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1. Introduction

In paper [1], the author studies the problem whether A™' is the generator of a
bounded Cj-semigroup if A generates a bounded C-semigroup. We know that
a-times resolvent operator family is generalization of (-semigroup and
CGy-semigroup is 1-times resolvent operator family. So, in this paper, we will
show that when the operator —A4 generates a bounded a-times resolvent
operator family, under certain condition, —4~' is also the generator of a
bounded a-times resolvent operator family. The representation of such bounded
a-times resolvent operator family will be obtained, too. Furthermore, we will

consider the problem whether —A4™” owns this property.
Let us first recall the definitions of a-times resolvent operator family. Let A be

a closed densely defined linear operator on a Banach space X and « 6(0,2].
- ¢/
E,(t)=2 (g e1)
Definition 1.1 [2] A family S,(t)=B(X) is called an a-times resolvent
operator family for A if the following conditions are satisfied:
1) S,(¢) isstrongly continuous for >0 and S,(0)=1;

is a Mittag-Leffler function.
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2) S,(1)D(4)cD(A) and 4S,(t)x=S,(t)Ax for xeD(A) and
t=20;
3)For xeD(A), S,(t)x satisfies

S, (t)x=x+.[;ga (t—=5)S,(s)Axds, >0,

where g, (1)=——, t>0.

If ”Sa (t)"SMAe“A’ where M, >1,0,20, we write as A4eC*(M,, »,)
(or shortly A€ C®). Then we give the definitions of analytic a-times resolvent
operator family.

Definition 1.2 [2] An a-times resolvent family S, (-,A) is called analytic if
S, (-, A) admits an analytic extension to a sector I o \{0} for some
6, €(0,m/2], where %, :={AeC:|argA|<6,} . An analytic solution operator is
said to be of analyticity type (6,,w,) if for each <6, and o> a,, there is
M =M (6,0) such that "Sa (z,A)" <Me”™,ze3,.

Then we give a Lemma which will be used later.

Lemma 1.1 [2] 0<a<2 . Then AeC*(M,w,) if and only if
(a)j,oo) c p(A) and there is a strongly continuous operator-valued function
S(t) satistying "S(t)" <M e, t>0, and such that

ﬂf”R(ﬂ,“,A)x = J':e"’S(t)xdt, A>w,, xeX.

2. Main Theorem and Conclusion

Theorem 2.1. On a Hilbert space H, the following statements are equivalent:

(1) 4ecC”(1,0), a<(0,2];

(2) Ais a closed, densely defined operator, (0,.0) = p(4), and for VA>0,
A“R(ﬂ,A)Hs s

(3) A is a closed, densely defined operator, for VxeD(A4), Re(Ax,x)<0
and A“I— A isinvertible for some A1>0.

Proof. (2) = (3) For VA>0, ﬂ“R(ﬂ“,A)“ <1, then we have for

VxeD(A),

”(l" —A)x“zl" ||x||, (1)

hence we know A% —A4 is invertible from the proposition 1.5 of chapter 3 in
book [3]. While, from equation (1), we can also have for Vxe D(A) R
(/I“x— Ax,x) > (x,x) , then Re(Ax,x) <0.

(3) = (2) Since VxeD(4), Re(Ax,x)<0 , then for VA>0 ,
(/I“x—Ax,x)Z/la (x,x) . A?I—-A4 is invertible for some A>0 imply that
A“I— A4 is invertible for any A>0. Together with A is closed and densely
defined, we have (x,x)> (/I“R(A“,A)x,x) , hence (0,00) = p(4) and
A“R(47,4)|<1.

(1) = (2) From lemma 1.3 of [4], we know that A is a closed, densely defined

operator. And we can get the other conclusion from theorem 2.8 of [2].
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(2) = (1). Firstly, set 4, = n"AR(n“,A) = nz”’R(n“,A)— n“l . For every
neN, A, is a bounded operator and can commute with one another. It
follows from Theorem 2.5 of [2] that A, generates an a-times resolvent family
S,.(t)=E, (Ant“) which is also uniformly continuous and exponential
bounded.

