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Abstract

Valuated binary tree is emerging its magical characteristics in study of integ-
ers. As the father tree of all valuated binary subtrees, 7; tree plays a very im-
portant role in studying the odd integers for its owning both the common
properties of a general valuated binary tree and its own traits of covering all
the odd integers bigger than 1. The article investigates the properties of the 7,
tree as well as the multiplications on the tree. It exhibits the distribution of a
node's multiples, the distribution of the product of two nodes and the distri-
bution of the square of a node. Some other contents such as fundamental
properties of the 7 tree and path connecting a product to its divisor-nodes
are also investigated with detail mathematical proofs. The theorems and co-
rollaries proved in the article lay a foundation for future work.
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1. Introduction

Number theory is an ancient subject in mathematics and it has attracted people’s
interests because it has continuously left kinds of amazing problems for human
being. Classical approach of studying number theory can be seen to put integers
on a line called number axis. It is of course a thinking in one dimensional space.
In 2016, article [1] proposed a new approach to study integers by putting odd
integers bigger than 1 on a full binary tree from top to bottom and from left to
right and called the new approach a valuated binary tree approach. The ap-
proach is of course a two-dimensional thinking. Following the article’s study, ar-
ticles [2] and [3] further investigated and proved some properties of the valuated
binary tree and its subtrees, article [4] revealed the genetic properties of odd in-

tegers and obtained a new approach to factorize odd integers with the help of the
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valuated binary tree, and article [5] developed a parallel method to factorize odd
integers by applying the new factoring approach on parallel computing systems.
Undoubtedly, the approach of the valuated binary tree is emerging its characte-
ristic in study of integers.

The T, tree, namely, the 3-rooted valuated binary tree, is the father tree of all
subtrees. Owning both the common properties of a general valuated binary tree
and its own traits of covering all the odd integers bigger than 1, it obviously
plays a very important role in understanding the integers. This article introduces
fundamental properties of the 7 tree as well as multiplication related properties
of the tree so as for people to know more about the valuated binary in study of

integers.

2. Preliminaries

2.1. Definitions and Notations

A valuated binary tree T is such a binary tree that each of its nodes is assign a
value. An odd-number N-rooted tree, denoted by 7} is a recursively constructed
valuated binary tree whose root is the odd number Nwith 2N -1 and 2N +1
being the root’s left and right sons, respectively. The left son is said to have a left
attributive and the right son is to have a right attributive. Each son is connected
with its father with a path, but there is no path between the two sons. 7; tree, or
briefly called 7;, is the case N =3. The root of the 7; is assigned a right
attributive. For convenience, symbol N, , is by default the node at the Jh
position on the k" level of 73, where k>0 and 0< j<2"—1;symbol TN(M

)

denotes a subtree whose rootis N, , and symbol N('l.v(a‘;)” denotes the node at

the w” position on the i? level of T . Level m is said to be higher than

(&
level n if m<n and it is said to be lower than level n if m>n. Symbol
P (A,B ) is the path from node A4 to node Band the length of a path is calculated
by the number of total nodes on the path subtracting by 1. Symbol N, ) is
(m a)<<

the node where N, ., slides down y levels along the leftmost path of subtree

T, N and symbol N(N is that Ny slides down y levels along the

) (na)>%)
rightmost path of subtree T, Noma)

An odd interval [a,b] is a set of consecutive odd numbers that take a as
lower bound and b as upper bound, for example, [3,1 1] = {3,5,7,9,1 1}. Intervals
in this whole article are by default the odd ones unless particularly mentioned.
Symbol | x| is the floor function, an integer function of real number y that

satisfies inequality x—1<|x |<x, or equivalently |x|<x<|x|+1.

