Advances in Pure Mathematics, 2018, 8, 771-781
http://www.scirp.org/journal/apm

ISSN Online: 2160-0384

ISSN Print: 2160-0368

/
oo Resmurch
0.00 Publishing

General Type-2 Fuzzy Topological Spaces

Munir Abdul Khalik AL-Khafaji, Mohammed Salih Mahdy Hussan

Department of Mathematics, College of Education, AL-Mustinsiryah University, Baghdad, Iraq

Email: mnraziz@yahoo.com, mssm_1975@yahoo.com

How to cite this paper: AL-Khafaji, M.A.K.
and Hussan, M.S.M. (2018) General Type-2
Fuzzy Topological Spaces. Advances in Pure
Mathematics, 8, 771-781.
https://doi.org/10.4236/apm.2018.89047

Received: August 7, 2018
Accepted: September 18, 2018
Published: September 21, 2018

Copyright © 2018 by authors and

Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International
License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

Abstract

In this paper, a presented definition of type-2 fuzzy sets and type-2 fuzzy set
operation on it was given. The aim of this work was to introduce the concept
of general topological spaces were extended in type-2 fuzzy sets with the
structural properties such as open sets, closed sets, interior, closure and
neighborhoods in topological spaces were extended to general type-2 fuzzy
topological spaces and many related theorems are proved.
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1. Introduction

The fuzzy set theory proposed by Zadeh [1] extended the classical notion of sets
and permitted the gradual assessment of membership of elements in a set [2].
After introducing the notion of fuzzy sets and fuzzy set operations, several at-
tempts have been made to develop mathematical structures using fuzzy set
theory. In 1968, chang [3] introduced fuzzy topology which provides a natural
framework for generalizing many of the concepts of general topology to fuzzy
topological spaces and its development can be found in [3]. The concept of a
type-2 fuzzy set as extension of the concept of an ordinary fuzzy set (henceforth
called a type-1 fuzzy set) in which the membership function falls into a fuzzy set
in the interval [0,1], [2] [4]. Many scholars have conducted research on type-2
fuzzy set and their properties, including Mizumoto and Tanaka [5], Mendel [6],
Karnik and Mendel [4] and Mendel and John [7]. Type-2 fuzzy sets are called
“fuzzy”, so, it could be called fuzzy set [6]. In [6] Mendel was introduced the
concept of an interval type-2 fuzzy set. Type-2 fuzzy sets have also been widely
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applied to many fields with two parts general type-2 fuzzy set and interval type-2
fuzzy sets. The interval type-2 fuzzy topological space introduced by [2]. Because
the interval type-2 fuzzy set, as a special case of general type-2 fuzzy sets, and
general type-2 fuzzy sets may be better that the interval type-2 fuzzy sets to deal
with uncertainties and because general type-2 fuzzy sets can obtain more degrees
of freedom [8], we introduce general type-2 fuzzy topological spaces. The paper
is organized as follows. Section 2 is the preliminary section which recalls defini-
tions and operations to gather with some properties type-2 fuzzy sets. In Section
3, we introduce the definition of general type-2 fuzzy topology and some of its
structural properties such as type-2 fuzzy open sets, type-2 fuzzy closed sets,
type-2 fuzzy interior, type-2 fuzzy closure and neighborhood of a type-2 fuzzy

set are studied.

2. Preliminaries

In this section, we recall the preliminaries of type-2 fuzzy sets, define type-2
fuzzy and some important associated concepts from [7] [9] and throughout this
paper, let Xbe anon empty set and /be closed unit interval, Ze, = [0,1] .
Definition 1 [7] [9]. Let X be a finite and non empty set, which is referred to
as the universe a type-2 fuzzy set, denoted by A is characterized by a type-2

memberships function - (x,u) ,as

M :XX[O,I] - [O,I]JX (Jx C [0,1]), where xe X and ueJ_,thatis
151:{(()c,u),,u/i (x,u)):wherexeX andueJ, g[O,l],whereOS,u/i (x,u)Sl} (1)

A can also be expressed as

A=F Bty (o) (o) o)
=3 T Lo W)fufx T < [0]

where fx(u)z H: (x,u) an ZZ denotes union over all admissible x and u
for continuous universes of discourse, )’ is replaced by I . The class of all
type-2 fuzzy sets of the universe X denoted by IF‘TZ (X).

