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Abstract

A fourth-order degenerate parabolic equation with a viscous term:
u, —(m(u)wx)x =0 in (-1,1)x(0,T),

| in (-1,1))x(0,7)

conditions u, =w,=0 on {-L1}x(0,T), u(x,0)=u,(x) in (-1,1). It

can be taken as a thin film equation or a Cahn-Hilliard equation with a dege-

is studied with the initial-boundary
w=-u,,. + vu,

nerate mobility. The entropy functional method is introduced to overcome
the difficulties that arise from the degenerate mobility m(u) and the viscos-

ity term. The existence of nonnegative weak solution is obtained.
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1. Introduction

In recent years, the research of nonlinear fourth-order degenerate parabolic
equations has become an interesting topic. The typical examples include the
Cahn-Hilliard equation and the thin film equation. The Cahn-Hilliard equation
can describe the evolution of a conserved concentration field during phase
separation. It (see [1]) has the form u, +V -(kV(ngu +A'(u))) =0 where the
constants &, A, &° denote the atomic mobility, the free energy, the parameter
proportional to the interface energy respectively and —(ngu + A'(u)) is a kind
of chemical potential. For the existence and the properties of solutions, Elliott,
Zheng and Garcke (see [2] [3]) have studied this equation with a linear and a
degenerate mobility respectively. Xu, Zhou, Liang and Zheng (see [4] [5] [6])
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have applied the semi-discrete method to obtain the existence and stability
results to this model with a gradient mobility.

The thin film equation can analyze the motion of a very thin layer of viscous
incompressible fluids along an inclined plane or model the fluid flows such as
draining of foams and the movement of contact lenses. The thin film equation
belongs to a class of fourth order degenerate parabolic equations (see [7]) and
the first mathematic result, the existence and nonnegativity of weak solutions,

are given by Bernis and Friedman [8] to the equation 1, +(u"um) =0. The

thin film equation with a second-order diffusion term was studied by Bertozzi
and Pugh [9]. Moreover, for a generalized thin-film equation with period
boundary in multidimensional space, Boutat et al [10] obtained its existence.
For other results, the readers may refer to the papers [11] [12].

In this paper, we study the following initial and boundary value problems for

the viscous thin film equation:

_(m(u)w‘c)x =O in QT)
w=-u,+vu, in O,

(1)

u,=w,=0onTl,
u(x,0)=u,(x),
where 7>0, m(u)=u, Q=(-11), 0, =Qx(0,T) and T'=0Qx(0,T).
Formally, if we substitute the second equation into the first one, we can get

another form for this question:

u, +(m(u)(um _V”t)x)_ =01in Q,,
u =u_=0onT, (2)

x

u(x,0)=u, (x)

Our main result is the following theorems.
Theorem 1. Let u, €L’ (Q) and v >0. Then there exists at least one pair
(u, w) of (1) satistying
) uel”(0.7:H (Q))NL(0.7:H (Q))NC([0.7]: 2 (Q)),
we I} (0.T:H'(Q)) u,eL*(0);
2) For any test function ¢e L’ (O,T;H1 (Q)) , it has
I} o lupdedr + ﬂQruwﬁxdxdt =

_UQTW¢dxdt =— J.J.QTumqﬁdxdt +v ijTutqﬁdxdt.
3) u(x,0)=uy(x).

Theorem 2. Let u,cl’ (Q) and v>0. Then there exists at least one pair
(u,w) of (2) satistying

D uerl(0.7:H (Q)NL(0.7:H (Q))NC([0.7): L (Q)), u, € L*(Q));

2) For any test function ¢e I’ (O,T;H2 (Q)) with ¢, (-11)=¢,(1, )= it
has

xxx

ij u,¢dxdt+jj u u B .dxde —vﬂQ wu, ¢ dxdt = 0.
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3) u(x,0)=u,(x).

The following lemmas are needed in the paper:

Lemma 1. (Aubin-Lions, see [13]) Let X, B and Y be Banach spaces and
assume X — B —Y with compactimbedding X — B.

1) Let § beboundedin L’ (O,T;X) where 1< p<o,and
a@—fz{%:fé%} be bounded in LI(O,T;Y). Then § is relatively compact
in L"(O,T;B);

2) Let § be bounded in L” (O,T;X), and a@—fz{%:feﬁ} be bounded
in L'(0,7;Y) where r>1.Then § is relatively compact in C([O,T];B).