2.2. Lemmas

Lemma 1 (Subtree Transition Law, See in [2]) Let T, Nons) and T, Vi) (m=>k)
be two subtrees of T then it holds
Nims) _ ~i _ Nik.j)
N =2 (N = Ny )+ Nt
i=1,2,-;0=0,1---2"-1
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Lemma 2 (See in [4]) Let N(o.o) be an odd integer bigger than 1 and T, Nog)

be the N, -rooted valuated binary tree; then the following statements hold
1) There are 2 nodesonthe k" level with £=0,1,2,---;
2) Node N(]Z“;;” is computed by
Ny =2 Ny
k=0,1,2,---;j=0,1,---,2F =1

—2"4+2j+1

(i)

0) Noo)  _ Ai+l
) TN T2 Voo

o . Y .
3) Two position-symmetric nodes, N, /Y((O"’) and N((zﬂfii X satisfy

N(].v ©

4) Level i (i20)of subtree T oo
Ao

o (k>0) is the level (k+i) of TN(oo
K

) 0)

No,0)
: N O ,
and it contains 2' nodes. Node N(,.(:);f) of TN(OO) (0<w<2'-1) is
: Vo
(k.4)
; No,0) T
corresponding to node N(k+i,2ij+w) of Nog) by
NI en oo _pi 4541
e I )

j=01,---,2-1;i=0,1,--;0=0,1,---,2" —1

Lemma 3 (See in [1] & [6]) Let p be a positive odd integer; then among p
consecutive positive odd integers there exists one and only one that can be
divisible by p. Let ¢ be a positive odd number and S be a finite set that is
composed of consecutive odd numbers; then S needs at least (n—l)q+1

elements to have n multiples of ¢.

3. Fundamental Properties of T3

Theorem 1. The 7; Tree has the following fundamental properties.

(PO) Every node is an odd integer and every odd integer bigger than 1 must be
a node of the 7; tree. For an arbitrary positive integer k& > 0, the odd integer of
the form 4 & +1 is a left node while the odd integer of the form 4 k +3 is a right
node.

(P1) On the k™ level with k=0,1,---, there are 2* nodes starting by
2""'+1 andendingby 2°? -1, namely, N € [Zk” +1,282 — 1:| with
j=0,1,---,2" —1.

(P2) N(k,j) is calculated by

Nus) =2""41424,j=0,1,---,2" -1

(P3) Nodes N, and N,

(k+l,2j) (k+l,2j+l
the left son and the right son of node N, , on the k™ level. The descendants

of N, | onthe (k+i)" levelare N (0<@<2 —1), which are
k1) (k+1.2 7o)

( k+i,2ij+(o

) on the (k + l)th level are respectively

(k+[,2’j)’ (k+i,2"j+1)’ (k+i,2"j+2)’m’ (k+[,2"j+2"—1)
Particularly,

=21(N

(Nmay<7)
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and

=2*(N

(m.a)

+1)-1
(Momayz) )

(P4) The biggest node on the k" level of the left branch is 2! +2% —1
whose position is j=2"—1, and the smallest node on the k" level of the
right branch is 2°*' + 2% +1 whose positionis j=2"".

(P5) Node N([’w) and node N(_ 4o10) are at the symmetric positions on the
- th ; b
i “level and it holds

+N =2"x3

(i,z" 7140)

Niw)

(P6) Multiplication of arbitrary two nodes of 73, say Ny and N, p)»isa
third node of 7;. That is,

Ny * Niwp :(2’"*' +1+2a)><(2”+1 +1+2,B) €T,

(P7) The binary representation of node N(k!j) takes k+2 bits with the least
significant bit and the most significant bit being 1, that is
N(k,j) =(mn_--nl),
k+2
(P8) Odd integer Nwith N >1 liesonlevel |log, N |-1.
Proof. Omit the proofs for (P0) to (P6). (P7) can be proved by mathematical
induction. Here only prove (P8). By (P1) it yields k+1< logzN(k’j) <k+2, that

18

log, N,y =2<k<log, N, ~1
By definition of the floor function, it knows k& = Llog2 N k,j)J -1.

4. Multiples and Divisors on T3

This section presents relationship between a node and its multiples in 7} tree.

Theorem 2. The following claims are true.

1) On the same level of T7;, there is not a node that is a multiple of another
one.

2) An arbitrary subtree of 7; contains a multiple of 3 on level 2, a multiple of 5
on level 3, a multiple of 7 on level 4 and so on. Or for a given integer n>1 a
subtree of 7; must contain a multiple of 2n—1 onlevel n counted from the
subtree’s root that stands on level 0.

