we have the topological structure induced from this. 

Denote by ℜ  the set of Hermit’s elements of U C*-algebra. 
Let { }pα  be the set of all one dimensional projectors on C*-algebra U and 

ω  pure state, in the work [4] we shove that pure state has the meaning 1 only 
on one one-dimensional projector { }p pα α∈  and the meaning 0 on the other 
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one dimensional projectors. Denote pure state which on projector pα  has the 
meaning 1, so αω . 

Every state ω∈ℑ  in space UP  with weakly topological structure is defined 
on the Borel σ-algebra of a probability measure { }{ }: p R

βω αµ →  which is de-
fined by the equality { }( )p

βω αµ ν=  where ν  positive functional 
1ν ω≤ ≤ , whose values on the elements of this subset { }p

βα
 are coincident 

with corresponding values of the state ω  [4]. 
For Hermit’s elements u∈ℜ  we have representation 

d uu pλλ
∞

−∞

= ∫ , 

where λ  is element of spectrum uσ  and upλ  is element of partition of unity 
of Hermit’s element u∈ℜ  [5]. It follows that for all UEω∈  we have 
( ) ( )d uu pλω λ ω

∞

−∞

= ∫ , and for the pure states UPαω ∈  we have placed the equal-
ity ( ) uuα αω λ= , where u

αλ  is some element of spectrum of Hermit element 
u∈ℜ . The last equality ( ) uuα αω λ=  gives opportunity identify every pure state 

UPαω ∈  with the set of number { }u

uαλ ∈ℜ
. 

The { }u

uαλ ∈ℜ
 indexed set is subset of The Tikhonov’s product uu

σ
∈ℜ

Σ = ⊗ , 
where u Rσ ⊂  spectrum of element u∈ℜ . It fallows that U uu

P σ
∈ℜ

⊂ Σ = ⊗ . So 
in the set UP  we have topological structure induced from Tikhonov’s product 

uu
σ

∈ℜ
Σ = ⊗ . This topological structure coincides with the induced topological 
structure from ∗  weakly topological structure on set of functionals on C∗  
algebra U. 

Let Support ωµ  be the support of the measure ωµ . If given physical quan-
tum system ( ),U ℑ , where each state ω∈ℑ  represents some elementary par-
ticle, this elementary particle corresponds to set of pure states, Supportω . This 
means that elementary particles of system ( ),U ℑ  are located in subspace 

UP Pℑ ⊂ , where 

P Support
ω

ωℑ
∈ℑ

=


, 

let us call the subspace Pℑ  by physical space of the physical quantum system 
( ),U ℑ . 

In future physical quantum system we represent as triple ( ), ,U Pℑ ℑ . 

2. Wave Function, Interference of Identical Elementary  
Particles 

Let given quantum physical system ( ), ,U Pℑ ℑ . 
Remark: We defined the wave function when the physical space Pℑ  coin-

cides with UP , UP Pℑ = , we can also similarly define it then when the physical 
space is UP Pℑ ⊂ , because ( ) 1Pωµ ℑ =  if ω∈ℑ . 

This set of one dimensional projectors in U we can identify to the set of pure 
states UP . Thus, { } Up P≈ . It follows, that for every state ω∈ℑ  exist the 
function 
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( ) ( )
( ) ( ) ( )

: ,  0,

0 if ,   if

U p

p p p p p

P R p

p p p p p

ω ωϕ ϕ ω ω

ω ω ω ω ω′ ′

→ = ≥

′ ′= ≠ = =
 

where pω  the pure state which corresponds to one dimensional projector p. 
Further, where does not cause confusion for to indicate the pure state pω  or 
one-dimensional projector p we will use the symbol p. As known if UEω∈  
state then ( ) 1Iω =  where I is identical operator. 