For Vne N,VxeD(A), Re(A4,x,x)= Re(n"AR(n”‘,A)x,x) . There exists a
yeD(A), such that R(n”’,A)x:y, that is x:(na —A)y . Then

Re(Anx,x) = Re(n"’Ay,(n‘Z - A)y)
= Re(n“Ay,n“y)—Re(n“Ay, Ay)
=n’"Re(Ay,y)—n“Re( Ay, Ay)

Since Re(Ay,y)<0 and Re(Ay,Ay)>0, then we have that Re(4,x,x)<0.
It means that for VA>0, |1°R (l“,Aﬂ )H <1. Consequently, 4, €C”(1,0),and

S, (1) <1
From Lemma II, 3.4(ii) of [5], we have that 4, converges to A pointwise on

D(A4).If we can get the following properties, we will have 4 e(C”(1,0).

(@) S,(t)x=lim, S, (1)x (*)existsfor VxeH ;

(b) S,(¢) isan a-times resolvent family which is generated by A;

(c) M=lL,w=0.

(a) For §,, (t) is bounded, we can only need to prove (*) on D(A) . For
VxeD(4),

S, (t)x=x+ J.(:};ﬂ (7)Axdr,

where F, (t) = J.;ga_l (t—s)Sw (S)ds ((2.52) and (2.53) of [2]). Together with

S, (t)" <1, we can get that

P, (t)" <g, (t) . Thus for Vm,ne N,

n

"SW (t)x =S (t)x" < f(;ga (‘r)d‘r A,x— Amx" =g (t)

By Lemma II, 3.4(ii) of [5], {4,x}

Ax—A,x
is a Cauchy sequence for each
neN

xeD(A). Therefore {Sw (t)x} , converges uniformly on each interval

[0.7,].

(b) I. For Vxe D(A) , S, (t) is the uniformly continuous functions and so
is continuous itself. For each ne N, S, () is uniformly bounded on every
interval [0,7,] and S,,(0)=1, then so is S,(¢). By Lemma I, 5.2 of [5],
S, () is strongly continuous and S, (0)=1.

II. For VneN, VxeD(A4), S, (t)xeD(4) and S, (t)x—>S,(t)x.
Together with that A is an closed operator, we have that S, (¢)xeD(4). That
is S,(1)D(4)c=D(4).

We have 4,8, (1)x=S,,4,x, 4, and S, (t) converge to A and S, (r)

pointwise, respectively. So, we have AS, (t)x=S5,4x.

III. We know that
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S, (1)x=x+ I;ga (1-5)S,,(s)A4,xds.

And for vxeD(4), g,(1)S,,(t)4,x converges uniformly on the interval
[O,I] , then

S, (t)x=1LmS§, , (1)x=x+ limJ-;g(Z (1-5)S,,(s)A4,xds
=x+ I;ga (t—s)limS, , (s)A4,xds
=x+ L:ga (t—5)S, (s)Axds.

For all the above, we can obtain that S, (¢) is an a-times resolvent family
which is generated by A.

(c) For each neN , |S,, (t)" <1 and §,,(7) converges to S,(¢)
pointwise, so "Sa (t)" <1, too. Thatis M =1, w=0.

To sum up the above (a), (b) and (c), we can conclude that 4e(C“ (1,0) .

Theorem 2.2. 4eC”(1,0), ae (0,1] < A is a closed, densely defined
,I“R(/I“,A)“ <1.
Proof. In the proof of the previous theorem, we have only used the properties
S, a (t)|£l and we can get "Sm (t)”Sl

operator, (0,00)c p(A), andfor YA>0,

of Hilbert space in the acquisition of

without the properties of Hilbert space.
In fact, on a Banach space, for each ne N, A, can generate a (;-semigroup
T, (t). Moreover,

2a o a
At n““R\n” A |t—n“It
e’n e ( )

<1.

