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Abstract 
In this paper we undertake to examine how algebra, its tools and its methods, 
can be used to formulate the mathematics used in applications. We give par-
ticular attention to the mathematics used in application to physics. We sug-
gest that methods first proposed by Henry Siggins Leonard are well suited to 
such an examination. 
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1. Introduction 

In a previous publication (Jones, 2014), we emphasized the use of a system of 
logic devised by Henry Siggins Leonard to facilitate the analysis of logical and 
mathematical structures. In this paper we shift the emphasis from that logic, 
upon which we continue to rely, to the use of algebra in applied mathematics, 
and in particular to the formulation of the laws of physics. Many, perhaps all, of 
the subfields of mathematics are supported by algebra. In few such subfields is 
this more prominently so than in functional analysis as it is applied to physics. 
In this paper we explore the structures of algebra that are used in physics and try 
to discover why they there take on such a very significant role. 

1.1. The Tools of Algebra 

The plethora of powerful algebras used in funtional analysis is extensive. They 
defy a comprehensive description. The C* algebras have a particularly central 
role. (Murphy, 1990) is highly recommended as a textbook of this subject. 
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1.2. The Problem of the Continuum Hypothesis 

The use of the tools of algebra are probably best seen in an example of their use. 
The Continuum Hypothesis (CH) is a long standing classic mathematical prob-
lem. 

1.3. The Cantor-Bernstein Theorem 

To introduce the tools with which we shall discuss the Continuum Hypothesis, 
we firstly show these tools used to prove a classic result of set theory: The Can-
tor-Bernstein Theorem It was conjectured by Cantor, who proved a special case 
of it, and independently proved by Bernstein. We give below a proof along the 
lines of the proof by Bernstein. 

An accessible modern interpretation of the proof by Bernstein is presented by 
Thomas Jech in (Jech, 2006: Theorem 3.2, p. 28). 

If X and Y are sets, then ~X Y  indicates that there is a bijection from X to 
Y. 

Theorem (Cantor-Bernstein) If :f A B→  and :g B A→  are both injec-
tions, then ~A B . 

Proof of the Theorem 
First, we make use of the injections f and g to define by induction on all posi-

tive integers n: 

0A A= , ( )1n nA g B+ =  

0B B= , ( )1n nB f A+ =  

The sets defined above overlap. To proceed further, we require analogues of 
them that are pairwise disjoint. To this end, we define 

1:n n nA A A −′ = − , and 

1:n n nB B B −′ = − . 

By the constructions of these sets, 0 1~A B′ ′  and 1 0~A B′ ′ . 
Since the A' sets are pairwise disjoint and the B' sets are also pairwise disjoint. 

it follows that: 
0 1 0 1~A A B B′ ′ ′ ′
   

Applying this reasoning on all of the A' and B', we obtain: 

2 2 1 2 2 1~n n n nA A B B+ +′ ′ ′ ′
   

Extending the unions of the latter result to all n, we obtain: 

0 0
~n nn n

A B
≥ ≥

′ ′
 

 

To complete the proof, complements must be taken into account. 

0
n

n
A A

≥

=


 

For the A set, and 

0
n

n
B B

≥

=

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For the B set. 
Clearly,  

0 nn
A A A

≥
′= 



,  

and 

0 nn
B B B

≥
′= 



,  

from which we conclude,  

0 0n nn n
A A A B B B

≥ ≥
′ ′= = = 

 

 

and lastly,  

A B=  

QED 
The Aleph notation of Cantor is a convenient way of expressing assertions 

concerning infinite quantities. An Aleph, the first letter of the Hebrew alphabet, 
is normally used with a subscripted index, e.g. 0ℵ , or 1ℵ . The Continuum 
Hypothesis may be compactly expressed in Cantor’s equation: 0

12ℵ =ℵ . 
A breakthrough in the conceptual understanding of the CH was made by 

Georg Kreisel. 
What he showed is that, although we do not know whether the CH is true, we 

know that it is decidable in the set theory of Zermelo. There is an important qu-
alification attached to the latter claim. It is true in second order logic. 

Let L  denote Zermelo’s axiom system for set theory with the axiom of in-
finity. 

( ) ( )2 2CH CH∨ ¬ L L  

See (Kreisel, 1967: p. 150). 

1.4. Applications 

We discuss, in Section 2.7, the wide-ranging topic of the applications of func-
tional analysis in physics. Applications of functional analysis in physics, and in 
particular to quantum theory, were recognized by David Hilbert. In (Reid, 1996) 
Constance Reid relates how he was surprised and pleased that his mathematics 
had found application in physics. The subject matter emphases and writing style 
of a physicist may differ from those of a mathematician. In (Neuenschwander, 
2011) the mathematics of functional analysis are presented from the point of 
view of a physicist. Neuenschwander also relates the life of the mathematician 
Emmy Noether, who made important contributions to the algebraic foundations 
of functional analysis. 

2. Algebra 
2.1. Algebraic Tools 

We sketch here some proofs of useful results of algebra that are used later in 
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various other results and theorems. We adopt the notational conventions pre-
sented in (Jacobson, 1951). The latter work was used as a textbook in a course in 
algebra attended by the author and taught by James Sutherland Frame. 

There are several theorems of functional analysis that are fundamental to the 
subject. Rather than reproducing proofs of them here, we prefer to refer the in-
terested reader to the standard literature of functional analysis. Three such re-
sults are: The open mapping theorem, the Banach-Steinhaus theorem, and the 
Hahn-Banach theorem. These theorems and their proofs are reviewed in (Saxe, 
2002: Section 6.3, pp. 151-158). A few comments on The Open Mapping Theo-
rem are in order. We follow Pietsch (Pietsch, 2007: p. 44) in ascribing credit for 
the Open Mapping Theorem to Juliusz Schauder (Schauder, 1930). 