Lemma 2. (see [14] or [15]) Let V be a real, separable, reflexive Banach space
and H is a real, separable, Hilbert space. V — H is continuous and V is dense
in H Then {ueLz(O,T;V)|u, eL2(0,T;V’)} is continuously imbedded in
c([o.1):H).

In this paper, Cis denoted as a positive constant and may change from line to
line. The paper is arranged as follows. The existence of solutions to the
approximate problem will be proved in Section 2. In Section 3, we will take the

limit for small parameters 6 - 0.

2. Approximate Problem

For any 0<J <1, we consider the following approximate problem. In order to
apply existence theory better, we transform (1) into a system:
U, —(m5 (u(,)w&)x =0in Q,,
Wy =—us  +Vvug in O,

(3)

u;, =w;, =0onl,
Ug (x,O):u§0 (x)

with g (x)=u,(x)+08, my(u;)=us, +J and uz =max{u,0}.

Lemma 3. There exists at least one solution ug to(3) satistying

1) w; eLz(O,T;Hl(Q)) >
us e (0,757 (Q))N L7 (0,7 H' (Q))NC([0.T]: L (Q)) » uy €L (Q;) and
U (x,O)zu(SO;

2) For any test function ¢ e I’ (O,T;H1 (Q)) , it has

[ IQTu5,¢dxdt +| jgrmg (uy )W ¢ dxdz =0,

I} o, Wothdxdr =~ jjgru(mqﬁdxdr +v[| o, Uopdxdr.
Proof. We apply the Galerkin method to prove this Lemma and so we choose
{;é,.}i:] ,,... as the eigenfunctions of the Laplace operator with Neumann
boundary value conditions such that —¢_ =A4¢ . Moreover, we can suppose

that the eigenfunctions are orthogonal in the A' and I* spaces. We use (,) to

denote the scalar product in Z* space and we can normalize ¢ such that
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Loi=],
(¢i,¢j)=§y.={0 jij Besides, we can choose 4, =0 and ¢ =1.

M
For any positive integer M, we define u' (x,1)=> ¢, (1)¢,(x),

i=1
M M
uy (x,0)=> (up. )¢ » wy (x,0)=2.d,(1)4,(x) . Now we consider the
i=1 i=1
following ordinary differential equations system:

d( w M\, M
a(u,s a¢j)=—(m5(u5 )W§X,¢jx), (4)
(Wg]’¢j):_(ug[’ﬁx’¢j)+vi(u§/[7¢j)’ (5)

dt

for j=1,---,M , which yields an initial value problem for the ordinary

differential equations:
d Mod M
Se St m(Sawa]as
t i=1 dt i=1
M M
S0 m S0 Jo. |
¢ (0):(”507415,-)» (6)
with j=1---,M . A standard argument can show that this ODE has a local

M
solution by Peano existence theorem since the matrix (m 5 (Zci (1)¢, (x)j¢ix,¢jx]
i=1

is positive definite. In order to get the global solvability, we need establish more

energy estimates. Multiply (4) by w)' to get
.[ngfwgddx = —J.Q(ufsw+ + 5)|w§4 |2 dx.
Taking ug as the test function in (5), we have
2

Igugwgldx = —Igugxugdx + VJ.Q |ug | dx.

Thus, we have
1d M
EE.LJM‘”
Therefore, for any 0<¢<T,ithas
Ve u
P IQ |u§x

SCJ.Q|u§0X

2

2dx+vjQ 2dx+jﬂ(uM+5)|w§fC

o+

dx =0. (7)

M
uﬁt

2
dxdt

2()c,t)dx+v_|.jQ |u§f|2 dxdt+HQ (“ﬁ +5)|w§fc

(8)
? dw.

