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Abstract

The article presents the proof of the validity of the generalized Riemann hy-
pothesis on the basis of adjustment and correction of the proof of the Rie-
manns hypothesis in the work [1], obtained by a finite exponential functional
series and finite exponential functional progression.
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http://creativecommons.org/licenses/by/4.0/ 1. Introduction

In this paper we give the proof of the generalized Riemann’s hypothesison the
basis of adjustments and corrections to the proof of the Riemann’s hypothesis of
the zeta function, which was undertaken in [1], as well as values of specified
limits of the cofficient ¢. The paper also provides a refutation of the hypothesis
of Mertens.

The formulation of the problem (Generalized Riemann’s hypothesis). All
non-trivial zeros of Dirichle’s function L(s,y) have a real part that is equal to
o=2-

1). For this we first will provethe Riemann's hypothesis for the zeta
function ¢(n).

1.1). The solution. For the confirmation of the Riemann’s hypothesis we will
give the definitions and prove the following theorem.

Definition 1. The expression

R ! 1 ;
ub (x)=u(x)+u?(x)+u (x)+---+u[\/ﬂ (x)

k=1

(1
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is called finite exponential functional series with respect to the variable exponent
1
= where k= {1,2,3,---,[&}} .
Definition 2. The progression of the type
a(x).a(x)-g(x).a(x) ¢ (x).a(x) ¢ (x) ©)

is called finite exponential functional progression, if their first member a(n) is

a function of x or is equal to 1 and the denominat or q(n) is a function of
1
the variable x¥* |

Theorem 1. If the set of natural numbers N, = {1,2,---,k,---,n} is the union
of subsets M,,M,,M,,M,,M,,M, and these subsets are disjoint and have
appropriately for m,r,s,t,v,u the elements, the number of elements of the set
N =M, UM, UM, UM, UM, UM equalto

n=m+r+s+t+v+u.

Proof. The theorem is proved similarly to the theorem 7.11 ([2], p. 50).

Theorem 2. M(n)zi,u(k) of a series —. =iy(n) equals.
k=1

G(S) o=on
M (n)|<1.5Vn

Proof. Let the number N =N (n) be the quantity of elements of the set of
natural numbers N, ={1,2,3,~~~,n}. The positive integers N, consist: of 1;
primes, the quantity of which is denoted by 7=1I(n); of natural numbers,
which are divided on p" with quotient from 1 with m>2, the number of
which is denoted by K" =K"(n); the number of positive integers, which are
decomposed into a product of a pair number of primes, we denote by
=T (n) , and the amount of numbers, which can be converted into product
of unpaired number of primes, will be denoted by T" =T "(n). Then the
amount of natural numbers N, of the set of natural numbers N, according to

the theorem 1, equals
N, =1+II+T"+T"+K"+K (3)

The number of the natural series N, approximately can be expressed as a

finite exponential function series
] L
fl(n):Zn":«/;+3n+4n+---+[% (4)
k=2

We will write the number of natural numbers K (n), approximately as finite
exponential function series consisting of the first (\/; —1) members of the

series (4), and we denote itas f,(n), then

(] 1
J”Z(n)zz;z":\/;+%/;+{‘/;+~-~+[@/;. (5)
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In the sum of the series (4) each term of the series is taken, as the amount of
natural numbers. For example, 4/n = [%J ; [\/100] ={1;2;3;4;5;6;7;8;9;10} ;
[%/100} ={1;2;3;4} andso on.

A series (\/;+ In+3n +~--+[%) is greater than the series of the natural

number of positive integers f,(n)> N, .

Definition 3. The natural numbers that overlap, are called the finite exponential

function series of (5), in which they occurmore than once. Let that N =n and

1 1 The function f2(n)>K(n), because in the function except the

B[]

numbers K (n) are included and the numbers which overlap.

Definition 4. Two infinitely great f(n) and ¢(n), which are not equal to

each ether f(n)#¢(n) are called equivalent if lim /()

n~>oo¢ n

=1when ¢(n)=0.