Banach algebra is a vast and quite central topic of functional analysis. We re-
gret the extreme brevity of our comments upon it. We recommend the account 
of Banach algebra presented in (Allan, 2011) to the interested reader. This book, 
edited by H. Garth Dales, consolidates the course notes used by his late teacher 
Graham Robert Allen. 

2.2. Groups as Applications of Tools 

There are many significant interrelations between set theory and algebra. Let H 
be a set and S be the set of its subsets: 

{ }:S A A H= ⊂  

Let us also define the symmetric difference of sets X and Y to be those ele-
ments of S that are in X or in Y but not both. 

( ) ( ):X Y X Y Y X= − −   

Corollary: S with the operator   is a group. 
Proof: 
X X∅ = , hence, ∅ , the empty set, is the unit of the group. 
X X =∅ , hence every element of S is its own inverse. 

S with the operator   is a group 
QED 
More current information about groups is at (Solomon, 2018). 

2.3. Error-Correcting Codes 

We discuss how the group concept is used in error-correcting codes. This appli-
cation of groups make use of an interpretation of the group operator as exclusive 
or. Letting 0 and 1 represent binary numbers, this operator may be defined as 
follows: 0 0 0= , 0 1 1= , 1 0 1= , 1 1 0= . 

Corollary, The binary digits, with the group operator,   as exclusive or, are a 
group. 

Proof. 
Zero is the unit of the group: If X is binary number, then 

0 0X X X= =  . 
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Each group element has an inverse; 0 1 1= , 1 1 0= . 
QED 
Error-correcting codes make use of redundancies in strings of binary digits. 

2.4. Topology Tools 

Here we sketch some of the results of topology that are used in functional analy-
sis and its algebras. We confine ourselves to introductory concepts and results of 
topology and refer the interested reader to the literature of topology and its ap-
plication to functional analysis. 

A concept of topology that is very nearly omnipresent in functional analysis is 
separability. A metric space is separable if it contains a countably dense subset. 
This concept played a remarkable role in an investigation that lasted 36 years 
and marked a watershed in the subject of functional analysis. In 1936 Stanislaw 
Mazur offered an award of a live goose for a solution to a question concerning 
continuous functions in separable spaces. In 1972 he awarded the live goose to 
Per Enflo for his solution in which he constructed a counter example to resolve 
the question. This history is well told in (Pietsch, 2007: pp. 285-287). 

2.5. Set Theory and Limitative Results 

Set theory is a necessary tool for any examination, such as this, of the underlying 
reasoning of a mathematical topic. Set theory is not only developing, but also 
contains certain paradoxical aspects that call for caution and selectivity in foun-
dational assumptions. We recommend the development of the theories which we 
here examine in the light of a branch of set theory that is called determinacy. 
Determinacy makes use of the concept of games to define, and found, set theoe-
retical conepts. We refer to (Jech, 2006: Chapter 33, pp. 627-645). 

2.6. Alternatives to the Full Axiom of Choice 

Games of length Omega, that is infinite games, are used to define the concepts of 
determinacy. The Mycielsky and Steinhaus game plays here a central role. The 
strongest form of determinacy makes use of the Axiom of Determinacy. This 
axiom is inconsistent with the axiom of full choice. There are, however, several 
weaker forms of choice that can be combined with determinacy. Thus determi-
nacy does not exclude all use of choice. 

2.7. Applications of Algebra to Physics 

Algebra and combinatorics are also applicable to the quantum theory of physics. 
In the early years of the 20th Century, quantum theory developed in a way that 
encountered certain paradoxes. One of these was formulated by three authors, 
Einstein, Podolsky, and Rosen. It came to be known as the EPR paradox, after 
the three initials of its authors. 

The eminent theoretician Niels Bohr discovered an answer to the EPR para-
dox. His answer was the discovery of entanglement. That answer was thereafter 
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formulated by Jeffrey Bub in terms of Boolean algebra, in (Bub, 1997: Chapter 
7); thus bringing to bear the resources of algebra to support the answer that Bohr 
had given. 

The formulation that Bub provides for the views of Bohr pertaining to the 
EPR argument uses a 16-element Boolean algebra. An upward pointing arrow in 
a subscript indicates a particle with upward spin; a downward pointing arrow in 
a subscript indicates a particle with downward spin. 
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Appendices 
A Formula References 

In order to make this paper self-contained, we list here formulas from other 
sources that are referenced in the annotations of proofs. 

Formulas from (Leonard, 1969). 
L5 ( ) ( )′≡ ¬ E E  
L6 ( ) ( )( ) ( ) ( )y y x x⋅ ⇒ ∃ E  
L9 ( ) ( )( )x x∃ E  
D1 ( ) ( ) ( ) ( )( )x f f x f x≡ ∃ ⋅ ◊¬E  
Leonard claimed in (Leonard, 1969: p. 58) that it was fifteen years before he 

accidentally hit upon L5 as a requisite for his logic. 
Formulas for forms of Obversion. 
Obversion in Leonard’s logic was discussed in (Jones, 1962). 
Ob1. ( ) ( )x x′¬ ≡   
Ob2. ( ) ( )x x′≡ ¬   
Formulas from Jones (Jones, 1964). 
Def 2. ( ) ( ) ( )x x≡ ∀ A  
CnX. ( ) ( )x x◊¬ ∃ E  
Nc ( ) ( )c c¬ ⋅◊E E  
The lower-case letter c is used as a non-designating constant term for illustra-

tive purposes. 
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