3) For integer k21, a node of 7; on level k& must have at least 2*'
multiples on level 2k+1 of 7} for integer k>0, a node of 7; on level &
must have at least 2°* multiples onlevel 2(k+1) of T,

Proof. The first claim is seen in [1]. Here only prove (2) and (3). The n level
of an arbitrary subtree contains 2" consecutive odd numbers. Since an
arbitrary integer n>1 yields 2" >2n—1, by Lemma 3 it knows that the claim
(2) holds. Note that a node N(k,j) on level k£ of T, satisfies

2"”+1SN(M) <22 _1 and there are respectively 2%**' nodes and 2%**!
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nodes on level 2k+1 and level 2(k+1). Now consider the case k>1. Since
2k — ok (2]”2 —1)-1—21H , it can see that on level 2k +1, there are at least

2k-1" consecutive sections each of which contain 2¢*2

—1 odd integers. By
Lemma 3 it knows that there are at least 2*~' multiples of Ny ;) on level

2k +1. Similarly, when k>0 it holds 2" =2¢(2"* —1)+2", it knows that

the level 2(k +1) contains at least 2¢ multiples of N(k’j) . U
Theorem 3. Among all nodes that lie on level & or a higher level in subtree
T, Vi) with k>0, there is not a node that is a multiple of N(,w.). Or node

Ny of 7; cannot divide its direct descendants that lie on level 2 £ or a higher
level in terms of 7;.
Proof. Use proof by contradiction. Without loss of generality, assume Ny
can divide N(Irv;ij)’) with 0<m<k and 0<s<2" -1, namely,
N(]foéf) =aN,, with a being an odd integer; then by N(]foéf) =aN, and
N =27 N, —2" +25+1

(m.s
it leads to

=2"N

aN (k)

() =2"+2s5+1

namely

2" —a )N, ,=2"-2s-1
(k:7)

which indicates N, , can divide 9=2"-2s—1 or N, ,=9= 2" -2s5-1
in the case 2" —a =1. Since the minimal value of sis 0, it yields
9<2" -1

which shows that, due to 0<m<k, $<2" -1<2"" +1< N.; - This means
that $ is impossible to be divisible by N, and neither holds
N(k‘j) =2" —2s—1. Hence contradiction occurs and the first part of the theorem
holds. The second part surely holds by Lemma 2(4). O

Theorem 3 is called a Jaw of inbreeding avoidance and it can be intuitionally
described with Figure 1, in which the inbred area has no multiple of N, .

Theorem 4. If node N, 7 of T, tree is composite, it must have a divisor that

lies on level L%J or a higher level.

Proof. Use proof by contradiction. Assume p, and p, are two divisors of

k+1 layers

k+1 layer;

Figure 1. Inbreeding avoidance.
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N,

(k) and each of the two lies on level [§J+l or lower levels; then

k k

D2 22+bJ +1 and p, 2 22+bJ +1; thus
2 .
P, 2 (fm + 1] I S

Referring to (P31) in [6], it knows 2 +2[§J >k+1 for an arbitrary integer
k >0; hence
plpz > 22+/f+1 + 1 > 2k+3 +1

which is contradictory to the fact that N, (k) lies on level % .
Corollary 1* Ifa node N, , (k>0) of 7, is a composite number and it has

. k Ny . k
a divisor d on level 5 ; then another factor — must lie on level 5 or

level LEJ —1 orlevel LEJ 2.
2 2

Proof. Considering N and N? , the square of the smallest and

() el

k
the largest nodes on level L— J respectively, and N, x N, 5
2 (HUBN(ED

multiplication of the two smallest nodes on level [gJ and LSJ +1
respectively, it yields
2
k+1 2 t%JH k+3
2 +1<N[HJ: 2 +1| <27 -1
5 ,0

and

Similarly, it holds
2" H+1<N, | XN, <21

()™ 5

These inequalities show that, multiplication of any two small nodes on level
L% J lies on level k& or level k+1 or even level k+2 and even the two
smallest nodes one level {%J and L§J+l respectively cannot have a

multiplication that lies on level & since the multiplication lies on level k+1
orlevel k+2.
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Corollary 1. Anode N, , of Tyonlevel k isnot divisible by every node on

level {%J and higher levels is a prime number. Furthermore, N, , of 7 on

level k is not divisible by each prime-node on level L%J or higher levels is a

prime number.