We have ( ) ( ) ( )d du uu p pλ λω λ ω λω λ
∞ ∞

−∞ −∞

= =∫ ∫ . Functional ω∈ℑ  is state,  

therefore, ( )d 1upλω λ
∞

−∞

=∫ . Consider the measure ωµ  on U uu
P σ

∈ℜ
⊂ Σ = ⊗ ,  

( ) ( ) d
p

p p ωω ω µ= ∫  where p  is set of such one dimensional projectors  

{ }p p=  that make up projector p , 
p p

p p
∈

= ⊕ . It follows  

( ) ( ) ( )d d
u

u

p

u p p
λ

λ ωω λ ω λ ω µ λ
∞ ∞

−∞ −∞

 
 = =
 
 

∫ ∫ ∫ , where upλ  is set of such one dimen- 

sional projectors { }p p=  that make up projector u

p p
p pλ ∈

= ⊕ . Everything say- 

ing there, follows that ( )d
UP

p pω ωω ϕ µ= ∫ , ( )d 1
UP

pω ωϕ µ =∫ ,  

( ) ( ) ( )d d
u

u

p

u p p
λ

λ ω ωω λ ω λ ϕ µ λ
∞ ∞

−∞ −∞

 
 = =
 
 

∫ ∫ ∫ , and the function : UP Rωϕ → ,  

( ) ( ) 0p pωϕ ω ω= ≥  uniquely determines the state UEω∈ . 
Let Tu  time observable and ( ) ( ), min , max ,

T Tt u u Tt u tω σ σ ω∈ =  states do 
not differ from each other on such observable values of which are invariant for a 
given particle in any state and determine its. Let ( ) ( ),

t
p t pωϕ ϕ=  then  

( ) ( ), d d
U U

t
P P

p p t p pω ω ωω ϕ µ ϕ µ= =∫ ∫ , ( ) ( ), d d 1
U UP P

p t pω ω ωϕ µ ϕ µ= =∫ ∫ . Let  

now ( ),p tφ  such function that ( ) ( )2, ,p t p tφ ϕ= . ( )0 1pωϕ≤ ≤ ,  

( )d 1
UP

pω ωϕ µ =∫  it follows ( ) ( )2cosp pωϕ α= , ( ) ( )2 2, cos ,p t p tφ α=  for all  

t and ( ) ( ), cos ,p t p tφ α= . Let’s call the function ( ) ( ), cos ,p t p tφ α=  ampli-
tude of probability or wave function. This function uniquely determines the state 

t UEω ∈ . 
During the experiment, a quantum system of elementary particles we observe 

in the time interval ( ) ( ), min ,max
T Tu ut α β σ σ∈ ⊂  so elementary particle for 

us is continual sequence tω , ( ) ( ), min ,max
T Tu ut α β σ σ∈ ⊂ . States tω  not 

differ on observables which determine given particle. If we observe a particle in 
stationary motion, then 

( ) ( ), ,p t p t
const

t t
φ α∂ ∂

= =
∂ ∂

. 

It follows ( ) ( ) ( )( ), cosp t p t pφ α β= + . We will be called ( )pα  and the  

( ) ( )
0

p
k p

p p
β

= −
−

 frequency and the wave number, respectively. Such 
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( ) ( ) ( )( )0, cosp t p t k p p pφ α= − −  and we have the equation of wave with 
amplitude 1. 

Let wave functions: ( ) ( ) ( )( )1 1, , cosp p t p t k p p pφ α= − −  and  
( ) ( ) ( )( )2 2, , cosp p t p t k p p pφ α= − −  define states of identical elementary 

particles. 
Let identical elementary particles are such that their wave function interferes 

at the same phases: 

( ) ( )
( ) ( )( ) ( ) ( )( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( )
( )( ) ( )( )

1 2

1 2

1 2

1 2

1 2 2 1

, , , ,

cos cos

2cos
2

cos
2

2cos cos
2 2

p p t p p t

p t k p p p p t k p p p

p t k p p p p t k p p p

p t k p p p p t k p p p

k p p p p p k p p p p p
p t

φ φ

α α

α α

α α

α

+

= − − + − −

− − + − −
=

− − − + −
⋅

 − + − − − −
= −  

 

 

( ) ( )
1 2

1 2lim , , , , 0
p p

p p t p p tφ φ
→

+ ≠ . 

This means that identical elementary particles, which interference occurs at 
the same phase can be in the same state. We well tell that the particles of such 
type obey the Bose-Einstein statistics. 

