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Abstract

In this article we proposed derivation of the wave function of a quantum sys-
tem from the functional representation of the state of this system. There is
considered representation of creation and annihilation operators by boun-
dary and co-boundary operators of chain and co-chain complexes on the
physical space.
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1. Introduction

A quantum physical system can represented by a couple (U,J), where U is
some C*-algebra which Hermitian elements that are called observables, and
some subset I c £, of the set positive functionals on U with norm one called
the quantum states of this physical system [1] [2] [3].

Denote by P, , the set of pure states on C-algebra U, B, c E,, .

In the set of all linear continue functional on C'-algebra Uwe have topological
structure which is called as *weakly topological structure [2]. Accordingly, in the
set P, we have the topological structure induced from this.

Denote by R the set of Hermit’s elements of U C*-algebra.

Let { pa} be the set of all one dimensional projectors on C*-algebra U and
@ pure state, in the work [4] we shove that pure state has the meaning 1 only

on one one-dimensional projector p, €{p,} and the meaning 0 on the other
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one dimensional projectors. Denote pure state which on projector p, has the
meaning 1, s0 @, .

Every state we 3 in space F, with weakly topological structure is defined
on the Borel o-algebra of a probability measure 4, {{ Pa, } — R which is de-
fined by the equality g, ({ Pa, }) = ||v|| where v  positive functional
[V <[] <1, whose values on the elements of this subset {p,, | are coincident
with corresponding values of the state @ [4].

For Hermit’s elements u € R we have representation
u= j Adp},

where A is element of spectrum o, and pj is element of partition of unity
of Herrr}oit’s element ueR [5]. It follows that for all weE, we have
o(u)= I ﬂda)( pﬁ) , and for the pure states @, € B, we have placed the equal-
ity o, (#)=4,, where 1! is some element of spectrum of Hermit element
u € R . The last equality @, (u)=A4, gives opportunity identify every pure state
o, € B, with the set of number {/1;‘ }uem.

The {ﬂ;}uem indexed set is subset of The Tikhonov’s product 2:,,(3; o,
where o, c R spectrum of element u € ‘R . It fallowsthat P, c X = lgi o, .So
in the set B, we have topological structure induced from Tikhonov’s product
z =u(:3m o, . This topological structure coincides with the induced topological
structure from * weakly topological structure on set of functionals on C”
algebra U.

Let Supporty, be the support of the measure g, . If given physical quan-
tum system (U, 3), where each state @ € 3 represents some elementary par-
ticle, this elementary particle corresponds to set of pure states, Support @ . This
means that elementary particles of system (U,3J) are located in subspace

P, c B, , where

P, = U Support @,

weJ

let us call the subspace P, by physical space of the physical quantum system
(U,3).
In future physical quantum system we represent as triple (U, P;,3J).

2. Wave Function, Interference of Identical Elementary
Particles

Let given quantum physical system (U, Py, ).

Remark: We defined the wave function when the physical space P; coin-
cides with P,, P, =F,, we can also similarly define it then when the physical
spaceis Py c B, ,because u,(Py)=1 if we3J.

This set of one dimensional projectors in U we can identify to the set of pure
states P,. Thus, {p}=~F,. It follows, that for every state weJ exist the

function
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@, B, >R, gow(a)p)za)(p)zo,

a)p(a)p,):O if p#£p/, a)p(a)p,):a)p(p) if p=p'
where @, the pure state which corresponds to one dimensional projector p.
Further, where does not cause confusion for to indicate the pure state @, or

one-dimensional projector p we will use the symbol p. As known if weE,

state then @(/)=1 where /is identical operator.
We have o(u)= _[ /Ida)(pj): I ﬂa)(pﬁ)d/l . Functional weJ is state,

©

therefore, J'a)(pj)dﬂ. =1. Consider the measure x4, on B, cX=®o,,

ueR
—00

w(i?)=fw(p)dﬂ,,, where p is set of such one dimensional projectors
2

p= { p} that make up projector p, p= @ p.]Itfollows

pep
w(u)= J. ﬂdco(pj) = J' A{J. co(p)}ywdl , where 7% is set of such one dimen-
- -\ P

sional projectors p={p} that make up projector p; = @ p. Everything say-
pep

ing there, follows that @ = J r9,(p)du, s _[ @, (p)du, =1,
Fy Fy

©

w(u)= I ﬂda)(pj): .[ /1[ I o, (p)},uwd/l , and the function ¢, :P, >R,
- = \F
o, (a)p ) =w(p)=0 uniquely determines the state we E,, .