We assume that the set of natural numbers M, =(1,2,3,---,n—1,n) with al-

gebra 4 :<N st 0,1) is vector space £ . In this space we set the standard
||x||n = max|n|=n, and the set of numbers M, = ([%,(”’%’...’\/;) with algebra

A4, = <['i]/;,+, "=, 0,1> will be assumed as vector space P, with standard

||)C||ﬁ =max‘\/;‘=x/; .

Jn

Then, the denominator of an exponential function of finite progression, which
1
operates in the space B will take as g =n", and the denominator of an expo-

nential function of finite progression, which operates in the space P,, as
1

q= .
The finite exponential functional series (4) is approximable by the sum of the

finite exponential functional progression
1 r oz 3 1
@ | n" |=1+n" +n" +n" +- +n? (6)

Proposition 1. The finite exponential functional series (4) and the sum of

the finite exponential functional progression (6) are equivalent.

Proof. To prove the equivalence of the finite exponential functional series
1
/i(n) with the finite functional progression ¢, [n”J the sum of the functional

series is written in the form of

fl("’):(\/;-i-3 n+...+4/;)
<(nJl?(n—x/;+l)+(\/;+%/2+...+@/;)}

Then let us write that

DOI: 10.4236/apm.2018.87040

674 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2018.87040

S. V. Matnyak

im (\/Z+3 n+...+£/;)

H—00 1 120 r 2z 3 1
o n" I+n"+n"+n" +---+n?

11 11
N 1+nd 2 +n* 244 2
=1

=1lim

n—0

-1 11
\/;.(nz +n" 2 +-~-+1J

Therefore, in accordance with the definition 4, the functional series and
functional progression will be equivalent.

Proposition 1 is proved.

Proposition 2. The finite exponential functional series (4) and the sum of the

finite exponential functional progression (6) 2-S,(N) are equivalent.

1
Proof. The sum of the finite exponential functional progression ¢, (n”} can

be calculated by the formula

2~SI(N):2-‘/E_1>2-‘/;2_1:(n—ﬁ) 7)
n" -1 ﬁ

and then the limit lim / (n)

om (1

1

n¥" (n—\/Z+1)+(\/;+3 n+---+%)
"—”0(0 (n’l’] e n=n
1

1 1

1
(n n—n "x/g+n‘ﬁlJ+(x/;+3n+---+%)
_n—>00 n_&

_n+n ¥+ W01
=lim =1,

n—ow n_,\/;
where lim4/7:1 and 0<¥/;—1<i
n—0 ,\/;

Therefore, in accordance with the definition 4, the functional series (4) and

will be equal to:

3

(13], p. 67).

the finite sum 2-S, of the functional progression (6) at (W—l) z%, when
n

n — oo ,will be equivalent.

Proposition 2 is proved.
1
From the expression (4) and (7) one can see that ¢, [n”} is within limit of

function
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1

ﬁ(”)z¢1£n”)22-Sl(n)>n—\/;,

1
The sum of the finite exponential functional progression (6) with g =n"

equals 28, (N)~ (n —«/;) . When (n—®),S,(N)— . We will compare the
function 2-S,(n) with the function f(n)=N, .We find

k, =lim =lim <lim N =lim N =1.
n—om \/;_1 n%wn_\/;

5 (n) ,sz.i e
.

f(n) N
n—1

o

Therefore, £ <1.

Lemma 1. The number of natural numbers that overlap is less than 1, 5Jn .

Proof. To prove this proposition let us denotethrough K" is the numbers
that occur more than once in the finite exponential functional series (4) when
n— o0, and use the exponential functional series £, (n).

The series (5) is taken is this form to be because it includes all numbers that
overlap. This follows from the expression 2SN , Nn-In2>InN. Two is
taken because it is thes mallest prime number that can not be decomposed into
prime factors.

The finite exponential functional series (5) will be replace by the sum of finite

exponential functional progression
o
(pz[n&J: 1+Znﬁ . (8)

Proposition 3. The finite exponential functional series (5) and the finite
exponential functional progression (8) are equivalent.

