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Abstract 

By introducing an invertible linear transform, a new Lie algebra G is obtained 
from the Lie algebra H. Making use of the compatibility conditions of the re-
spective isospectral problems, a generalized NLS-MKdV hierarchy and a new 
integrable soliton hierarchy are achieved by using the trace identity or the 
variational identity. Then, two special non-semisimple Lie algebras H  and 
G  are explicitly conducted. As an application, the nonlinear continuous in-
tegrable couplings of the obtained integrable systems as well as their 
bi-Hamiltonian structures are established, respectively.  
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1. Introduction 

Integrable equations are a significant research topic of classical integrable sys-
tems. Thereinto, integrable coupling, as an extension of the integrable equation, 
was formulated and initialized with the clarity of the inner relationship between 
Virasoro algebras and hereditary operators [1] [2]. A few methods were pre-
sented by using perturbations [1] [2], enlarging spectral problems [3] [4] [5], 
creating higher-dimensional loop algebras [6] [7], constructing a new algebraic 
system [8] [9] [10], and making use of semi-direct sums of specific Lie algebras, 
for instance, the orthogonal Lie algebra ( )3,so R , to construct some soliton 
hierarchies and their integrable couplings [11]-[16]. Much richer mathematical 
structures behind integrable couplings were explored, such as Lax pairs with 
several spectral parameters [17] [18] [19], integrable constrained flows with 
higher multiplicity [20] [21], local bi-Hamiltonian structures in higher dimen-
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sions and hereditary recursion operators of higher order [22] [23]. A lot of com-
plex physical phenomena can be explained by all kinds of coupling systems [24]. 
Therefore, integrable couplings have attracted more and more attention from 
researchers in engineering and mathematical theory. 

Thereinto, the nonlinear integrable couplings are a charming subject, which 
can be achieved by using an extended Lie algebra. First, an isospectral problem  

( ) 0 1 1 2 2, , , ,x s s iU U U u e u e u e u e e Aφ φ φ= = = + + + + ∈            (1) 

and its auxiliary condition  

( ) ( ), ,t V u V V u Aφ φ= = ∈                      (2) 

admit a zero curvature equation  

[ ], ,t xU V U V= −                          (3) 

i.e., a Lax integrable system  

( ) ,tu K u=                            (4) 

where ( )T
1 2, , , su u u u=  , A  is the corresponding loop algebra of a Lie algebra 

A. Next, take enlarged spectral matrices  

and ,
0 0

c c

c c

U U V V
U V

U U V V
   

= =   + +   
              (5) 

in which U  and V  derive from (1) and (2), respectively, where  
( ) ( ), c c c cU U v A V V v A= ∈ = ∈  , ( )T

1 2, , , pv v v v=   and u  consist of u and v. 
Then an enlarged zero curvature equation  

, ,t xU V U V = −                          (6) 

i.e.,  

[ ]
[ ] [ ] [ ], ,

, ,

, , , ,
t x

c t c x c c c c

U V U V

U V U V U V U V

 = −


= − − −
               (7) 

is a nonlinear integrable coupling of (3), because the commutator [ ],c cU V  can 
generate nonlinear terms. 

In this paper, a new four-dimensional Lie algebra H is firstly presented, and 
another one G is obtained through an invertible linear transformation. A gene-
ralized NLS-MKdV hierarchy and a new integrable soliton hierarchy are 
achieved by using the Loop algebras H  and G  of H and G in Section 2. Two 
special non-semisimple Lie algebras H  and G  are determined programmat-
ically, and its associated nonlinear continuous integrable couplings and their 
bi-Hamiltonian structures are established in Section 3. Finally, concluding re-
marks are given, as well as some proposals for the future work.  

2. Two New Hamiltonian Hierarchies  

2.1. Two Lie Algebras  

A Lie algebra { }4

1
span i i

H h
=

=  is presented  
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1 2 3 4

1 0 1 1 0 1 0 1 0 0 1 0
0 2 0 , 0 2 0 , 1 0 1 , 1 0 1 ,
1 0 1 1 0 1 0 1 0 0 1 0

h h h h
−       

       = − = − = − = −       
       − − −       

 (8) 

with  

[ ] [ ] [ ]
[ ] [ ] [ ]

1 2 1 3 4 1 3

2 3 4 2 4 3 3 4 1

, 0, , 4 , , 4 ,

, 2 , , 2 , , 2 .
hh h h h h h g h

h h h h h h h h h

= = =

= = = −
              (9) 

An invertible linear transformation can be established as follows:  

( ) ( )
4

4 4
1

: , and , det 0,i i ij
i

L H G g Bh B b B
×

=

→ = = ≠∑          (10) 

Specially, taking  

( ) ( )T T
1 2 3 4 1 2 3 4

1 0 0 0
1 1 0 0
2 2

, , , , , , , ,1 10 0
2 2
1 10 0
2 2

B g g g g B h h h h

 
 
 −
 
 = =
 
 
 

− 
 

     (11) 

results in a new Lie algebra { }4

1
span i i

G g
=

= , where  

1 2 3 4

1 0 1 0 0 1 0 1 0 0 0 0
0 2 0 , 0 0 0 , 0 0 0 , 1 0 1 ,
1 0 1 1 0 0 0 1 0 0 0 0

g g g g
− −       

       = − = = = −       
       − − −       

 (12) 

equipped with  

[ ] [ ] [ ]
[ ] [ ] [ ]

1 2 1 3 3 1 4 4

2 3 3 2 4 4 3 4 1

, 0, , 4 , , 4 ,

, , , , , .