Let identical elementary particles are such that their wave function interferes 
at the anti phase, we well have: 

( ) ( )
( ) ( )( ) ( ) ( )( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( )
( )( ) ( )( )

1 2

1 2

1 2

1 2

1 2 2 1

, , , ,

cos cos

2sin
2

sin
2

2sin sin
2 2

p p t p p t

p t k p p p p t k p p p

p t k p p p p t k p p p

p t k p p p p t k p p p

k p p p p p k p p p p p
p t

φ φ

α α

α α

α α

α

−

= − − − − −

− − + − −
= −

− − − + −
⋅

 − + − − − −
= −  

 

 

( ) ( )
1 2

1 2lim , , , , 0
p p

p p t p p tφ φ
→

− = . 

This means that if a particles are in the same state, in this case the amplitude 
of probability, i.e. the squared modulus of the interfered wave function, is zero, 
this means that identical particles which interference occurs at the same phase 
cannot be in the same state. 

For such particles we tell that they obey the Fermi-Dirac statistics, and par-
ticles of the second type obey the Fermi-Dirac statistics. 

He maximum of the module of amplitude in interference of probability for 
Bose-Einstein particles will be reached when 

( )( )2 1cos 1
2

k p p p p p− − −
= . 
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From it 

( )( )1 2 π ,  
2

k p p p p p
n n Z

− − −
= ∈ . 

From known formula ( ) ( )
2πk p

p
=
Λ

, we have: 

( )
1 2 ,  

p p p p
n n Z

pλ
− − −

= ∈ . 

The fraction numerator there is the so-called stroke difference and the deno-
minator is the wavelength. 

Also, the maximum of the module of amplitude in interference of probability 
for Fermi-Dirac particles will be reached when 

( )( )2 1sin 1
2

k p p p p p− − −
= . 

From this 

( )( )1 2 π π ,  
2 2

k p p p p p
n n Z

− − −
= + ∈ . 

Such we will have: 

( )
1 2 1 ,  

2
p p p p

n n Z
pλ

− − −
= + ∈ . 

If ( ) ( ) ( )1 2 1 2, , , , , , ,p p p t p p t p p tφ φ φ= + , then  
( ) ( )1 2 2 1, , , , , ,p p p t p p p tφ φ= . 
If ( ) ( ) ( )1 2 1 2, , , , , , ,p p p t p p t p p tφ φ φ= − , then  
( ) ( )1 2 2 1, , , , , ,p p p t p p p tφ φ= − . 

3. Operators of Creation End Annihilation of Quantum  
Physical System 

Let given the quantum system ( ), ,U Pℑ ℑ , where UP Pℑ ⊂  Consider Tikhonov 
product uu

σ
∈ℜ

Σ = ⊗  on uu
σ

∈ℜ
⊗  the we have prodact measure uu

l
∈ℜ
⊗  [6] where 

ul  Lebesgue measure on uσ . We assume that the subsets , UP Pℑ  measurable 
in uu

σ
∈ℜ
⊗  with product measure uu

l
∈ℜ
⊗ . 

Let { }p U⊂  be the set of one-dimensional projectors (one-dimensional 
projectors in operator representation of the σ-algebra U). This set of projectors 
we identified to the set of pure states UP . Thus { } Up P≈ . For every state 
ω∈ℑ  exist the function 

( ) ( ): , 0P R p pω ωϕ ϕ ωℑ → = ≥ . 

Every such function uniquely defines a state on the C*-algebra U. 
Consider the Hilbert space ( )2L Pℑ  every function from this space defines a 

functional on the C*-algebra U, since ( )2 Uf L P∈ , 2 0f ≥ , and if we make the 
normalization, state on C*-algebra U. We assume that the function ωϕ  is in-
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tegrable, so ( )2 UL Pωϕ ∈  for all UEω∈ . 
For tensor products 

n

U U U⊗ ⊗ ⊗



 and 
n

U U U∗ ∗ ∗⊗ ⊗ ⊗



 it’s known 

that
n n

U U U U U U
∗

∗ ∗ ∗  
⊗ ⊗ ⊗ ⊂ ⊗ ⊗ ⊗ 

 
 

 

. If  

1 2 n
n

U U Uω ω ω ∗ ∗ ∗⊗ ⊗ ⊗ ∈ ⊗ ⊗ ⊗ 



 and , 1, 2, ,i i nω ∈ℑ =   is states of the 

quantum system ( ), ,U Pℑ ℑ , then 1 2 nω ω ω⊗ ⊗ ⊗  represents the n interact-

ing particles of the system ( ), ,U Pℑ ℑ  which are the in states 1 2, , , nω ω ω . If 

1 1 2 2, , , n np p pω ω ω= = =  are the pure states, then 

{ } ( ){ }1 2 1 2, , ,n n

n

p p p p p p P P Pℑ ℑ ℑ⊗ ⊗ ⊗ ≈ = × × ×  



. 