Let u, time observable and w,,te (min o, ,Mmaxo, ),a)(uT) =t states do
not differ from each other on such observable values of which are invariant for a

given particle in any state and determine its. Let ¢(p,t)=¢, (p) then
o, = [ po(p.t)du, = [ po,(p)du,, [e(p.t)du, = [, (p)du,=1.Let

By B By By
now ¢(p,t) such function that ¢(p,t)2:go(p,t). 0<g,(p)<I1,
j%(p)dyw:l it follows ¢, (p)=cos’ a(p), #(p.t)’ =cos’a(p,t) forall
By

tand ¢(p,t)=cosa(p,t). Let’s call the function ¢(p,r)=cosa(p,t) ampli-
tude of probability or wave function. This function uniquely determines the state
w k.

During the experiment, a quantum system of elementary particles we observe
in the time interval e (a,f)c (min o, »maxo, ) so elementary particle for

us is continual sequence w,, re(a, ﬁ)c(mina

ur

max o, ) States @, not
differ on observables which determine given particle. If we observe a particle in

stationary motion, then

6¢(p,t) _ 6a(p,t)

=const .
ot ot
It follows ¢(p,t):cos(a(p)t+,8(p)). We will be called a(p) and the
k(p):—"ﬂ(p)" frequency and the wave number, respectively. Such
P—D
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#(p.t)= cos(a (p)t=k(p)|p-po ||) and we have the equation of wave with
amplitude 1.

Let wave functions: ¢(p, p,,t)= cos(a(p)t —k(p)|p-np ||) and
¢(p, §2 t) =cos (a (p)t -k (p)"p -p, ||) define states of identical elementary
particles.

Let identical elementary particles are such that their wave function interferes

at the same phases:
¢(p:pi>t)+4(p, pyst)
=cos(a(p)t=k(p)|p-pi[)+cos(a(p)t-k(p)|p-p:)
a(p)t=k(p)|p-p|+a(p)i-k(p)|p-pr|

=2cos 2
cos APV =k(P)|p=p-alp)i+k(p)|p=p.|
2
k - - k ~ll-llp-
_2cos| a(p)e-EPP P21||+||p ANVl Pzzll )

lim ¢(p,p1,t)+¢(p,p2,t);t0.

n—p2
This means that identical elementary particles, which interference occurs at
the same phase can be in the same state. We well tell that the particles of such
type obey the Bose-Einstein statistics.
Let identical elementary particles are such that their wave function interferes

at the anti phase, we well have:
¢(p,pst)=@(p, psst)
=cos(a(p)t=k(p)|p=p)-cos(a(p)i=k(p)|p-r)
a(p)t=k(p)|p-p|+a(p)i-k(p)|p-p

=-2sin

2
i 2=k ()P - pl-a(p)i+k(p)|p-pi
2
~ 2¢in| a(p)i- k(P)(”P—l’21"+"p_172”)]sink(p)("P—Pzz”—”p—pl”)

lim ¢(p’p]5t)_¢(p’p2’t):0‘

P—=p2

This means that if a particles are in the same state, in this case the amplitude
of probability, Ze. the squared modulus of the interfered wave function, is zero,
this means that identical particles which interference occurs at the same phase
cannot be in the same state.

For such particles we tell that they obey the Fermi-Dirac statistics, and par-
ticles of the second type obey the Fermi-Dirac statistics.