g g g g g g g g

g g g g g g g g g

= = = −

= = − =
              (13) 

In what follows, the corresponding loop algebras H  and G  of the Lie al-
gebras H and G are introduced, respectively. Let [ ]{ }|H h h Hλ= ∈ ⊗  , 

[ ]{ }|G g g Gλ= ∈ ⊗  , where a loop algebra [ ] Hλ ⊗  is defined by 
{ }span | , , ,kn ih n k i h Hλ + ∈ ∈ ∈   and [ ] Gλ ⊗  is homoplastically defined 

by { }span | , , ,kn i g n k i h Hλ + ∈ ∈ ∈  , [ ]λ  represents a set of Laurent po-
lynomials in λ . Taking ( ), , 1, 2,3, 4kn i

j jh n i h jλ += = , the commutator relations 
of H  are  

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

1 2 1 3 4 , ,

1 4 3 , , 2 3 4 , ,

2 4 3 , , 3 4 1 , ,

, ,

, , , 0, , , , 4 , ,

, , , 4 , , , , , 2 , ,

, , , 2 , , , , , 2 , ,

, ,
1, ,

i j i j

i j i j i j i j

i j i j i j i j

i j i j

h m i h n j h m i h n j h

h m i h n j h h m i h n j h

h m i h n j h h m i h n j h

m n i j k i
m n i j k

ε δ

ε δ ε δ

ε δ ε δ

ε δ

= =      

= =      

= = −      
+ + <

= = + + + >

, ,
, .

j i j k
i j k i j k







 + + <
  + − + > 

 (14) 

Similarly, the commutator relations of the loop algebra G  have  
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( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

1 2 1 3 3 , ,

1 4 4 , , 2 3 3 , ,

2 4 4 , , 3 4 1 , ,

, ,

, , , 0, , , , 4 , ,

, , , 4 , , , , , , ,

, , , , , , , , , ,

, , ,
1,

i j i j

i j i j i j i j

i j i j i j i j

i j i j

g m i g n j g m i g n j g

g m i g n j g g m i g n j g

g m i g n j g g m i g n j g

m n i j k i j
m n i j k

ε δ

ε δ ε δ

ε δ ε δ

ε δ

= =      

= − =      

= − =      
+ + < +

= = + + + >

,
, .

i j k
i j k i j k







 + <
  + − + > 

 (15) 

Note that the commutator operations in loop algebras G  and W  are closed. 
In the following section, one endeavor to deduce two soliton hierarchies by us-
ing the two Lie algebras. 

2.2. Two New Integrable Hierarchies 

2.2.1. Generalized NLS-MKdV Hierarchy 
Let 1, 0k i= = , H  is reduced to the simplest loop algebra  

 ( ){ }4
1 1j j

H span h n
=

=  

where ( ) n
j jh n h λ= . Considering the spectral matrix  

( ) ( ) ( ) ( )2 1 3 4, 1 0 0 0 ,x U U h qh rh shϕ ϕ= = + + +           (16) 

and setting  

( ) ( ) ( )( )1 3 4
0

,m m m
m

W a h m b h m c h m
≥

= − + − + −∑            (17) 

the stationary zero curvature equation  

[ ], ,xW U W=                          (18) 

admits the recurrence relations for W as follows:  

1

1

2 2 ,
2 4 4 ,
2 4 4 .

mx m m

mx m m m

mx m m m

a rc sb
b c qc sa
c b qb ra

+

+

= − +
 = + −
 = + −

                   (19) 

Note that  

( ) ( ) ( ) ( ) ( )( )
( ) ( )

1 3 4
0

,

.

n
n n

m m m
m

n nn

V W a h n m b h n m c h n m

V W V

λ

λ

+ +
=

− +

= = − + − + −

= −

∑
 

Then (18) can be reset below:  
( ) ( ) ( ) ( ), , .n n n n
x xV U V V U V+ + − −

   − + = −                   (20) 

A direct calculation has ( ) ( ) ( ) ( )1 3 1 4, 2 0 2 0n n
x n nV U V c h b h+ + + +

 − + = +  . Taking 
( ) ( ) ( )1 1, 0n n

n n nV V a h+ += + ∆ ∆ = , the zero curvature equation  
( ) ( ), ,n n

t xU V U V = −                        (21) 

leads to the following integrable hierarchy  

1 1

1 1

1

2 4 ,
2 4 ,

,

x n n

x n n

x n x

r c sa
s b ra
q a

+ +

+ +

+

= − +
 = − +
 =

                       (22) 
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that is  

1

1

1

0 2 2
, 2 0 2 ,

2 2 2 2 0

n n

t n n

n nt

r b b s
u s J c JL c J r

q a a s r

+

+

+

      
      = = − = − = −      

       − −      

         (23) 

where  

1 1

1 1

1 1 1 1 31 32

2 4 4 0 2
2 2

4 2 4 0 2 ,
2 2

1 08 2 8 0
2

q r s r r q r

L s s q s r q s

l lr sq s rq

− −

− −

− − − −

∂ ∂   − + ∂ − + ∂ −   
   ∂ ∂   = − − ∂ − − ∂ = − − −
   
   
− ∂ ∂ − ∂ ∂ ∂ − ∂   
   

    (24) 

     
1 1 1 1

31 32
1and  8 , 2 8 .
2

l r sq l s rq− − − −= − ∂ ∂ − ∂ = ∂ ∂ − ∂  

Taking 0q =  and the modified term 0n∆ = , the system (23) reduces to the 
NLS-MKTV hierarchy [25]. Therefore, (23) is named a generalized NLS-MKdV 
hierarchy.  