Definition 2 [2] [7]. A vertical slice, denoted 4- (x'), of A4, is the intersec-
tion between the two-dimensional plane whose axes are u and Hs (x',u) and
the three-dimensional type-2membership function 4, ie,

s (xX) = pz (x=x'u) = Z“EJﬂ fo(u)/u,J, =1 in which 0<f,(u)<1. y

can also be expressed as follows: 4= {(x, H (x)) :Vx e X} or as following

;1 = ZXEX ueJx ’uj (x)/(x) (3)
= ZXEX Zue./xf;( (u)/u/x’ JX S [O’ 1]
The vertical slice, M (x') is also called the secondary membership function,

and its domain is called the primary membership of x, which is denoted by J,

where J, ¢/ for any xe X . The amplitude of a secondary membership
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function is called the secondary grade.

When configuring any type-2 fuzzy topological structures we must present
some special types of type-2 fuzzy sets.

Definition 3 [5] [8]. (Type-2 fuzzy universe set).

A type-2 fuzzy universe set, denoted X , such that

)? = erX Zue[l,]]l/u/x (4)

Definition 4 [5] [8]. (Type-2 fuzzy empty set)
A type-2 fuzzy empty set, denoted &, such that

é = er)( Zue[0,0] l/u/x (5)

Definition 5 [6]. (Interval type-2 fuzzy set).

When all the secondary grades of types A are equal to 1, thatis 4 (x,u) =1
for all xeX and for all ueJ, c[0,1], 4 is as an Interval type-2 fuzzy
set.

Operation of Types-2 fuzzy sets 6. Consider two type-2 fuzzy sets, 4 and
B , in a universe X. Let M (x) and M (x) be the membership grades of these
two sets, which are represented for each xe X, 4. (x)=zug',z f.(u)/u and
M (x) = ZweJ,‘f g, (w)/w, respective, where ueJ?, weJ" indicate the pri-
mary memberships of x and f, (u),g,(w)e[0,1] indicate the secondary mem-
berships (grades) of x. The membership grades for the union, intersection and
complement of the type-2 fuzzy sets 4 and B have been defined as follows [5].

Containment: o

4 isa subtype-2 fuzzy set of B denoted AcB if u<w and
fi(u)<g,(w) forevery xeX.

Equality:

4 and B are type-2 fuzzy sets are equal, denoted A=B if u=w and
fi(u)= My (x,u) =g (w)= M (x,w) forevery xeX.

Union of two type-2 fuzzy sets:

AUB & (1) =3, 0 2, () 5 2. () (v w)

(6)
= p- (x)l_l,ué(x), xeX
Intersection of two type-2 fuzzy sets:
inb e (0=F T ) ()

E,uj(x)l_l,ué(x), xeX
Complement of a type-2 fuzzy set:
~,:1:y;’(x):zuej?fx(u)/(l—u)zﬁ,uj(x), xeX (8)

Where v represent the max t-conorm and =% represent a t-norm. The
summation indicate logical unions. We refer to the operations L, and — as
join, meet and negation respectively and p: - (x), M s (x), M (x) and

M (x) are the secondary membership functions and all are type-1 fuzzy sets. If

DOI: 10.4236/apm.2018.89047 773 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2018.89047

M. A. K. AL-Khafaji, M. S. M. Hussan

iz (x) and H (x) have continuous domains, then the summations in 3, 4 and
5 are replaced by integrals.
Example 7: Let X ={x,x,,x;} be anon empty set, and let 4 and B are

type-2 fuzzy sets over the same universe X.

A= {((%,0.1),0.3),((%,,0.5),1),((x,,0.5),1),((x,,0.6),0.3),((x:,0.8),1)}
B ={((%.0.1),0.7).((2,.02).1).((x,.0.6).1).((x,.0.5).0.6).((x,.0.9).1)}

jlué for x = x; to get

03/\07 03A1  1A0.7 1Al
H05(0)= * *
0.1v 0.1 01v0.2 0.5v0.1 0.5v0.2

_03 ﬂ ﬂ L ={(0.1,03),(0.2,0.3),(0.5, max {0.7,1})}

13

AU B for x =x, to get

(1) 12l 03n1 1 03
Hi0s\2) 705906 06v06 06 06
AUB forx=x, ={((x,,0.6),1)}
)

= {(0.6,max {1,0.3})}

p [:?forx:x3toget

1A0.6 a1l 06 1
s = 0.8,0.6),(0.9,1
AUB(X3) 08v05+08v09 08 09 {( ) ’)}

AUB for x=x,, {((x,,0.8),0.6).((x;,09).1)}

OB ={((x.0.1),0.3).((x,.0.2),0.3).((,,0.5).1),((,.0.6).1).
((x;,0.8),0.6),((x,0.9),1)}