Proof. The functional series (4) can be written as

no 1 1 €L
fi(n)= > n* +[n2 +n? +~~-+n&],

k=ln

and the functional progression (6) is as

1 2 n=2n
@ | n" |=|1+n"+n"+--+n 2 |+|1+

Discard the first members of the series and progression, we find that

-

n

M1

=
L

Jn
5k

1 1 1 1
f2(n):n5+n5+---+n*/; or (pz[nﬁJ: 1+Znﬁ )

k=1

We show that
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w1 1 o203 n=24n
fi(n)= n* andgo{n”}z l+n" +n"+n" +--+n 2
k=/n

are equivalent:

]03(,1) an nﬁ(n—\/;+l)

ERT BT k:\/; BT _
kz _llj;rwl 1 _222 1 2 n-2/n _51})2 I’l—\/; =1
o;| n" l+n" +n" +--4n > 2 2

It follows that the finite exponential functional series f,(n) and the finite

1

exponential functional progression %(n& J are equivalent.

Proposition 3 is proved.

To prove the theorem, we introduce the functions series

k=2l

L R N o
AR :an:n4+n6+-~+nﬁ, 9)

where k, = {2,3,--~,[«/;J/2}. And functional progression

2 2 4 T S|
A B E e R T (10)
(N

If we express the series (5), as a series [\/;J + [%/;J + [i‘/;} et [%} , than
the series (8) is taken [\/;] +[(‘/;] +[%} +-~~+[2(‘/;] is such form so that

each element of the series (8) overlaps the each element of the series (5) with
unpaired exponents of the root. And then we can write that

[ 4o 4 [ 3o 8]

Hence the amount of numbers that cover more numbers that overlap.

Proposition 4. The finite exponential functional series (9) and the finite
exponential progression (10) are equivalent.

Proof. To prove the equivalence of the finite exponential functional series
with the finite exponential functional progression in the form of the relation

1 1

1
- fi(n) . nt 406 4ot
k, =lim =lim
oo @ (n n—w 2 4 Jn-8 1
140" 4l o 4

1 11 11
n4[l+n" 4o 4}
=1lim =1
now 1 121

ntn d 4ttt

Therefore, in accordance with the definition 4, the functional series (9) and a
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functional progression (10) are equivalent.

Proposition 4 is proved.
Proposition 5. The finite exponential functional series (9) and the finite sum

4.8,(n) of the exponential function progression (10) are equivalent when

n-1%—= (3], p.67
I([]P)

Proof. The sum of functional series f,(n) is more than [%—1], and the

2
sum of functional progression ¢, (n‘ﬁ ] is considered, as the sum of the

z In—1

functional progression with ¢ = n¥" . Then we find that 4- S, ( ) {/7
1

In order to calculate the functional [ n J Jletusset =n or t= \/; , and

thenweof);}i;nlJ(ﬂj( M””N M,iHM;HJ.

2
Since lim4/f =1 then [n " j Tl And then we will have

t—w© n
4 1 _ 4
4:8,(n)~4 \/;8 \/;2\/;, (12)
In

Using the definition 4 we will have

ky, =lim Js (nz) = lim—2 =1
- { f] e Jn —4n
@ n n 2

Therefore, a function of series (9) and the sum 4-S§, (n) of functional
progression (10) are equivalent.

Proposition 5 is proved.
From the expressions (10) and (12) it is clear that ¢, (n) is within

n—3n
ﬁ‘[n‘/;]z¢4(n)24-S4(n)>—2 .
Then we compare function </n with the function fi(n) when n— oo

and we obtain
k, = lim Jn <lim Jn i Bn___
4 nﬁw4 %_1 y’*}oc4.,z\‘/;_1 )1~>w4.(\/;_</;)

R 8

2
Hence, we have that k, <2,or +n—2- f{ J—]<O.
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Therefore, %< fi(n). Let us take into account the value of the finite

exponential functional series £, (), and write that
@<K”(n)<\/;+g:%\/;.