2.2.2. A New Integrable Hierarchy  
Letting 1,  0k i= =  of G  results in a loop algebra  ( ){ }4

1 1
span j j

G g n
=

= , 
( )( )deg jg n n= , n N∈ . Considering the following spectral  

( ) ( ) ( ) ( )1 1 1 1 2 1 1 1 3 1 4, 1 0 0 0 ,x U U g q g r g s gϕ ϕ= = + + +         (25) 

and setting  

( ) ( ) ( )( )1 1 3 4
0

,m m m
m

W a g m b g m c g m
≥

= − + − + −∑           (26) 

the stationary zero curvature [ ]1 1 1,xW U W=  admits the recurrence relations  

1 1

1 1 1

1 1 1

,
4 4 ,

4 4 .

mx m m

mx m m m

mx m m m

a r c s b
b b q b r a
c c q c s a

+

+

= −
 = + −
 = − − +

                  (27) 

Note that ( ) ( ) ( ) ( ) ( )( )1 1 1 3 4
0

n
n n

m m m
m

V W a g n m b g n m c g n mλ+ +
=

= = − + − + −∑ , 

and taking ( ) ( ) ( )1 1 1 1 1 1, 0n n
n n nV W a gλ ++

= + ∆ ∆ = , the zero curvature equation 

( ) ( )
1 1 1 1,n n
t xU V U V = −    leads to the integrable hierarchy  

1 1 1 1 1

1 1 1 1 1 1 1 1 1

1 1 1

2 4
2 4 ,

4 4

n n n n

t n n n n

n x n nt

r c s a c c
u s b r a J b J L b

q a a a

+ + +

+ + +

+ +

− +      
      = = − + = =      

       
       

        (28) 

where 

1 1 1

1 1 1 1 1
1 1 1 1 1

1 1 1 1 1 1 1 1
1 1

0 1 2 0
1 0 , 0 2 .

4 16 4 16 8
2

r q s
J s L q r

r r q s s q r sr s
− − − − −

 
   − −∂ −
   = − = ∂ −    ∂ − ∂ ∂ + ∂ − ∂ ∂ + ∂ ∂   − 
   

(29) 
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2.3. Bi-Hamiltonian Structures of (23) and (28)  

In this section, the bi-Hamiltonian structures of soliton hierarchies (23) and (28) 
are established. Firstly, the bi-Hamiltonian structure of (23) is obtained by ap-
plying the trace identity. 

Letting  

0 0 0
2 , , , ,n n n

n n n
n n n

a b c a
V b c a b c a a b b c c

a b c a
λ λ λ

≥ ≥ ≥

+ − 
 = − − − + = = = 
 − − − 

∑ ∑ ∑     (30) 

the bilinear forms , 4V U aλ = , , 4rV U b= , , 4sV U c= − , , 8qV U a=  
can be obtained by the calculation of ( ), trA B AB=  (A and B are square ma-
trices). Substituting these results into the trace identity  
( ) ( )( ), ,

ii uu V U V Uγ γ
λ λ λ λ−∂ ∂ = ∂ ∂  results in  

( ) ( )T4 4 , 4 ,8 .a b c a
u

γ γδ
λ λ

δ λ
− ∂

= −
∂

                (31) 

Comparing of the coefficients of 1nλ− −  these both sides of the above equa-
tions, one has  

( ) ( )T
1 , , 2 .n n n na b c a

u
γ γδ

λ λ
δ λ

−
+

∂
= −

∂
               (32) 

To fix the γ , taking 1n =  into (32) results in 0γ = . Therefore, the 
bi-Hamiltonian structure of (23) can be obtained below:  

( )T 1 2
1, , where, .

1
n n n

t nt

H H au r s q J JL H
u u n

δ δ
δ δ

+ +
+= = = =

+
        (33) 

It is easy to prove *JL L J= . Therefore, the hierarchy (33) is integrable in the 
Liouville sense. 

Next, the bi-Hamiltonian structure of (28) is derived by using the trace iden-
tity. Letting  

1
0 0 0

2 , , , ,n n n
n n n

n n n

a b a
V c a c a a b b c c

a b a
λ λ λ

≥ ≥ ≥

− 
 = − − = = = 
 − − 

∑ ∑ ∑        (34) 

the bilinear forms 1 1, 2V U aλ = , 1 1, 2rV U c= , 1 1, 2sV U b= , 1 1, 8qV U a=  

are computed, and ( ) ( )T2 2 ,2 ,8a c b a
u

γ γδ
λ λ

δ λ
− ∂

=
∂

 can be obtained similarly.  

Comparing the coefficients of 1nλ− −  in the both side of the above equation 
yields  

( ) ( )T
1 , , 4 .n n n na c b a

u
γ γδ

λ λ
δ λ

−
+

∂
=

∂
              (35) 

To fix the γ , substituting 1n =  into (35) results in 0γ = . Therefore, the 
bi-Hamiltonian structure of (28) can be established as follows:  

( )T 1 2
1 1 1 1 1 1 1, , , where, .

1
n n n

t nt

H H au r s q J J L H
u u n

δ δ
δ δ

+ +
+= = = =

+
     (36) 
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It is easy to prove *
1 1 1 1J L L J= . Therefore, the hierarchy (36) is integrable in 

the Liouville sense.  

3. Nonlinear Integrable Couplings of Soliton Hierarchies  

3.1. Extension of Lie Algebras  

Letting { }6

1
span i i

H h
=

= , it is an extension of the Lie algebra H, where  

31 2 4
1 2 3 4

31 2 4

31 2 4
5 6 7 8

31 2 4

 0 0  0  0
, , , ,

0  0  0  0  

 0   0   0   0  
, , , .