AN B for x = x, to get
03A0.7 03A1 1407 1Al
we = (x)= + + +
AnB 0.1A0.1 0.1A0.2 0.5A0.1 0.5A0.2
03 03 07 1

=0 01t oS {(0.1,max{0.3,03,0.7}),(0.2,1)}

o1 010
N B for x =x,{((x,0.1),0.7),((x,0.2),1)}

non

u

Ao

non

B for x = x, to get

1Al 0341 1 0.3
()= =03 05.0).(06.03
35 (%)= 05 0 06006~ 05 06~ (0D )

for x = x,,{((x,,0.5),1),((x,,0.6),0.3)}

Dxu
mn

B for x = x; to get
1A0.6 Il 06 1

=20, L 05,06),(081
=805 08 n0 05 08 )-(0.8,1)}

e
f? for x = x,.{((x,.0.5),0.6).((x,,0.8).1)}

non

Dkll
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A0 B ={((%,0.1),0.7),((x,,0.2),1),((x,,0.5).1),((x,,0.6),0.3),
((%:,05),0.6),((x:,0.8).1)f

The complement of a type-2 fuzzy set A is

~A=p s (x) =2, 1 )/ (1)

=y (x), xeX
={((%,0.9),0.3),((,,0.5),1),((x,,0.5),1),((x,0.4),03),((x:,0.2),1)}..
Operations under collection of type-2 fuzzy sets 8: Let {;1, i eN} be an

arbitrary collection of type-2 fuzzy sets subset of X'such that N is countable set,
operation are possible under an arbitrary collection of type-2 fuzzy sets.
1) The union U, 4, is defined as

@Mﬂ()zﬂzm’iﬁg) ©

2) The intersection M,_y 4, is defined as

i3, 5, e ) (10)

/\ie/\/ (u),
Proposition 9: Let {;11 e N} be an arbitrary collection of type-2 fuzzy sets

subset of X'such that N is countable setand B be another type-2 fuzzy set of

X, then
1) Bm|:UiEN :i]zuieN(:m :1)
2) B [mlele}zmie (fy’u;ll)

3. General Type-2 Fuzzy Topological Space

In this section we introduced the concept general type-2 fuzzy topology.
Definition 1: Let § be the collection of type-2 fuzzy set over X; then Fis
said to be general type-2 fuzzy topology on Xif
1) 3, Xe§
2) jlmt:?eé for any jl,ée%.
3) Uy ;11. e§ for any jll. € § , N countable set.
The pair (X ,§ ) is called general type-2 fuzzy topological space over X.
Remark 2: Let (X ,§ ) be general type-2 fuzzy topological space over .X; then

the members of § are said to be type-2 fuzzy open set in X and a type-2 fuzzy
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set A issaid tobea type-2 fuzzy closed set in X; if its complement ~ A€ §.
Proposition 3: Let (X ,§ ) be general type-2 fuzzy topological space over X

then the following conditions hold:
1) &, X aretype-2 fuzzy closed sets.
2) Arbitrary intersection of type-2 fuzzy closed sets is closed sets.

3) Finite union of type-2 fuzzy closed sets is closed sets.

Proof:
1) &, X aretype-2 fuzzy closed sets because they are the complements of the

type-2 fuzzy open sets é,):( is respectively.
2) Let {27 e N} be an arbitrary collection of type-2 fuzzy closed sets, then

. N (s (”)),
[P )= B B =

- erx Zujj;’: 1_(\/[5/\[ (1 _u))i
[~ )

since arbitrary union of type-2 fuzzy open sets are open [uieN

(proposition 2.7 part 3)

~ Zl}(x) is an

open and [mleN 4, }( ) isa type-2 fuzzy closed sets.

3) If 1:1 (ieN) is type-2 fuzzy closed sets, then U, A4, is a type-2 fuzzy

closed set, [finite intersection of type-2 fuzzy open sets are open].
Example 4: Let X ={x,x,} and let 4,2 and X be three type-2 fuzzy

sets in Xwhich are

& =((5.0)1)((5.0).1), ff={<<x1,1>,1>,<<x2,1>,1>}

N {((xz’o)’l)}'

G X ={((%.0).1).((x,.0).1)} =&

Snx for x, :,uém?(xz)z%:z(o,l):z

éuj for x, : 1. :(x): Inl +1/\0.7+1/\0.6
PTeuaN 0y 08 0v0.6 0v0.3

={((%,0.8),1),((x,0.6),0.7),((x,0.3),0.6)}
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1/\09 1Al +l/\05
0v08 0vo05 0vO04

)=
={((x,,0.8),0.9),((x,,0.5),1),((x,,04),0.5)}

={((x,0.8).1),((0.6),0.7).((x,,03),0.6),
((x,,0.8),0. 9),((x2,05 ).1).((x,,0.4),0.5)} = 4

= Inl 1A07 1406 1 0.7 0.6
forx, 1 p: - (x)= + + L2
and 0A0.8 0A06 0A03 O O 0

= (0, max {1,0.7,0.6}) = {((xl,O),l)} ’

IA09 1Al IA0S5 09 1 05
forx, 1 g2 - (x,)= + + —
@nd 0A0.8 OAO0S5 0A04 O O O

= (0.max {0.9,1,0.5}) = {((x,,0).1)}.