5. Multiplications on T3 Tree

This section presents basic law of multiplication of two nodes and properties of
the square of a node in 7; tree. Path connecting a multiple to its divisors are also

investigated in this section.

5.1. Basic Law of Multiplication

Theorem 5. Multiplication of two left nodes or two right nodes results in a left
node; multiplying a left node with a right node results in a right node.

Proof (Omitted) g

Theorem 6. Suppose m>0 and 7n>0; then product Ny * N )
(a=0,1---2"-1; B=0,1,---,2"—1) lies on level m+n+2=2 in the case
m=n=0; otherwise, it may lie from the position J,=2"+2" on level
m+n+1 to the position J,, =2""**-2""-2""" on level m+n+2, totally
g2 _gml _pmtl_gm 2" possible positions.

Proof.

Niway* N p) = (2"”1 +1+ 205)><(2”+1 +1+ 2/3)

=22 1 (1428)+ 2" (14 2a) + 4o+ 2a + 28 +1
= g2 +1+2(2"’ (1+28)+2" (1+2a)+2af +a +,B)

Let J=2'”(1+2ﬁ)+2"(1+2a)+2aﬂ+a+/5’;then
__ Am+n+2
N wp) =2 +1+2J

(m.ex)

><N(

m+n+1 _
Hence when 0<J<2 -1, N(mqa)xN(n’ﬂ)—N(

m+n+1 of 7, and when J>2"""' 1, Nins)

some lower level. Now consider the following cases.
Case (1) m=n=0.Thistime o=/4=0 and thus

J=(1+2p8)+(1+2a)+2af+a+=2>1. Since on level m+n+1=1, the

maximal number of position is 1, it knows N, xN, , =2""2 41427 lies

i) lies on level

lies on level m+n+2 or

on level 2, which islevel m+n+2.

Case (i) m=0 plus n>0, or m>0 plus n=0. Since Jis a symmetric
expression of m,n,a, and g, here only consider m=0 plus n>0. This
time, ¢=2"-1=0 thus J= (1 +2/i’)+ 2"+ takes its minimal value at
B =0 and maximal value at fF=2"-1. Let the minimal value and the
maximal value be respectively J,, and J,,; direct calculation shows

Jpy=2"+1, J, =2""7-2

mn >

Since J,, <2"*"*'—1 (the equality holds only if 7 =1), the minimal value of
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Nonay* N> whichis 2"""** +1+2J,,, liesonlevel m+n+1.
Meanwhile, by J, =2""-2 and m=0 itknows

mn

Jmn — 2n+2 9= 2(2n+1 _1) N 2n+1 1= 2m+n+1 _1

and

Jmn — 2n+2 _ 2 < 2m+n+2 _1

That is to say, N,

(m.a

VXN p) = 2" +1+42J, liesonlevel m+n+2.

Case (ii) m>0 and n>0. This time,
J=2"(1+2p)+2"(1+2a)+2af+a+pB takes its minimal value at
o==0 and maximal value at a=2"-1,=2"-1. Direct calculation
shows

Joy=2" 42", J

_ 2m+n+2 + 2m+n+l _2m+l _2n+]
mn

J, 1 1
2m+0,?+1 = +F <1, namely,

A<y =2" 42" <2 21<2" " 5 hence N, XN, =2""7 4142,

(m,a

Note that,m >0 and n>0 yield

liesonlevel m+n+1.
On the other hand, by J, =2"*""% 42" 2" _2"* it holds

m+n+2
2 +1+2J,,
— 2m+n+2 + 1 + 2 x 2m+n+2 + 2m+n+2 _ 2m+2 _ Zn+2

— 3 ] 4 2(2m+n+2 _gmHl ot )

hence when m2>1 and n2>1, 0< 2m+n+22_”3:j21 —2" =1- 2”],“ —#
and thus
Q<22 _pmtl gl < gmini2
Consequently,

m+n+3
2 +1< Niwa) ")

—omnd 4 149 (2m+n+2 _omH _ 2n+1)

XN, p=2"""+142J,,

< 2m+n+3 +1+ 2(2m+n+2 _ 1)

which shows that N, ) x N, ;) = 2" 4+ 1+2J, liesonlevel m+n+2.