 0   0   0   0  

hh h h
h h h h

hh h h

hh h h
h h h h

hh h h

      
= = = =      
      

      
= = = =      
      

     (37) 

Taking { }1 1 2 3 4span , , ,H h h h h= , { }2 5 6 7 8span , , ,H h h h h=  yields  

1 2 1 2 1 2 2, , , ,H H H H H H H H H = ⊕ ≅ ≅ ⊆             (38) 

which is a critical factor for generating nonlinear integrable couplings of integr-
able hierarchies. In order to seek a nonlinear integrable coupling of (23), a loop 
algebra of the Lie algebra H  reads  

( ) ( ){ }span | , , , 1, 2,3, 4,5,6,7,8n
i i i iH h n h n h n h H iλ= = ∈ ∈ =   

Similarly, letting { }6

1
span i i

G g
=

= , where  

31 2 4
1 2 3 4

31 2 4

31 2 4
5 6 7 8

31 2 4

 0 0  0  0
, , , ,

0  0  0  0  

 0   0   0   0  
, , , .

 0   0   0   0  

gg g g
g g g g

gg g g

gg g g
g g g g

gg g g

      
= = = =      
      

      
= = = =      
      

   (39) 

Taking { }1 1 2 3 4span , , ,G g g g g= , { }2 5 6 7 8span , , ,G g g g g=  results in  

1 2 1 2 1 2 2, , , .G G G G G G G G G = ⊕ ≅ ≅ ⊆               (40) 

And ( ) ( ){ }span | , , , 1, 2,3, 4,5,6,7,8n
i i iG g n g n g n g G iλ= = ∈ ∈ =   is the 

corresponding loop algebra of G , which is enslaved to derive a integrable 
coupling of (28).  

3.2. Nonlinear Continuous Integrable Couplings  

3.2.1. Nonlinear Integrable Coupling of the Generalized NLS-MKdV  
Hierarchy  

An enlarged spectral matrix associated with the loop algebra H  is introduced 
as follows:  

, , 2 ,
0

c
x c

c

p u v p
U U

U U U u v p u v
U U

p u v p
ϕ ϕ

+ − 
   = = = − − − +   +   − − − 

      (41) 

i.e. ( ) ( ) ( ) ( ) ( ) ( ) ( )2 1 3 4 5 7 81 0 0 0 0 0 0U h qh rh sh ph uh vh= + + + + + + , where U is 
defined by (16). Assume that  
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( ) ( ) ( ) ( ) ( ) ( )( )1 3 4 5 7 8
0

,m m m m m m
m

W a h m b h m c h m d h m e h m f h m
≥

= − + − + − + − + − + −∑  

the stationary zero curvation ,xW U W =    admits the recurrence relations  

( ) ( )
( ) ( )
( ) ( )

1

1

1

1

2 2 ,
2 4 4 ,
2 4 4 ,

2 2 2 2 ,
2 4 4 4 4 ,
2 4 4 4 4 .

mx m m

mx m m m

mx m m m

mx m m m m

mx m m m m m

mx m m m m m

a rc sb
b c qc sa
c b qb ra
d r u f vb uc s v e
e f s v d p q f pc va
f r u d p q e pb ua

+

+

+

+

= − +
 = + −
 = + −
 = − + + − + +
 = − + + + + −


= − + + + + −

        (42) 

Choosing the initial values as 0 0a constα= = ≠ , 0 0d constβ= = ≠ , 

0 0 0 0 0b c e f= = = = , and presuming 
0 0 0 0 0m m m m mu u u u ua b c d e

= = = = =
= = = = =  

0
0,m uf

=
=  (42) uniquely yields all differential polynomial functions 

, , , ,m m m m ma b c d e  and , 0mf m ≥ . The first few sets are  

( )
( ) ( )

( ) ( )
( ) ( )

( ) ( )
( ) ( )

2 2
1 1 1 2 2 2

2 2 2
3

2 2 2
3

2 2
3

1 1 1

2

2 , 2 , 0; 4 , 4 , ;

1 2 2 8 2 ,
2
1 2 2 8 2 ,
2

4 ;

0, 2 2 , 2 2 ;
4 4

x x

xx xx

xx xx

x x

x x

b r c s a b s qr c r qs a s r

b r qs qs q r r s r

c s qr qr q s s s r

a sr rs q s r

d e u r u f v s v
e v s v u p q

α α α α α α α

α α α α α

α α α α α

α α

α β α β
α β α

= = = = − = − = −

= − − + + −

= − − + + −

= − − −

= = + + = + +
= + + − + − ( )( )

( ) ( ) ( )( )
( ) ( ) ( ) ( )

( ) ( )

( ) ( )( ) ( )( ) ( )

( )( ) ( ) ( ) ( )

2
2 22 2

2

2 2 2
3

2 2 2

2 2
3

4 ,
4 4 4 ,

2 ;

1 18 2 4 2
2 2

2 2

2 4 ,

1 8 2
2

x x

xx x x xx

xx

xx

r u p q pr
f u r u v p q s v p q ps

d sv ru v u s v r u

e u rq r s r s q sq r u

s v p q s v p q

r u p q r u s v

f v sq s s

β α
α β α β α

α α β β

α β

α β α β

α β

α

+ + −
= + + − + − + + −

= − + − + + − +

 = − − − + + + +  
− + + + − + + +  

 + + + + − + + + 

= − − −( ) ( )

( ) ( )( ) ( )( ) ( )