={(6:0).1).((x,0).1)} =2

= 1Al 1207 1706 1
UX forx :p. o (x)= + + =4
PR T 08 1v0.6 1v03 T

=(1,max {1,0.7,0.6}) = {((x,.1).1)}
1709 1Al 105 09
1

UX forx,: ,UAUX(xz) 1v0.8 1V0,5+1v0.4:

= (Lmax {1,0.9,0.5}) = {((x,.1).1)}

Qu
C
o

A for x, : H = (s

N
C
hkll

Qu
D)
D;

Qu
D
o

Qu
RN Y}

0.7 0.6
_+_
1 1

o

AT

I 05
+-t—
I 1

= = Inl 1IA07 1406 1 07 0.6
ANX forx :p- -(x)= + + o e
AnX IA08 1A06 1403 0.8 06 03

((x,0.6),0.7),((x,,0.3),0.6)}

1),
AN X ={((x.08),1).((x,0.6),0.7),((x.03),0.6),

pair (X ,§) is called general type-2 fuzzy topological space over X, every

member of § is called type-2 fuzzy open sets.

Theorem 5: Let {§r re R} be a family of all general type-2 fuzzy topologies

on X;then M _,§. is general type-2 fuzzy topologies on X.
proof: we must prove three conditions of topologies,

1) é,):(e{é, :reR}:é,):(emrdR%r.
2) Let {i:ieN}gmreRé,then Zieér forall ieN so

thus U, 44 €N ;3. .

3) Let jl,é € mreki, then ;I,é €§, and because §r are all general type-2
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fuzzy topologies AnBe %,. forall reR,so AnBe N, §r .
Remark 6: Let (X ,él) and (X ,§2) be two general type-2 fuzzy topological

spaces over the same universe X then (X ,%1 u{%) need not be general type-2

fuzzy topological space over X, we can see that in example 3.7.

Example 7: Let X ={x,x,} and §’1={):(,é,;1}, §2={):(,é, :} be two
X

general type-2fuzzy topologies defined on X where 4,8,2 and defined as

follows: &= {((xl,O),l),((xZ,O),l)} )
e (ERIRIN(EMIR)

A={((2,0.8).1).((,0.6),0.7).((,,0.3),0.6),
((x,,0.8),0.9),((x,,0.5),1),((x,,04),0.5)}..

B={((%,0.5).1),((x,,0.6),0.2),((x,,0.3),0.7).((x,,0.9),1)}..

Let §1u§2 ={é X ;l,lz?} ) (X,§1u§2) is not general type-2 fuzzy to-
X

pological space over X since ANB 2 Sl U 32

Deﬁnition 8: Let (X 3) be general type-2 fuzzy topological space over X
andlet 4 be type-2 fuzzy set over X. Then the type-2 fuzzy interior of 4, de-
noted by 1nt(A) , is defined as the union of all type-2 fuzzy open sets contained
in 4.Thatis,

int(/:l) = u{éi : él. type-2 fuzzy open sets in X,é,. c A,ie N} , int(jl) is the
largest type-2 fuzzy open set contained in a.

Theorem 9: Let (X ,%) be general type-2 fuzzy topological space over X,

andlet 4,8 betwo type-2 fuzzy sets in X. Then

4,
1) int (é) é and int()?):f(.
3) A is type-2 fuzzy open set if and only if int(j) - 1.
4) int int(i)):int(j).

5 Ac B> int(i) c im(é).

kll
D;n

2) i

1) int(;l): {(:; G ype—ZﬁJzzyopensetsz(:;gf:l,ieN} , D s

type-2 fuzzy open set in § and & c 5= int(@) =J.
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Now to prove int():( ) =

X,
int()}) {G G type-2 fuzzy open sets in X, (:; c ):(,i € N} , ):( is type-2

fuzzy open set in d ):(g):(:int()}):X.