He maximum of the module of amplitude in interference of probability for

Bose-Einstein particles will be reached when

OSk(p)<||p—pz||—||p—pl||)|:1.

2
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From it
pp=rl-lp-rl)__
5 , .
From known formula &(p)= % , we have:
le=pl-lp=pil _, ", _,.
A(p)

The fraction numerator there is the so-called stroke difference and the deno-
minator is the wavelength.
Also, the maximum of the module of amplitude in interference of probability

for Fermi-Dirac particles will be reached when

@)=l -lp-2l)|

2 |
From this
le=rl-le=pil) = -,
2
Such we will have:
lo=pl-lp=pll _1, .,
A(p) 2

If ¢(p.pi.py.t)=¢(p.pit)+d(p.p,st), then
¢(p> 1> P2>t) = P(Ps P> P1s1)-

If ¢(p.pi.py.t)=9(p.pi.t)—4(p.p,ot), then
$(p.p1>past) =—4(P. P2 py1) -

3. Operators of Creation End Annihilation of Quantum
Physical System

Let given the quantum system (U, P;,J), where Py B, Consider Tikhonov
product X = ® o, on ® o, the we have prodact measure ® / [6] where

ueR ueR

I, Lebesgue measure on o,. We assume that the subsets P,,F, measurable

u
in u(? o, with product measure u(:)ﬂl

Let {p}cU be the set of one-dimensional projectors (one-dimensional
projectors in operator representation of the o-algebra U). This set of projectors
we identified to the set of pure states F,. Thus {p}=~P,. For every state

w e I exist the function
9, P> R, ¢,(p)=0(p)=20.

Every such function uniquely defines a state on the C*-algebra U.
Consider the Hilbert space L, (P;) every function from this space defines a
functional on the C*-algebra U since feL,(F,), f? >0, and if we make the

normalization, state on C*-algebra U. We assume that the function ¢, is in-
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tegrable, so ¢, € L,(R,) forall wek,.
For tensor products UQU ®---®QU and U QU ®---QU" it’s known

thatU" @U" ®---QU" C[U®U®~~®U] JIf

n n

0®0,® - Qw elU QU ®---®U" and w €3J,i=1,2,--,n is states of the

quantum system (U, P;,J), then o ®®, ®---® @, represents the n interact-

ing particles of the system (U ,PS,S) which are the in states @, 0,, -, 0,. If

W, =p,,0, = p,,,0, = p, arethe pure states, then

{pl ®p2®---®pn}z{(pl,pz,u-,pn)}:P3><P3><---><P3 .

n

Farther:

(,®p, ®---®pn}c(U®U®--~®U) ,

n

{pl®p2®---®pn}z{(pl,pz,---,pn)}:P~s><P,‘><---><PHX c(U@U@---@U] .
5 %45 5| ¢ ol

n n

n

Let P . C(U@U@--'(@UJ the set of pure states, it’s clear, that
\—w—/
[U@U@-@U]
{p1®p2®~--®pn}cP . Le PoxPix---xP.cP .-
[U®U®»~®U] n [U®U®~<®U]
If o€k . for it, as above exist function ¢, :P >R,

[U@U@---@U [U@U@»--@U}
—_— —_—
n n

@, (p)=ad(p) ;where peP J » 9, (p)=0, which uniquely defines

URU®---QU
===
n

state on (U®U®-~®U] .
\—W—J

n

We have ¢, tPyxPyx-x P, >R,
|

PyxPyx--xPy *
=~ >

n n

?s PsxPxx--x P
ST
n

D el, {ngR‘ ><---><P§} , this Hilbert space is defined since on
| S

n

ueR ueR ueR

P, x Py x---x P, we have measure( ® lu)®(® lu)®~~~®(® lu).
\—W—J

n
n

Every function f* from the space L, [P3 X Py xeex PSJ defines a function-
\—ﬁ,—_J

n

al on the C*-algebra U®U ®---®U , since, f* >0, and if we make the nor-

n

malization-state on C-algebra

URU®---QU .