( )( ) ( ) ( ) ( )
( ) ( ) ( ) ( )( )
( )( ) ( ) ( )( ) ( ) ( )

2

2 2 2

3
2 2 2 2

14 2
2

2 2

2 4 ,

    4 4 4 .

x x xx

xx

x x x x x x x x

r r q rq s v

r u p q r u p q

s v p q s v r u

d su s u vu v u vr v r r u s v r u s v

r u p q s v p q q s r

β

α β α β

α β

α β β

α β α β α

























  + + + +   
 − + + + − + + +  
  + + + + + + − +  


= − + − + − + + + − + +

+ + + + − + + + + −



  

(43) 

Note that  

( ) ( ) ( ) ( ) ( )(
( ) ( ) ( ))

1 3 4
0

5 7 8 .

n
n n

m m m
m

m m m

V W a h n m b h n m c h n m

d h n m e h n m f h n m

λ+ +
=

= = − + − + −

+ − + − + −

∑
     (44) 
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A direct calculation reads  
( ) ( ) ( ) ( ) ( ) ( )1 3 1 4 1 7 1 8, 2 0 2 0 2 0 2 0 .n n
x n n n nV U V c h b h e h b h+ + + + + +

 − + = + + +   

Taking ( ) ( ) ( ) ( )1 1 1 5, 0 0n n
n n n nV V a h d h+ + += + ∆ ∆ = + , the zero curvature equa-

tion 
( ) ( ), ,n n

t xU V U V = −                        (45) 

leads to the following integrable hierarchy  

1 1

1 1

1

1 1 1 1

1 1 1 1

1

2 4
2 4

.
2 4 4 4
2 4 4 4

n n

n n

n x
t

n n n n

n n n n

n xt

c sar
b ras

aq
u

f ra sd vdu
e ua rd udv

dp

+ +

+ +

+

+ + + +

+ + + +

+

− +  
   − +  
  

= =   
− + + +  
   − + + +
        

            (46) 

If 0u v p= = = , the system (46) is reduced to (23). According to the concept 
of nonlinear integrable couplings [26] [27] [28], (46) is a nonlinear integrable 
coupling of (23). 

3.2.2. Nonlinear Integrable Coupling of the Hierarchy (28) 
An enlarged spectral matrix associated with the loop algebra g  is given below:  

1 1 1
1 1

1 1 1 1 1 1
1 1

1 1 1

, , 2 ,
0

a
x a

a

p u p
U U

U U U v p v
U U

p u p
ϕ ϕ

− 
   = = = − −   +   − − 

        (47) 

that is,  

( ) ( ) ( ) ( ) ( ) ( ) ( )1 2 1 1 1 3 1 4 1 5 1 7 1 81 0 0 0 0 0 0U g q g r g s g p g u g v g= + + + + + +  

where 1U  is defined by (25). Assume that  

( ) ( ) ( )(

( ) ( ) ( ))
1 1 3 4

0

5 7 8 ,

m m m
m

m m m

W a g m b g m c g m

d g m e g m f g m
≥

= − + − + −

+ − + − + −

∑
 

the stationary zero curvature equation 1 1 1,xW U W =    admits the recurrence 
relations  

( ) ( )
( ) ( )
( ) ( )

1 1

1 1 1

1 1 1

1 1 1 1 1 1

1 1 1 1 1 1 1

1 1 1 1 1 1 1

,
4 4 ,

4 4 ,
,

4 4 4 4 ,
4 4 4 4 .

mx m m

mx m m m

mx m m m

mx m m m m

mx m m m m m

mx m m m m m

a r c s b
b b q b r a
c c q c s a
d r u f v b u c s v e
e e r u d p q e p b u a
f f s v d p q f p c v a

+

+

+

+

= −
 = + −
 = − − +
 = + − + − +
 = − + + + + −


= − − + − + − +

     (48) 

Choosing the initial data as 0 0a constα= = ≠ , 0 0d constβ= = ≠ , 0 0b c= =  

0 0 0e f= = , and presuming 
1 1 1 1 1 10 0 0 0 0 0

0m m m m m mu u u u u ua b c d e f
= = = = = =
= = = = = = , 

the above-mentioned recursion relation uniquely engenders all differential po-
lynomial functions , , , ,m m m m ma b c d e  and , 0mf m ≥ . The first few sets are listed 
as follows:  
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( )
( )

( )

1 1 1 1 1 2 1 1 1 2 1 1

2 2
2 1 1 1 3 1 1 1 1 1 1 1 1 1

2 2
3 1 1 1 1 1 1 1 1 1

3 1 1 1 1 1 1 1 1

1 1 1

4 , 4 , 0; 4 16 , 4 ,

4 16 ; 4 16 16 64 16 ,

4 4 4 16 4 ,

32 ; 0,

4 4

x

x xx xx

xx xx

x x

b r c s a c s q s a s r

b r q r b r q r q r q r r s

c s q s q s q s r s

a r s s r q s r d

e u r

α α α α α

α α α α α α α

α

α α

α β

= = = = − − = −

= − = − − + −

 = + + + − 
= − − =

= + +( ) ( )
( ) ( ) ( )( )
( ) ( ) ( )( )

( ) ( )( )

( )

1 1 1 1 1

2 1 1 1 1 1 1 1 1 1 1 1 1

2 1 1 1 1 1 1 1 1 1 1 1 1

2 1 1 1 1 1 1 1 1 1 1

2 2
3 1 1 1 1 1 1 1 1 1

, 4 4 ;

4 4 4 4 4 ,

4 4 4 4 4 ,

4 4 ;