3
2) To prove int( :) c .Z , since
int(/zt) = u{él. :é,. type-2 fuzzy open sets in X,é,. c j,i € N} , such that (:?l. c 1

that is A is type-2 membership function ,u:(x,u) where xeX and

ued, g[O,l] less than a type-2 membership function - ) where

G;

i

(x,
xeX and weJXg[O,l] such that w<u and ﬂé,(x’ ) ( ,u),
sup{,ué (x,u)S,uj(x,u),wSu} hence ué,.gf:l:u(:?[gint(;l), therefore
int(;l)g;l.

3) If ;1 is type-2 fuzzy open set, then jlgint(/:I) , but int(jl)g ;1 from

part (2), hence int(/zl) =4.

4) int( ) is a type-2 fuzzy open set and from part (3) we have

i
int(int(jl ) (
5) If 1 c B and from part(2) 1nt(:1) ;1 , int(g’) c é , then

int(jl) cAc é . Therefore int(jl) c § and 1nt(A is a type-2 fuzzy open set

contained in SO 1nt(;1) c int(é).

B,
6) Because ( g’)cA and (Zmé) ZZB from part (5)

int(;l é)cm )mint(f:}),since int(/:lmB)g/:I ]::? SO

int(4nB)cint(4) and im(imé)gm(zz,mus
(

1nt(1nt( ))mlnt f?) (:mé) from part(5) but 1nt(2)mmt( ) is a type-2
nt

fuzzy open sets then i jl )ﬁmt )cint(jﬁé) from part(3).Hence

int(z mg’) = int(&)mint(é)

Definition 10: Let (X ,§ ) be general type-2 fuzzy topological space over X

and let 4 type-2 fuzzy set over X. Then the type-2 fuzzy closure of 4, de-

be
noted by ¢ ( ) is defined as the intersection of all type-2 fuzzy closed sets
p

containing

cl(jl):m{]&[i :]\Z type-2 fuzzy closed sets in X,;l g]\}i,i EN},
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cl (;1) is the smallest type-2 fuzzy closed set containing A4 .
Theorem 11: Let (X ,§ ) be general type-2 fuzzy topological space over X,

u

andlet 4,3 betwo type-2 fuzzy sets in X. Then
D a(8)=5 aa al#)-1.
2) jlg (;1)

3) 4 is type-2 fuzzy closed set if and only if cl(fl) - 1.

4) ol cz(Z)) —el( ).

5) jgéécl(j)gcl(f?).

6) cl(AnB)=ci(d)ne(B).

Proof: The proof this theorem similar to the proof of theorem 3.7.

Definition 12: Let (X ,§ ) be a general type-2 fuzzy topological space over X
and Nc § . Then is said to be a neighborhood or nbhd for short, of a type-2

fuzzy set A if there exist a type-2 fuzzy open set W such that 4 CWCN.
Proposition 13: A type-2 fuzzy set A is open if and only if for each type-2
fuzzy set B contained in i, 4 1sane1ghborhood of B.
Proof: If A is open and Bc A then 4 isa neighborhood of B. Con-
versely, since AcA there exists a type-2 fuzzy open set W such that
ACWCA Hence A= W and A is open.

Definition 14: Let (X S ) be a general type-2 fuzzy topological space over X

and B be a subfamily of § If every member of § can be written as the
type-2 fuzzy union of some members of ‘B then B is called a type-2 fuzzy
base for the general type-2 fuzzy topology S We can see that if B be type-2
fuzzy base for 5 then S equals the collection of type-2 fuzzy unions of ele-

ments of B .
Definition 15: Let (X,%) and (Y,é) be two general type-2 fuzzy topo-

logical space.The general type-2 fuzzy topological space Yis called a subspace of
the general type-2 fuzzy topological space Xif ¥ < X and the open subsets of

Yare precisely of the form §; = {33 VX Xe §} . Here we may say that each

open subset 33 of Yis the restriction to )3 of an open subset X of X. That is,
(Y,é) is called a subspace of (X,%) if the type-2 fuzzy open sets of Yare the

type-2 fuzzy intersection of open sets of X with v.

4. Conclusion

The main purpose of this paper is to introduce a new concept in fuzzy set theory,
namely that of general type-2 fuzzy topological space. On the other hand, type-2

fuzzy set is a kind of abstract theory of mathematics. First, we present definition
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and properties of this set before introducing definition of general type-2 fuzzy
topological space with the structural properties such as open sets, closed sets, in-
terior, closure and neighborhoods in general type-2 fuzzy set topological spaces
and some definitions of a type-2 fuzzy base and subspace of general type-2 fuzzy

sets.
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