Farther: 

{ }

{ } ( ){ }

1 2

1 2 1 2

,

, , , .

n
n

n n
nn

p p p U U U

p p p p p p P P P U U U

∗

∗

ℑ ℑ ℑ

 
⊗ ⊗ ⊗ ⊂ ⊗ ⊗ ⊗ 

 

 
⊗ ⊗ ⊗ ≈ = × × × ⊂ ⊗ ⊗ ⊗ 

 

 



   





 

Let 

n

nU U U

P U U U∗

∗

 
 ⊗ ⊗ ⊗
 
 

 
⊂ ⊗ ⊗ ⊗ 
 









 the set of pure states, it’s clear, that 

{ }1 2

n

n
U U U

p p p P ∗
 
 ⊗ ⊗ ⊗
 
 

⊗ ⊗ ⊗ ⊂




  i.e. 

n
U U Un

P P P P ∗ℑ ℑ ℑ  
 ⊗ ⊗ ⊗
 
 

× × × ⊂








. 

If ˆ

n
U U U

Eω ∗
 
 ⊗ ⊗ ⊗
 
 

∈




 for it, as above exist function ˆˆ :

n
U U U

P Rωϕ ∗
 
 ⊗ ⊗ ⊗
 
 

→




, 

( ) ( )ˆˆ ˆˆ ˆp pωϕ ω= ,where ˆ

n
U U U

p P ∗
 
 ⊗ ⊗ ⊗
 
 

∈




, ( )ˆˆ ˆ 0pωϕ ≥ , which uniquely defines 

state on 
n

U U U
∗

 
⊗ ⊗ ⊗ 

 




. 

We have ˆˆ :
n

P P P
n

P P P Rωϕ ℑ ℑ ℑ ℑ ℑ ℑ× × ×
× × × →









,  

ˆ 2ˆ
n

P P P
n

L P P Pωϕ ℑ ℑ ℑ ℑ ℑ ℑ× × ×

 
 ∈ × × ×
 
 









, this Hilbert space is defined since on 

n

P P Pℑ ℑ ℑ× × ×


 we have measure ( ) ( ) ( )u u uu u u

n

l l l
∈ℜ ∈ℜ ∈ℜ
⊗ ⊗ ⊗ ⊗ ⊗ ⊗



. 

Every function 2f  from the space 2

n

L P P Pℑ ℑ ℑ

 
 × × ×
 
 





 defines a function-

al on the C*-algebra 
n

U U U⊗ ⊗ ⊗



, since, 2 0f ≥ , and if we make the nor-

malization-state on C*-algebra 

n

U U U⊗ ⊗ ⊗



. 
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Consider co-chain complex  

2, , ,n n n

n n

C P P P R d L P P P dℑ ℑ ℑ ℑ ℑ ℑ

      
      × × × = × × ×

            
 

 

 where the boun-

dary operator 1: , ,n n n

n n

d C P P P R C P P P R+
ℑ ℑ ℑ ℑ ℑ ℑ

   
   × × × → × × ×
   
   

 

 

 de-

fined by formula ( )( ) ( ) ( )
1

1 2 1 2 1
1

ˆ, , , 1 , , , , ,
n in

n i n
i

d f p p p f p p p p
+

+
==

= −∑    [7]. 

We have also the chain complex  

2,n

n n

C P P P R L P P P

∗

ℑ ℑ ℑ ℑ ℑ ℑ

   
   × × × = × × ×
   
   

 

 

 where the boundary operator 

1: , ,n n n

n n

d C P P P R C P P P Rℑ ℑ ℑ − ℑ ℑ ℑ

   
   × × × → × × ×
   
   

 

 

 defined by 

formula ( ) 1n
nd f f d∗ ∗ −=  , where  

2 2

n n

f L P P P L P P P

∗

∗
ℑ ℑ ℑ ℑ ℑ ℑ

   
   ∈ × × × ≈ × × ×
   
   

 

 

. 