n
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Consider co-chain complex

C"{ij%x---xPS,RJ,d" = Lz[ijijn-xPJ},d” where the boun-
\—W——J \—ﬂ/—_J

n n

dary operator d”:C"[IDSXPSX---XJDS,RJ%C””[PSXPS><---><P3,RJ de-
[N [ S

n n

n+l

fined by formula d" (f (. Py, 2,))= 2. (=1) £ (Prs Dy Bive s Pat) (7).

i==1

We have also the chain complex

C{Pj ><PS><~~-><l’3,RJ:L2[}’S><P3><---><P§J where the boundary operator
| —— [y ——

n n

d, :C, [Fg x P ><---><P3,R]—>Cn_1 [RS x Ps ><---><P3,R] defined by
| S |

n n

formula d, (f*) = f"od"", where

f*eLz[&x%x-~~x])\7] sz(ij%xMxPS

n n

For this co-chain and chain complexes we have:

C"{P:;XPgX"'XP:{:RJ:Cn{PSXP:{X'“XP:MR zLZ{PJ X])S X.“XP'JJ'
- - - [N ——

n n n

Each function ffrom the space L, [PS x Py x---xPSJ defines a functional on
%f—/

the C*-algebra U®U®---®U , including a functionals of this kind

o, ®w, ® --®m, which represents the system of 2 interacting particles of the

system (U, P, 3).

The operator d" :C" {P,J><P3><---><P3,R]—>C'”l [PSXPS x---xPz,R]
[ ——— | ———

n n

translates function which represent the system of n interacting particles
o, ®w,® --®w, to function which represent the system of n+1 interacting
particles @, ®w, ®---Qa,,,.

Conversely the operator

d, :C, [Fg X Pyxex Py ,RJ—)CH_1 [Fg X Pyx--x Py ,R] translates  function
| S |

n n

which represent the system of n interacting particle o, ® @, ® ---® @, to func-
tion which represent the system of n—1 interacting particles
0®0,®--Qw,_,.

From what has been said, it follows that the operators d” and d, are oper-

ators of creation and annihilation, respectively.
The co-chain complex
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[C"{p3 x P, X...x%,RJ,d"J_(LZ[% X%xmx%}d”} have trivial coho-
SsT TS SsT TS

mologies [7].

Local trivial function fon P, x P, x---x P, is such function for which exist
\—W—J

open cover {0,} of P, that fiszeroonany (p,,p,,:,p,)€ PyxPyx---x Py,
NS

where p,€0,,i=1,2,--,n and O, some element of cover {O,}.

The closure of subset local trivial functions in

ok [PS x P, x~~-><P§,R]=L2[P:X x Py ><...><PSJ form sub Hilbert space, denote

n n

it by cr (pﬁ x Py - x P ’RJ . It’s clear, that
SosT TS

n

d"| CJ| PyxPyx---x P ,R||cC™'| PyxPyx-+-xPy,R|.
e —— e ——

n n

If

C"| Pyx Pyx--x P ,R |=C"| Pyx Pyx---x Py ,R |/ Cll| PyxPyx---xP;,R
| [ —_

n n n

then we have co chain complex | C"| B, xP, x---x B, ,R |,d" | with non trivial
R p—
cohomologies [7].
If we consider annihilation operators for only local interacting particle system,

o

then Chain complex |C,| PyxPyx---xP;,R| ,d, | where d, defined by
|

n

s

formula d, (f*)=f* od", f*eC,| PyxPyx---xP,,R| defines homological
|
structure of space p. [7].
From all that has been said follows: In quantum physical system (U, P;,3)
operators creation and annihilation defines co-homological and homological

structures physical space Py, respectively.

4. Results

In this article was obtained following results:

1) Built for the wave function of a quantum system (U , Py, S) .

2) From the constructed wave function, the separation of elementary particles
into the Bose-Einstein and Fermi-Dirac classes was made.

3) Operators of creation and annihilation of elementary particles are pre-
sented as co-boundary and boundary operators of co-chain and chain complexes

over space P, respectively.
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