7, (1) =|

From the subordination principle, we have S, ,(7)= .[:t’“(ba (st"’ )T (s)ds,

e R
where @y(z).zzomzz_mj}lﬂ1exp(‘u—zlu7)d/u,0<}/<l.so

S, (1)< j:t’”‘cba (st’“ )T, (s)|ds = j(:ba (st )d(st"" ) =1.

We can obtain that this theorem is tenable from the proof of the previous

theorem.

Theorem 2.3. On a Hilbert space H, if —4eC*(1,0), a<(0,2] and -4
exists as a closed, densely defined operator, then —A4"' e C“(1,0).

Proof. From the above Theorem 2.1, we have (0,0)c p(—4), and for

VxeD(-A), Re(—Ax,x)<0. And —A4"' exists as a closed, densely defined

operator, so it is easy to show that 1“7+ A" is bounded invertible for some
A>0, from (8) of [1]. Further more, for Vye D(—A_1 ) ,then ye R(—A) , thus

there exists an x e D(—A4), such that —Ax=y . Then
Re(—A’ly,y) = Re(x,—Ax) < 0. By Theorem 2.1, we can obtain that —A4~' e C*”.

family generated by it and "Sa (t)":O 4t o, Ve>0. And if -4

Theorem 2.4. If -4<C”*(0), a<(0,2], §,(¢) is the a-times resolvent
t 4
exists as a closed, densely defined operator, tlen —A"' generates an a-times

resolvent family S, (t), which is given by
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S, (1)x=x- J.t\/_ (ZJE) L(7)xdz,Vxe X,

where J, is the first order Bessel function [6]. Moreover, there exists an
M >0, such that [s, (¢)]<1+Me*,vr>0.

Proof. Since —4eC”(0), then {l“ :Rel >O} < p(—A). Together with the
assumption that —4"' is a closed, densely defined operator, we have that

{/1“:Re1>0}cp(—A’1). Because of the property of Bessel function

A L
A (t) ~ %t 4 cos(Z\/;—%nj and for large ¢, "Sa (t)" = O[t 4 j,t — 0, then
! JI(Z\/E)SO[ (7)x|dz

= (2455, (2)x

()5, ()

__[t——M [de [ -2

x||d7
e Ay

(tr)4 14
3 i
= M’MAtZ ||x||_[$rjdr + MMt | .[lwz'_(l+€)dr

1 n1 1
=AM o]+ 2 = b

Thus, the integral is well defined. Set
© 1
S(t)x=x—[t—=J (2tr S _(7)xdr,Vxe X . Obviously, S(¢) is strongl
(¢) J.O Jr 1( ) . (7) y» S(t) gy
continuous and S§(0)=/ . From the above discussion, we can get that

IS (&) <1+ M For VA,Red >0,

j:e'l’S(t)xdt = J':e_l’ {x - I:t%Jl (Zx/E)Sa (z’)xdr} dr
=2R(A%, =47 )x.

Consequently, we can obtain a conclusion that —4™' generates an a-times
resolvent family S, (7) from Lemma 2.1 and

S, (1)x=x —J‘:t%Jl (ZJE)SQ (7)xdr,

Theorem 2.5. A satisfies the assumption of Theorem 2.4, for ¥Yb,0<b<1,

—A"" generates a bounded analytic a-times resolvent family H,, (t). If

S (t)||Sl+Mt%,VtZO.