Now it can summarize that the smallest possible value of N, ) xN, 5 is

Nipay X N py =22 +142Jy, , which lies on level m+n+1 at position
Jy =2" +2", and its maximal possible value is
Ny X Ny = 272 41+2J, , which lies on level m+n+2 at position

J,, =2 2" Since there are totally 2"*"*' nodes on level
m+n+1, it knows that there are 27"l _1—_2m _p" =pmntl_om_on_|
nodes from position J,, to position 2”*"*'—1. Similarly, there are on level

m+n+2 totally 2> —2"*'—2"*' 11 nodes from position 0 to position

Sy - Itknows that, N, .\ <N, , has

2m+n+2 _ 2m+1 _ 2»1+1 + 1 + 2m+n+1 _ 2m _ 2:1 _ 1 — 2m+n+2 _ 2m+1 _ 2n+1 _ 2m _ 2n

possible positions. U
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Corollary 2. Suppose m=0 and n20 ; then the product
Nipy ¥ Ny gy =27 +142J with J=2"(142f)+2" (1+2a)+2af +a+ f
and 0<a<2"-1 plus 0<pB<2"—1 lies on level m+n+1 and fits
Ny X N gy = N PXA

(m+n+],./) When J<

, whereas it lies on level m+n+2
with y=J-2""*"" when J>2"""',
Proof. The case J <2"*"*' has already been proved in the proof of Theorem

6. Now consider the case J >2"*"*'. Note that there are in all Ny XNy —1

and satisfies N(M) xN(n’ﬂ) = N(

m+n+2,7)

integers from 2 to Na) X Ny gy - Eliminating all the even integers remains
(N(M) XN, 5) —1) / 2 odd ones. By property of full binary tree, if putting these
odd integers on the nodes of 7; from top to bottom and from the left to the
right, the preceding m+n+1 levels contain 2" -1 ones and the left
(N(m!a) xN(, 5) —1)/2—(2"”"+2 —1) ones will be placed on the level m+n+2.
Counting from position 0 to the position yyields

2= (N ¥ Ny 1) /2= (2772 =1) =1 =N, 0y % N, 1) 2= 277
Substituting N, ) XN, , by 2" +1+2J yields

z=(2"" 1427 —1)/2 — g

— 2m+n+1 + J _ 2m+n+2 + 2 |:|
— J _ 2m+n+1

Corollary 3. For positive integer m and n, the node of 7; at position
Joo=2"+2" onlevel m+n+1 isin left branch of 7; but it cannot a leftmost

_ 2m+n+l

node; the node at position J,, on level m+n+2 isin right branch

but it cannot be a rightmost node.
Proof The maximal node on level m+n+1 in the left branch of 7; is
2" L4 2(2””" - 1) with position ¢ =2"" —1. Note that

(m+n+1,max)

Joo =% =2”’+2”—2’”*”+1=2"’*”(L+L—1j+1
2" 2"

(m+n+1,max)

it knows that, mn=1 vyields J,-9 =1 and mn>1 vyields

(m+n+1,max)
/
Joo— 9

(m+n+1,max

m+n+1 in the left branch of 7;. Since the leftmost node is at position 0

y <0, which says that the position Jy,=2"+2" is on level

whereas J,, =2"+2">0, the position J,=2"+2" is surely not a leftmost
one.

To prove the second conclusion, let 9=, —2""""". Since the smallest node
onlevel m+n+2 in the right branch of 7;is 2" +1+2x2""""", it merely

needs to prove 2”"""' <3< 2""** —1 In fact,

'9 _ 2m+n+l — J _ 2m+n+2 — 2m+n+l _ 2m+1 _ 2n+1
mn

1 1
— 2m+n+1 (1 _ 2m _2_’1] > 0

9— (2m+n+2 _ 1) _ J,,m _ 2m+n+l _ 2m+n+2 +1

— 2m+n+2 + 2m+n+l _ 2m+1 _ 2)1+l _ 2m+n+1 _ 2m+n+2 +1 |:|

— _2m+1 _ 2n+1 +1 < 0

and
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By Corollary 2 and Corollary 3, the product Nima) ¥ N can be

(n.8)
intuitionally depicted with Figure 2.