Lemma 1 is proved.

Then we can write that
N(n)-c- fi(n)<0, (13)
Using the inequality f,(n)>2-K(n) we will write that
£i(n)=K (n)+(n=n+1)+ K" (n) (14)
If we substitute value of the function f,(n) (14) into (13), we obtain
N(n)=c:(K(n)+(n=n+1)+K" (n)) <0.
Using Lemma 1, we obtain
N(n)—c-(K(l’l)-l-(n—\/;-i-l)-f-%\/;j<0.
Hence; we find that
N(n)—c~(K(n)+(n—\/;+l))<c'%x/;.
The value N from (3) is substituted instead N, we obtain
1+0+T"+T"+K* +K(n)<c-(1.5\/;+K(n)+(n—\/;+1)),
or
\+ I +T" +T" +K* <c-(1.5\/2+(1+17+T“ LT 4 K" —\/2+1)). (15)

Then we can write that appropriately of the properties of the function of
Mobius- ;t(n) =1,when n=1; ,u(n) = (—l)k , where k is the amount of prime
factors of the numbers n=p,-p,-- pe and u(n)=0 when n is multiple

p" for m>2,

1+T"—(17+T“)<c-((1+T")—(H+T”)—JZ+1+1.5JZ). (16)

We write that
M(n)=1+T"~(IT+T").
Then the expression (16) takes the form

M(n)<c-((M(n)=~n+1)+1.5Vn).

Therefore

|M(n)|<

(0.5&+1). (17)

C .
c—1
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The theorem is proved.

For the Mertens function we can find a more precise estimate.

Lemma 2. The accurate assessment. M(n) = i,u(k) in a series
=1

will be equal

1 =§ﬂ(n)

s(s) n

M(n)<ﬁ(l.ZS-x/;+%/;—l.25-§‘/;—\/;+l>.

Proof. In order to finda more accurate estimate than M (n) < LI(O.S«/; + 1) s
c—

let us find the sum of the finite exponential functional series (5)

] 1 ;
fr(n)=> n* Z(\/;-l- In +3n +---+[fx]/;j . For that we use the functional
k=2

1

Jn
- k
X
progression (6) @, [nﬁ J =1+ Znﬁ , then we obtain that
=

fi(n)=n+3fn+ ¥+t R =25n +23n-2.5-4n .
We find from the expression (10) that the quantity of numbers that overlap is

less than @ because #>[%J+[%J+m+[”%} . Using this

method, we define what M (n)< %(0.5 ~n+ 1) and the expression
c—

M>[%}+[%]+...+[2k%} we obtain that

2

M(n)< 01(1.25~&+%—1.25-%—JZ+1)

c—

M
Hence, we find that the upper limit of the value functions lim \(Fn) will be
n

n—o0

the value

lim sup M(n) < .025 ,

n—o \/; c—1

and the lower limit is

imint M) S € (5.

n—>ow \/; C—l
(0.25«/;+%/;—1.25(‘/;+1) is a more

Therefore, the evaluation M (n)<

c

c—1

accurate estimate than M(n) < %(0.5-\/;+1) when n— .
c—

Lemma 2 is proved.

M
The theorem 2 proves that the upper limit value of the function lim (n)

n—o \/;

equals
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limsupM(n) <0.5-L,

n—w \/; c—1

and the lower limit is

limine 01 05—,

n—o \/; ’ C— 1

c

1
—1 (0.5x/;+1) <n? when n—>w.
c—

Proposition 6.

1
Proof. According to the theorem 54 ([4], p. 114) we have that M (n)= 0[112 gj .

1
The ValueM(n):O(Ll-(O.S\/;+l)j is compared with M(n)=0[nz+g}
c—

1
we will write that (%(0.5«/;+1)] =n? ' when n—> . Hence we find that
c—
1n(cl(o.5«/5 +1))
& = < 0 when n—>o, g —0. Therefore, we can assume
nn

that ¢>¢g,, where ¢ is a random small number. And here we find that
1

Ll~(0.5«/;+1)<<[n2 j when n—>o0.

c—

Proposition 6 is proved.