4 4 8 4 16

3

x x

x x

xx x x

u f v s v

e u u p q p r r u r u p q

f v v p q p s s v s v p q

d u v u s v r r u s v

e u q r q r r s p r

α β

α β

α β

α β

α

= + +

 = − + − + + − + +    
 = − + + + − + + + +    

= − + + − + +

= − + + −

− ( ) ( )( ) ( )

( )( ) ( ) ( )( ) ( )

( )
( ) ( )( ) ( )

( )( ) ( ) ( )( ) ( )

( ) ( )

1 1 1 1 1 1

2
1 1 1 1 1 1 1 1 1 1

2 2
3 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1

2
1 1 1 1 1 1 1 1 1 1

3 1 1 1

2 4

    16 4 ,

4 4 8 4 16

32 4

16 4 ,

4

xxx

x

xx x x

xxx

x

u r p q r u

r u p q r u s v p q

f v q s q s s r q s

s v p q s v

s v p q s v r u p q

d r u s v

α β β

α β

α

α β β

α β

α β

+ + + + +  

 + + + + − + + + + 

= − − + −

+ + + + + +  

 − + + + − + + + + 

= + + +( ) ( ) ( ) ( )
( )( )( )( )

1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1

4

    32 32 .
x xx xr u s v r s r s

q r s p q r u s v

α

α α β






























  − + + − − 
 + + + + + +

 

(49) 

Note that  

( ) ( ) ( ) ( ) ( )(

( ) ( ) ( ))
1 1 1 3 4

0

5 7 8 .

n
n n

m m m
m

m m m

V W a g n m b g n m c g n m

d g n m e g n m f g n m

λ+ +
=

= = − + − + −

+ − + − + −

∑
    (50) 

A direct calculation reads  
( ) ( ) ( ) ( ) ( ) ( )1 1 1 1 3 1 4 1 7 1 8, 0 0 0 0 .n n

x n n n nV U V b g c g e g f g+ + + + + +
 − + = − + − +   

Taking ( ) ( ) ( ) ( )1 1 1 1 1 1 1 5, 0 0n n
n n n nV V a g d g+ + += + ∆ ∆ = + , the zero curvature equa-

tion  
( ) ( )

1 1 1 1, ,n n
t xU V U V = −                         (51) 

leads to the following integrable hierarchy  

1 1 11

1 1 11

1,1
1

1 1 1 1 1 1 11

1 1 1 1 1 1 11

1,1

4
4

.
4 4 4
4 4 4

n n

n n

n x
t

n n n n

n n n n

n xt

b r ar
c s as

aq
u

e u a r d u du
f v a s d v dv

dp

+ +

+ +

+

+ + + +

+ + + +

+

− +  
   +  
  

= =   
− + + +  
   − − −
        

          (52) 

If 1 1 1 0u v p= = = , (52) is reduced to (28), and (52) is a nonlinear integrable 
coupling of (28). 
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3.3. Bi-Hamiltonian Structures of Nonlinear Integrable Couplings 

3.3.1. Bilinear Forms  
In this section, the bi-Hamiltonian structures of the nonlinear integrable coupl-
ings of the generalized NLS-MKdV hierarchy (23) and the new integrable hie-
rarchy (28) can be established. In order to achieve this target, two 
non-degenerate, symmetric and ad-invariant bilinear forms on two Lie algebras 
H  and G  are introduced. First of all, an isomorphic mapping σ  between 
the Lie algebra H  and a vector space R8 is established that  

( )
8

8
1 2 8

1
: , , , , , ,i i

i
H R A a a a A a hσ

=

→ =∑              (53) 

which imports a Lie algebraic system on R8. The corresponding commutator 
[ ]. ,.  on R8 is given by  

[ ] [ ] ( )8
T T

1 1 11
, , ,R Ha b A B a R bσ= =                   (54) 

where 8,a b R∈ , 1 1,A B H∈ ,  

( )

4 3 8 7

4 3 8 7

4 1 2 8 5 6

3 1 2 7 5 6
1

4 8 3 7

4 8 3 7

4 8 78

3 7 87

0 0 4 4 0 0 4 4

0 0 2 2 0 0 2 2

2 0 0 4 2 2 0 0 4 2

2 0 4 2 0 2 0 4 2 0

0 0 0 0 0 0 4 4 4 4

0 0 0 0 0 0 2 2 2 2

0 0 0 0 2 2 0 0

0 0 0 0 2 2 0 0

b b b b

b b b b

b b b b b b

b b b b b b
R b

b b b b

b b b b

b b b

b b b

 
 
 
 − − − − − − 
 − − − −
 =
 + +
 

+ + 
 

− − 
 + 

 (55) 

is a square matrix and 78 1 2 5 64 2 4 2b b b b b= − − − − , 87 1 2 5 64 2 4 2b b b b b= − − − − . 
The bilinear form T

1,a b a F b=  on R8 is determined. Simultaneously, T
1 1F F=  

and  

( )( ) ( )T 8
1 1 1 1, for all R b F R b F b R= − ∈                 (56) 

are ascertained in accordance with the symmetric property , ,a b b a= , and 
the ad-invariance property [ ] [ ], , , ,a b c a b c= , where 1F  is an 8 8×  con-
stant matrix. Solving the matrix Equation (56) yields  

1 1 2 2

1 2

1 2

1 2
1

2 2 2 2

2 2

2 2

2 2

2  0 0 2  0 0
0 0 0 0 0 0

0 0 0 0 0 0
0 0 0 0 0 0

,
2  0 0 2  0 0

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

F

η η η η
η η

η η
η η

η η η η
η η

η η
η η

 
 
 
 
 

− − =  
 
 
 
  − − 

           (57) 

where 1η  and 2η  are arbitrary constants, and ( )1 2 2 0η η η− ≠ . Thus, a bili-
near form is defined on the Lie algebra H  by  
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( ) ( )
( ) (

( )
( ) ( ) ( ) )

8
1 1 T

1 1 1 1 1

1 1 2 1 1 2 3 3 4 4 2 5 1

6 1 5 2 7 3 8 4 1 2 5 6 5

1 5 6 3 7 7 4 8 8

, ,

2 2

2 2

.