Since di.[gugl dx=0 by (4) with j=1, we can apply Poincaré’s inequality to
t
obtain the following estimates:

w' e (0,7 H' (Q)),uy € (Q,),wy e (0,73 H' (Q)).  (9)

By taking uj.  as the test function in (5), we have
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1d
_[ uyt wy'dx = —I |u | dx - J |u5x (10)
By integrating over (0, T ) and applying the Hoéler's inequality, we have
vJ- |ubx x,T) dx+ﬂ |um dxdz
(11)
< CVJ.Q|u§0X dx+J.J.QT|w§4| dx<C.
which yields
uy e (0,7 H* (Q)). (12)
There exists a subsequence of (uf ,w(;”) and a pair (ugz,w;) such that, as
M — o,
uy — uy; weakly * in Lw(O,T;HI(Q)), (13)
uy — uz weaklyin I’ (Q;), (14)
wy' — w, weakly in I (0,T; H'(Q)), (15)
uyl —u; weaklyin I’ (O,T;H2 (Q)), (16)
uf;” — u; strongly in C([O,T];L2 (Q)) and a.e.in Q. (17)

where the last estimate is from Lemma 1. By (13)-(17), we can perform the limit
M — o in a standard fashion and the strong convergence in C([O,T];L2 (Q))
implies 1 (x,0) =1y, (x).

3. The Limit 6 >0

In the section, we will perform the limit 6 -0 to the solutions from Lemma 3.
For the purpose of the existence, we need establish some uniform estimates
independent of ¢ . Thus, we define a convex function @ () as following (see
[10]):
(c+8)In(c+8)—(o+5)+1l, o020
— 2
@, (o) (;‘_) .

o(ln&)+5(Ins)-5+1, o<0.

Moreover, the function ®, satisfies ®,; >0, ®,eW ™ (R),
1

o, +0

@} (0)=

By applying this function, we can get the following estimates.

Lemma 4. There exist some constants C independent of 6 such that
1) "“é‘"ﬁ(o,r;y‘(g)) <C;

2) ||u5||L°°(Q7-) =G

3) ||“5||L2(0,T;H2(Q)) <C;

4[], (. +8)|w,[ dedr <C;

5) ||u5t||L2(QT) <G
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6) ||w§||L2(QT) <C.
Proof. Taking (I)'(u 5) as a test function in the first equation of (3), we have

d
T Q((D(ug (x,t))+%u§dex+jQ|u5xx

Thus, it yields the results 1 - 3. We can prove 4 and 5 from (8). By choosing

*dx=0. (18)

w; as a test function in the second equation of (3), we get

[ jQ widxdr < %HQ widxdz + C ij g, dxdt + C| fQ [ heds
r " ! ' (19)
s%jjg widxdz + C.

We have completed the proof of this lemma.

Lemma 5. There exists a pair (u,w) such that, as 6 >0,
1) u; —u weakly*in L” (O,T;HI(Q));

2) uy —u, weaklyin L’ (Q; ) ;

3) ugz —>u strongly in C([O,T];L2 (Q)) and a.e.in Q,;

4) wy —w weakly in I’ (Q; )

5) u20 ae.in Q,.

Proof. By Lemma 4, we can get the results 1 - 2 and 4 directly. Lemma 1 yields

>

3. By applying the definition of ®; () and (18), we get
1
0<— [ s (ot)de<s[ @, (u;)dx =56 us (x,)de+C5.
It yields
0<—In&f u; (x,0)dx+C.

Letting § — 0, we obtain _[Quf (x,£)dx =0 which completes the proof of 6.
Proof of Theorem 1 and Theorem 2. Taking ¢ e L’ (O,T;Hj (Q)) as a test

function in Lemma 3, we have

| J.Qrut¢dxdt + ”Qruwx¢xdxdt =0, (20)
I} o, Wpdxde =— I} o L pdrds +v I} o lupddr, (21)

which yields Theorem 1.
On the other hand, by integrating by parts, it implies

I} o tpexd I} o, Wit dxdr — VHQTuw@dedt =0. (22)

Thus, it has
) jQ u,pdxdz + jjg u_u @ dxds + ij uu_ @ dxdr
T T T (23)
- VHQTuXu,@dxdt —v .UQTuut@xdxdt =0.

It gives Theorem 2.

4. Conclusions

Through this paper, two forms of a viscous thin film equation are studied (see
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the Equations (1) and (2)) and we give the corresponding existence theorems of
weak solutions (see Theorem 1 and Theorem 2). For any test function ¢, we

have proved that the weak solutions satisfy the equalities:

[J udctxde + [f, uw,g,dxde =0,
I, wodedt == u pdvdi +v ][, ugdxds.

Since the thin film equation is a degenerate parabolic equation, it is hard to
give the existence of strong solutions. On the another hand, the viscous term
affects the regularity of solutions and we have shown that u, € I (QT) .

We can expect that we can show that the existence results would be true with

some conditions in high-dimensional space.
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