1.2). A determination the values of coefficient c.

1.2.1). Then we can write that according to the properties of Mobius function-
u(n)=1,then n=1; u(n)= (—l)k , where & the number of prime factors of the
number n=p -p,----p, and u(n)=0, when n is the multiple of p" for
m>2 that

((1+T”)—(1‘[+T”))—c-(l+T” —(17+T"))<(0.5-JZ+1),
Then

M(n)<ﬁ-(0.5-x/;+l); |M(n)|<ﬁ~(0.5-x/;+l).

From the expression K(n) + (n —n+ 1) +%\/; >0, using the properties of
Mobius function, it can be written that
M(n)<15-/n-1.
And from the expression N —/n >0 we find that

This coincides with the results [5]. Then we can find the extent to which the

coefficient cis located. From the double inequality

\/;<L1~(0.5-\/;+1)<1.5-\/;, we find that 2<L1<3. And here we find
C— C—

that 1.5<c<2.
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1.2.2). Using a more precise value M (n), we find that

JZ<Ll(o.zs\/ﬁﬁ/ﬁ—l.zsé/ﬁﬂ)<1.25-JZ.
o

And here we find that 4<L1< 5 and from the double inequality we find
c—

that the coefficient ¢ will be in the range 1.25<c¢ <1.33.

1.3). Theorem 3. The series L _ y(:a) converges if 0':l+5>l
s(s) w3 n

and |M(n)| < LI(O.S\/; + 1) where ¢ isarandom small number.
c—
Corollary of Theorem 3 (the Riemann’s hypothesis). All non-trivial zeros
of the zeta-function have a real partequalto o = % .

Proof. A necessary and sufficient condition for the validity of the Riemann’s

hypothesis is the convergence of the series I = Z y(:a) when o > 1 ([4],
s(s) = n 2
p- 114). We find the convergence of the series, when

M(n)= o(i(o.sﬁﬂ)) and o =

i
VR
J—
~—
Il
s
1]
DM
<
—
N
~—
|
| =
—
S
L
~—
I
s
<
—
N
~
—— =

e

=l n? -(n+1)5 "=

M(n) < L(O,S«/ZH) 0,5Ll -

c—

:w _vc—1 _ 1
gznﬁ Z; 2 2 =y

the series diverges.

And when a=%+g>% we have

the series converges, where ¢ is an arbitrary small number.

Therefore, the series L__ #(n) converges uniformly for o = 1 +e> 1 ,

g (S) n=1 n’ 2 2

. o . | .
and since it is a function —— if o>1, for the theorem of analytic

s(s)

continuation, it is also at its 5< o <1. Therefore, the Riemann’s hypothesis is
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true.

The theorem is proved.

2. Theorem 4. All Non-Trivial Zeros of Dirichle’s Function

1
L(s, y) Have a Real Part That Is Equal to o = 2

Proof. Let’s consider the Dirichle’s series

s n
L) =S 2 g, (18)
n=1 n
where y isthe character of modulus m.
There is ¢(m) of such series where ¢ is the Euler’s function. Since

|;((n)|£1, the series (18) converges when o >1, as can be seen from a

. . . . . 1 .
comparison of this series with the series » —. We denote it by the sum
"

through series L(1, y). For various characters y , we obtain different functions
L(s, x)-They are called L is the Dirichle’s functions. In studying the properties
of these functions it is convenient to distinguish the cases where y is the main
character y, and when y # y,.