For this co-chain and chain complexes we have: 

2, ,n
n

n n n

C P P P R C P P P R L P P Pℑ ℑ ℑ ℑ ℑ ℑ ℑ ℑ ℑ

     
     × × × = × × × ≈ × × ×
     
     

  

  

. 

Each function f from the space 2

n

L P P Pℑ ℑ ℑ

 
 × × ×
 
 





 defines a functional on 

the C*-algebra 
n

U U U⊗ ⊗ ⊗



, including a functionals of this kind 

1 2 nω ω ω⊗ ⊗ ⊗  which represents the system of n interacting particles of the 
system ( ), ,U Pℑ ℑ . 

The operator 1: , ,n n n

n n

d C P P P R C P P P R+
ℑ ℑ ℑ ℑ ℑ ℑ

   
   × × × → × × ×
   
   

 

 

  

translates function which represent the system of n interacting particles 

1 2 nω ω ω⊗ ⊗ ⊗  to function which represent the system of 1n +  interacting 
particles 1 2 1nω ω ω +⊗ ⊗ ⊗ . 

Conversely the operator  

1: , ,n n n

n n

d C P P P R C P P P Rℑ ℑ ℑ − ℑ ℑ ℑ

   
   × × × → × × ×
   
   

 

 

 translates function 

which represent the system of n interacting particle 1 2 nω ω ω⊗ ⊗ ⊗  to func-
tion which represent the system of 1n −  interacting particles  

1 2 1nω ω ω −⊗ ⊗ ⊗ . 

From what has been said, it follows that the operators nd  and nd  are oper-
ators of creation and annihilation, respectively. 

The co-chain complex  
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2, , ,n n n

n n

C P P P R d L P P P dℑ ℑ ℑ ℑ ℑ ℑ

      
      × × × = × × ×

            
 

 

 have trivial coho-

mologies [7]. 
Local trivial function f on 

n

P P Pℑ ℑ ℑ× × ×


 is such function for which exist 

open cover { }Oα  of UP  that f is zero on any ( )1 2, , , n

n

p p p P P Pℑ ℑ ℑ∈ × × × 



, 

where , 1, 2, ,ip O i nα∈ =   and Oα  some element of cover { }Oα . 
The closure of subset local trivial functions in  

2,n

n n

C P P P R L P P Pℑ ℑ ℑ ℑ ℑ ℑ

   
   × × × = × × ×
   
   

 

 

 form sub Hilbert space, denote 

it by 
0 ,n

n

C P P P Rℑ ℑ ℑ

 
 × × ×
 
 





. It’s clear, that 

1
0 0, ,n n n

n n

d C P P P R C P P P R+
ℑ ℑ ℑ ℑ ℑ ℑ

    
    × × × ⊂ × × ×

        
 

 

. 

If  

0, , ,/n n n

n n n

C P P P R C P P P R C P P P Rℑ ℑ ℑ ℑ ℑ ℑ ℑ ℑ ℑ

     
     × × × = × × × × × ×
     
     

  

  

  

then we have co chain complex , ,n n
U U U

n

C P P P R d
  
  × × ×

    




 with non trivial 

cohomologies [7]. 
If we consider annihilation operators for only local interacting particle system, 

then Chain complex , ,n n

n

C P P P R d

∗

ℑ ℑ ℑ

  
  × × ×     





 where nd  defined by 

formula ( ) n
nd f f d∗ ∗=  , ,n

n

f C P P P R

∗

∗
ℑ ℑ ℑ

 
 ∈ × × ×
 
 





 defines homological 

structure of space pℑ  [7]. 

From all that has been said follows: In quantum physical system ( ), ,U Pℑ ℑ  
operators creation and annihilation defines co-homological and homological 
structures physical space Pℑ , respectively. 

4. Results 

In this article was obtained following results: 
1) Built for the wave function of a quantum system ( ), ,U Pℑ ℑ . 
2) From the constructed wave function, the separation of elementary particles 

into the Bose-Einstein and Fermi-Dirac classes was made. 
3) Operators of creation and annihilation of elementary particles are pre-

sented as co-boundary and boundary operators of co-chain and chain complexes 
over space Pℑ , respectively. 
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