L£b<1,t11e11

4a
H,, (0)x=["f2,(t,5)S, (s)xds, ¥t >0,
where
b _ 1 b oa i_l (- )is
fa’a(t’s)_Z_Ta' I_Ea(—ﬂt )(—y)a e \H d,u,
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and
r=r,urnur,ur,ur,urs;
is oriented counterclockwise, where
T = {pe"" p> t"’/b}, I = {pe”“" p> t’“/b},
r,= {t’“/be‘y tw<O< n}, I, = {t’“/be”"g <0< n},

Iy ={Pem ZOSPSt_a/b}, r; ={pe""‘ :OSpSf"’/b},

Proof. —4eC*(0), so AeSect(n—%nj and AleSect[ﬂ:—%nJ. For

vb,0<b<1, A" € Sect(go),qo < n—%n . It follows from the Remark 2.8(a) of

[7] that —47" generates a bounded analytic a-times resolvent family #, , (¢).

If L£b<1,weset
4o

L (= ))& aus, (5) s,

S()x=]"=

0 2mi
Since s, (¢)| <1+ Me* %50, then
s @)=

<[y

+Mj:

© 1 a l,l _(_ )is
fo 3 BB (a1 ) (mp) e dﬂSa(S)dSH

1
ZLm'J.rEa (—ut )(-#)5l e dylds

1

stds

1

1
L e

=1+1I

From [8], we have that there exists an M, such that /<M,. Next we
estimate [I, it follows from (2.4) of [8] that

1

1 1
I EL g )l s
1 fopee b,a_ibo i’l _pims[%} %
SEL’ j;% E,(=p'1"e") p* e dps*ds

Q oo J[J) 1
=— e “ /dos*ds
2o d 4
T b
t

e \4)
2n ;%
T—o
|:O'COS( j:|
(94
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5

ncos? (H})(M)a + 1)
a

The same estimate holds for the integral on T7.

Iy

1
#J-rzEa (—ﬂbfa)(—#)é_l e dy

1
s4ds

1

( zbﬂ)‘ b tbcos[ 6] dt9s4ds

5\ 5
|2 |z E (_eibﬁ)‘ r=|E, (1) 0
- ‘2‘ e 1 o
L (“—J 2 cost (’H”j
a fo
The same estimate holds for the integral on T7.

ol 1
J

2mi

e
<;fo J

1
s4ds

1
jr;UrgEa (_,Ubta )(—y)é_l e*(*ﬂ)a.vdlu

1 1 1

— p -
p* e dpstds

Ea (_pbta e—ibn) E ( p taelbn)

:E . - Ea (_Ubatae—ibn)_Ea( Ubataezbn) dU
0-4
5 5

I

1
To sum up, we can ¢onclude that there exists an M, , such that I/ <M N
So "S(t)" <M, +M,t* . Then we should show that S(¢) is strongly
continuous at 0. It following from the dominated convergence Theorem and
Fubini Theorem that

1 1
lim$ () =lim [~ [ B, (4"t )(~)e € °duS, (s)xds

-0 t-0 90 D
=1 i -(—/l)és
=)y 2 (=u)a e dusS, (s)xds
1

2m (A 1—/1) xdu=x

DOI: 10.4236/jamp.2018.610169 1985 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2018.610169

R. Liu

For VA,ReA >0, it follows from Fubini Theorem that

[Fes(1)xde=[ e j:zi E, (—pt)(- ﬂ)i*l e‘<'”>55dﬂsaf (s)xdsdt
m
1
e [ (e Yo e s, (5) s
:%J‘rﬂva—l (la +Iub)*1 (A71 _Iu)*l xd,u _ ﬂvaflR(ﬂya’_A—b)x
m

1
From all the above, we can obtain a conclusion that if 4—£b<1, —A°
a

generates a bounded analytic a-times resolvent family H, , (7),

H,, (t)x= J.:fab,a (1,5)S, (s)xds,¥v¢>0.

3. Conclusion

In this paper, we considered when the operator —A generates a bounded
a-times resolvent operator family, under certain condition, —4™"' as well as
—A" is also the generator of a bounded a-times resolvent operator family.
Through the study of the problem whether 4™ is the generator of a bounded
a-times resolvent operator family if A generates a bounded a-times resolvent
operator family, we can know the generator A more clearly. Furthermore, this

work can improve the study of the inverse problem.
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