Corollary 4. Let N, and N,

the product N, , XN, ; cannot fall in T, Ny O0 level m+1 or ahigher level.

Proof Let N, = 2" +1+2a and Nip = 2" 41424 with

a=0,1,---,2"-1 and B=0,1,--,2" —1. Since the maximal node on level m+1

) be two nodes of T, with 0 <m <n; then

of T, Ny 18 2" (N(n, 5t 1) —1, direct calculation yields
Ny * Ny = (277 41420 )x N,
=2""x Ny~ 2" 42" 4 (14 2a) Nop
=2 (N, +1)=1-2""+1+(1+2a) N, ,
N py=(m1)
Note that

2" 414 (1+2a) N, 5
=-2"" 414 (14 22) (2 +1+28)
>2" 142" +1428>0

hence N(m’a) xN(n’ﬂ) > 2’"“(N(n,ﬁ) +1)—1, which says N(m’a) xN(nqﬁ) cannot fall
onlevel m+1 or a higher level of T, Nowp) U
Corollary 4 can be equivalently stated as that, if N, ,, and N, are two
nodes of 7; with m <n, then the product Ny XN, p) can only fall in the
shadow area in Figure 3.
Corollary 5. Let N, and N, ,

the product N, , %N, , cannot lie in TN(m

) be two nodes of 7; with « < f; then

or T, onlevel m+1 ora
Nn.p)

)

higher level.

level m

level n

level m+n+1

level m+n+2

Figure 2. Possible positions of product N(

m.a)
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m+1 levels

n+1 levels

m+1 levels

WWW

Figure3. N ,*xN, can merelylie in area of shadow.

Proof (Omitted) (]
Corollary 5 can be equivalently stated as that, if N and N,

(m.a) (m.8)
nodes of 7; with a<f, then the product N, ,*xN,, can only fall in

are two

shadow area in Figure 4.

5.2.Square of A Node

Theorem 7. Product N(m,a) xN(m’a) = N(2m,a) is a left node of T;, it lies in 7; on
level 2m+1 or 2m+2 and there are 2(2'" +1)0{+20!2 nodes from N(Zm,a)
to

>(m+1)

Proof ISlrect calculation shows

N2

Gy = (27 + 14 2a) N

(m.a)
_ (N(m,a) + 1) —1-2"" 4 1+ (1+ Za)N(W)
—

N(m,a)>>(m+1)
Let &=-2""+1+(1+2a)N,,,; then
E=-2"" 41+ (1+2a)(1+ 2 +2"™)

=2"1 L1+ 1420+ 2" + 20 +4a* + 2"

- 2(1+ 2a+2a% + 2"’“0:)

and A=2a+2a’+2""a is the number of nodes from N[, to

O
((ff; ol mﬂ}) 6. For arbitrary integer m >0, it holds
N * N =N and N, o xN,, o =N :
(m,Z 71) (m,2 71) [N( 2m71)<<(m+2)J (m,O) (m0) — (N(m‘l)<<(’"+l))

Proof. By (P4), it yields

N, =2 (N

(m!a)—1)+1:2’"*2(2’"“+1+2a—1)+1

:2m+2 (2m+l+2a)+1:22m+3+2m+3a+1

Note that
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m+1 levels

=
Pt
/

N N

(m,a) )

m+1 ley€ls

Pd
b

MMW

Figure 4. N, *N; can merelylie in area of shadow.