2.1) If y# y, than the series (18) converges in the half-plane ¢ >0. Let us
show from the beginning, that the partial sums ) y(n) are limited. We divide

the integer number from 1 to [x] into classes of deductions by modm and
write [x]:m'q+r, 0<r<m-1.Then

zmix()[z s ¥ Jz()Zz()

n<x n=1 1 m+1 m(n=1)+1 mg-+1

Because of the orthogonality relations

2 z(n):{¢’(m), than 7 = 7,

n(modm) 0’ than X* X
we have
mq+r
2x(n)=2 x(n),
n<x mq+
hence

mq+r

< Z|;((n)|ﬁr<m.

mq+1

2 x(n)

n<x

Since n° at o>0 decreases monotonically and tends to zero when
n—oo, then the series Z:;((n)/n5 converges for real s=0>0, and,
consequently, for all s in the half-plane o>0 when y=# y. If, however,
o <0, then this the series obviously diverge. It’s abscissa converges o, =0 and
the abscissa of absolute convergence & =1. By the theorem 4, The Dirichle’s

series Y a,-n”’ in the half-plane of the convergence is a regular analytic

n=1
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function from s, the successive derivatives of which are obtained by the term
differentiation of this the series ([6], p. 153), the function L(s,y), x#x isa
regular analytic function from s when ¢ >0.

22)If y=y, weuse

L(s,;()zi—ﬂ(n)'xz(n), ResZ%. (19)

From the theorem 3 it follows that L(s,z)#0 when 0'2%. If y, is the

1, then =1
0, then (a,m)>1'
1<n

=5

main character by modm, then

the function (19) can be written as

Using the condition | x(n)-n”

L(s,;():i'u(nif((n):iﬂlgf),when z(n)=1 and 02%.

Using the results of the theorem 3, it can be argued that the generalized
Riemann’s hypothesis is true, and accordingly to it: “All non-trivial zeros of the

»

Dirichle’s functions have a real part equal to o :%

The theorem 4 is proved.

3. Appendix. Disproof of the Mertens Hypothesis

The refutation of the Mertens hypothesis can be found on the basis of the proof

of the Riemann hypothesis given in this paper. Take the series
h :(\/;+ Un +---+4/;)<{n*k ~(n—\/;+l)+(\/;+ Un ++%)]
and it can be written in the form
[nj; '(n—\/;-i-l)-i-(\/;-i- In ++%)]

<n+2.53n+2-In-2.5-Yn—n+1
=n+1.5Vn+2-In-254n+1,
where
fo(n)=n+3n+- % <2.5yn+2-fn-25-4n.
Then we can write
N+25n+2-dn-254n-In+1>0
or
N>-15n-2-3n+25-4n-1 (20)
The value N from the expression 3 is substituted instead of N, we obtain

N=1+I+T"+T"+K"+K(n)
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From the expression (20) we obtain
I+ +T" +T" + K+ K(n)>-1.5n-2-n+2.5-n-1. (1)
The properties of Mobius function ([5], p. 3) will be applied to the expression
(21) and we obtain that
M (n)>-1.5-n-2-n+2.5-4n-1
or

M(n)<1.5-n+2-3n-25-Yn+1.

It will be the smallest value of the function of Mertens M (n) and the biggest

value for the function of Mertens M (n). From the expression 6
1 L 1
¢l(n”]=1+n” +-+n?

we find that
N-+/n>0, (22)

When 4/;—1 zi and n— o ([3],p.67).
p

NG

We write the expression 22 in the form
L+ IT+T" +T" + K+ K (n)>~/n. (23)

Let us apply the properties of Mobius function to the expression (23) and we
obtain

M (n) >n
Then we can state that the function of Mertens M (n) is within

J;<M(n)<1.5-«/;+2-%/2—2.5~(‘/;+1

And it rejects the hypothesis of Mertens.

4. Conclusion

In the article, based on the finite exponential functional series and the finite
exponential functional progressions, we prove the generalized Riemann’s

hypothesis, as well as the Riemann hypothesis. It is shown that in the Riemann’s

hypothesis o = % In the annex to the article, the Mertens hypothesis is refuted.

In the refuted Mertens hypothesis it is shown that the Mertens function is within

n<M(n)<1.5Nn+2-3fn-25-Yn+1.
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