H R
A B A B a F b

a a b a b a b a b a b

a b a b a b a b a a a a b

a a b a a b a a b

σ σ

η η

− −= =

= + + + − +  
+ + + − + + + +

+ + + + − +

    (58) 

Similarly, an isomorphic mapping ρ  is established between the Lie algebra 
G  and a vector space R8:  

( )
8

8
1 2 8

1
: , , , , , .i i

i
G R A a a a A a gρ

=

→ =∑            (59) 

The corresponding commutator [ ]. ,.  on R8 is given by  

[ ] [ ] ( )8
T T

2 2 22
, , ,Ra b A B a R bρ= =               (60) 

where 8,a b R∈ , 2 2,A B G∈  and ( )2R b  is a square matrix  

( )

3 4 7 8

3 4 7 8

4 1 2 8 5 6

3 1 2 7 5 6
2

3 7 4 8

3 7 4 8

4 8 77

3 7 88

0 0 4 4 0 0 4 4
0 0 0 0

0 4 0 0 4 0
0 0 4 0 0 4

,
0 0 0 0 0 0 4 4 4 4
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

b b b b
b b b b

b b b b b b
b b b b b b

R b
b b b b
b b b b

b b b
b b b

− − 
 − − 
 − − − −
 
− + − + =  + − −
 

+ − − 
 + 
 − − 

(61) 

and 77 1 2 5 6 88 1 2 5 64 4 , 4 4b b b b b b b b b b= − − − − = + + + . According to T
2 2F F= , 

solving the matrix equation ( )( ) ( )T
2 2 2 2R b F R b F= −  results in  

1 1 2 2

1 2

1 2

1 2
2

2 2 2 2

2 2

2 2

2 2

2 0 0 2 0 0
0 0 0 0 0 0

0 0 0 0 0 0
0 0 0 0 0 0

,
2 0 0 2 0 0

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

F

ζ ζ ζ ζ
ζ ζ

ζ ζ
ζ ζ

ζ ζ ζ ζ
ζ ζ

ζ ζ
ζ ζ

 
 
 
 
 
 =  
 
 
 
  
 

         (62) 

where 1ζ  and 2ζ  are arbitrary constants, and ( )1 2 2 0ζ ζ ζ− ≠ . Therefore, a 
bilinear form  

( ) ( )
( ) (

( )
( ) ( ) ( ) )

8
1 1 T

2 2 2 2 2

1 1 2 1 1 2 4 3 3 4 2 5 1

6 1 5 2 8 3 7 4 1 2 5 6 5

1 5 6 4 8 7 3 7 8

, ,

4 4

4 4

G R
A B A B a F b

a a b a b a b a b a b

a b a b a b a b a a a a b

a a b a a b a a b

ρ ρ

ζ ζ

− −= =

= + + + + +  
+ + + + + + + +

+ + + + + +

    (63) 

is defined on the Lie algebra G , where 
8 8

2 2
1 1

, , ,i i i i
i i

A a g B b g a b G
= =

= = ∈∑ ∑ .  

Obviously, the bilinear forms (58) and (63) are non-degenerate, symmetric and 
ad-invariant associated with the Lie product.  
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3.3.2. Bi-Hamiltonian Structures of the Integrable Hierarchies (46) and  
(52)  

Let  

0 0 0
, , , ,

0
a n n n

n n n
n n na

V V
V d d e e f f

V V
λ λ λ

≥ ≥ ≥

 
= = = = + 

∑ ∑ ∑         (64) 

where 2a

d e f d
V e f d e f

d e f d

+ − 
 = − − − + 
 − − − 

, V is defined by (30). The bilinear forms  

can be calculated according to (58), as follows:  

( )
( ) ( )

1 2 1 2 1 2

1 2 2

2 2

, , , , , ,
, 2 2 , , ,
, , , 2 ,

r s

q u

v p

V U a d V U b e V U c f
V U a d V U b e
V U c f V U a d

λ η η η η η η

η η η

η η

= + = + = − −

= + = +

= − + = +

    (65) 

where U  is defined by (41). Substituting (65) into the Variational identity [27], 
and comparing the coefficients of 1nλ− −  yields  

( ) ( )

( )

( )
( )
( )

1 2

1 2

1 2
1 1 2 1

2

2

2

2 2
d .

2

n n

n n

n n
n n

n n

n n

n n

b e
c f

a d
a d x n b eu

c f
a d

η η
η η
η ηδ η η γ ηδ
η
η

+ +

+ 
 − + 

+ + = − +  +
 − + 
 + 

∫          (66) 

It is easy to see 0γ = . The adjoint symmetrical function of system (46) reads  

( )

( )
( )
( )

1 2

1 2

1 2 1 1 2 1

2

2

2

2 2
, where d .

2

n n

n n

n n n n n
n

n n

n n

n n

b e
c f

a d H a d
H xb e u u n

c f
a d

η η
η η
η η δ η ηδ
η δ δ
η
η

+ +

+ 
 − + 

+ − −  ≡ = +
 − + 
 + 

∫      (67) 

Therefore, the bi-Hamiltonian structure of the nonlinear integrable coupling 
of the hierarchy (23) can be established as follows:  

( )T 1, , , , , ,n n
t t

H Hu r s q u v p J JL
u u

δ δ
δ δ

+= = =             (68) 

where  

1 2

1 , ,
0

c

c c

J J L L
J L

J J L Lη η
−   

= =   − +−    
             (69) 

1 1 1 2

2 2 2

1 1 1 2

2 2 2

1 2 1 1 2 1 1

2 2 2 2 2

1

31 32 33

2
0 2 2

2
0 2 2 ,

2 2 2 2

2 0
0 2 2 ,

c

c

s v

J r u

s v r u

p u
L p v

l l l

η η η η
η η η

η η η η
η η η

η η η η η η η
η η η η η

 −
+ 

 
− = − + 

 
− − − + − + ∂ 

 
 −
 = −  
 

 (70) 
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1 1 1 1

31 2 8 8 18l u vq sp vp− − − −= − ∂ ∂ − ∂ − ∂ − ∂ , 
1 1 1 1

32 2 8 8 8l v uq rp up− − − −= − ∂ ∂ − ∂ − ∂ − ∂ , 1 1
33 4 4l vr sr− −= ∂ − ∂  

J and L are defined in (23) and (24), respectively, and J  is a Hamiltonian op-
erator. 

Similarly, let  

1 1
1

0 0 01 1

, , , ,
0

a n n n
n n n

n n na

V V
V d d e e f f

V V
λ λ λ

≥ ≥ ≥

 
= = = = + 

∑ ∑ ∑       (71) 

where 1 2a

d e d
V f d f

d e d

− 
 = − − 
 − − 

, 1V  is defined by (34). Then, the bilinear forms 

are computed according to (63), as follows:  

( )

( ) ( )

1 1 1 2 1 1 2 1 1 1 2

1 1 1 2 1 1 2

1 1 2 1 1 2

, , , , , ,

, 4 4 , , ,

, , , 4 ,

r s

q u

v p

V U a d V U c c V U b e

V U a d V U c f

V U b e V U a d

λ ζ ζ ζ ζ ζ ζ

ζ ζ ζ

ζ ζ

= + = + = +

= + = +

= − + = +

    (72) 

where 1U  is defined by (47). Substituting (72) into the Variational identity, and 
comparing the coefficients of 1nλ− −  yields  

( ) ( )
( )
( )
( )

1 2

1 2

1 2
1 1 2 1

2

2

2

4 4
d .

4

n n

n n

n n
n n

n n

n n

n n

c f

b e

a d
a d x n

u c f

b e

a d

ζ ζ

ζ ζ

ζ ζδ ζ ζ γ
δ ζ

ζ

ζ

+ +

+ 
 

+ 
 

+ 
+ = − +  

+ 
 + 
 + 

∫         (73) 

It is easy to see 0γ = , the adjoint symmetrical function of the integrable sys-
tem (53) has  

( )
( )
( )

1 2

1 2

1 2 1 1 2 1

2

2

2

4 4
, where d .

4

n n

n n

n n n n n
n

n n

n n

n n

c f

b e

a d H a d
H x

u u nc f

b e

a d

ζ ζ

ζ ζ

ζ ζ δ ζ ζδ
δ δζ

ζ

ζ

+ +

+ 
 

+ 
 

+  − −
≡ = 

+ 
 + 
 + 

∫     (74) 

Therefore, the bi-Hamiltonian structure of the hierarchy (58) is obtained  

( )T 1
1 1 1 1 1 1 1 1 1 1, , , , , ,n n
t t

H Hu r s q u v p J J L
u u

δ δ
δ δ

+= = =           (75) 

where  

1 1 1 1
1 1

1 1 1 11 2

1 , ,
0

c

c c

J J L L
J L

J J L Lζ ζ
−   

= =   − +−    
            (76) 
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1 1 1 2

2 2 2

1 1 2 1
1

2 2 2

1 2 1 1 1 2 1

2 2 2 2 2

1

31 32

0

0 ,

2

4 0
0 4 ,

0

c

c

r u

J s v

r u s v

p v
L p u

L L

ζ ζ ζ ζ
ζ ζ ζ

ζ ζ ζ ζ
ζ ζ ζ

ζ ζ ζ ζ ζ ζ ζ
ζ ζ ζ ζ ζ

 −
− + 

 
 −

= − + 
 
 − − ∂ − + + 
 
− 
 = − 
 
 

    (77) 

1 1 1 1
31 4 16 16 16L u uq rp up− − − −= − ∂ ∂ − ∂ − ∂ − ∂ ,  

1 1 1 1
32 4 16 16 16 .L v vq sp vp− − − −= − ∂ ∂ + ∂ + ∂ + ∂  

1J  and 1L  are defined in the former system (29), and 1J  is a Hamiltonian 
operator.  

4. Conclusion 

The generalized NLS-MKdV hierarchy and its bi-Hamiltonian structure, re-
duced to the NLS-MKdV hierarchy [25], are derived from a new Lax pair. Based 
on the loop algebra of a new Lie algebra G, a spectral matrix is devised, and an 
integrable hierarchy and its bi-Hamiltonian structure are established; this is a 
new integrable system and not found in the related literature. Making use of ex-
tension forms of two Lie algebras, two nonlinear integrable couplings are 
achieved, and their Hamiltonian structures are constructed by using the Varia-
tional identity. Darboux transformations of the two integrable hierarchies can be 
embarked and constructed for exact solutions in the future. 
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