Ny = (27 +142a) (2" +1+20)
=27 42" 42" g 42" 4 14 20+ 2" P a4+ 2a + 40’

=27 42" 12" g+ da +4a +1

Hence

2 _n2m+2 _ Am+2 _ _ 5
(N(m,a)<<(m+2)) - N(m,a) =2 2 do — 4o

Taking a=2" -1 resultsin

_ 2
(Nony <)) ~ Vi)

=222 92 _4(27 1) -4(2" -1)
=227 " " 4407 (27 - 2" 41
SR Los i, Lo B, e
=" =)

Thus N(m’a) x N =N,

(m.a) (N(m,a)<<(m+2)) '

and N, N,

Now directly calculating N(N 0) X Nimo) yields

(1

)<<(m+1))

N2

2= (2 1) =22 e g

and
(Nnay<(ms1)) =2"" (N(m’l) B 1) +1=2m" (2»”1 +l+2- 1) +1

— 2m+1 (2m+1 + 2) +1= 22m+2 + 2m+2 +1

which says N0y % Ny = N(N(m71)<<(m+])). |
Corollary 7 For arbitrary integer m >0, N(2 ) lies in 7, N( | whereas
2 . . m,en = m2"m-1

N, liesin TN(m,l) .
Proof. (Omitted) ]

Corollary 7 can be equivalently and intuitionally stated as that, the square of a
rightmost node of T, is a descendant of the node itself, whereas the square of a
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leftmost node of 7; is a descendant of the node’s elder brother.
Corollary 8. If m>0 and 0<a<2" -1, then N(an) does not lie in

. Or equivalently, N(Zmya) does not lie in T, N unless m=0 or

T,
N(m)a) ma)

m>0 plus a=2"-1.
Proof. By Theorem 7, N(zm,a) lie in 7; on level 2m+1 or 2m+2. Since by

Lemma 2 the level m+1 of TN(M) is the level 2m+1 of T, N(zmqa) can

never lie in T on a level lower than m+2. By Corollary 5, N(Zm,a)

(m,a)
cannot lie in T, Noma)

that it cannot either lie in 7, Npay  O1 level m+2. In fact, the smallest node of
T +2 is N,

Nnay OB level m is (Nmf)<<("1+2))
knows that when a=2" -1, (ma) reaches it maximal value that is also the

on level m+1 or a higher level. Now it needs to prove
. By Theorem 7 and Corollary 6 it

minimal node of TN(M) on level m+2. Hence it cannot lie in TN(M) under
t h e condition m=>0 and 0<a<2" -1
O

5.3. Path Connecting Multiple to Divisor

Theorem 8. Let N, and N, be two nodes of T7; with 0<m<n; then
there is a path connecting N, , XN, 5 to N, and the length of the path
is less than 2m+n+ 2 ; there is also a path connecting Ny *Nwgy 10 Ny, g
and the length of the path is less than m+2n+2.

Proof. By Theorem 6 and Corollary 7 and Corollary 8, it knows that

N(m,a)xN(n,ﬂ) must lie in TN( or some other subtree of 7;. First

T,
ma) > N(/L,[f)
consider the case that N, , x NY’ ) liesin T, Niup - BY Corollary 2 and Lemma 2

it knows P(N )xN(n,ﬁ),N(nﬁ) <m+1<m+n+2.Likewise, if

(m.a
N(m’a) X N(n,ﬂ) lies in TN(M) it holds
P(N(mﬂ) X N(m,a)’N(m,a)) <n+ 1< m+n+ 2 .

Now consider the case that N, xN,, lies in neither T, Ny DO

TN(,, 5 then there must be a yand a A with 0<y <2" -1 plus y #a and
0<A<2"-1 plus A% such that N xN, , liesin T, or Ty

my n,/i) °
Assume it lies in Tyny)s then by the subtree transition law,

N o (N —N(m,a))+ N ([iv,(a'»")’a)

) (m7)
i=1,2,0=0,1--2 —1

Let N(m) be the lowest common ancestor (LCA) of N(”w) and N(W) ; then
by properties of LCA, as introduced in [7] [8] and [9], N( )xN(n’ﬂ) can be

connected to along path

P(Niyay* Niwpys Niwy ) 2 P (N> Ny ) = P(Niiyys Ny ) - Since the length
of P(N(m’a) x N(n’ﬂ),N(W)) is less than m+n+2-m=n+2, the length of
P(Nj,,):Np,)) is m=1 and the length of P(N,.N,,) is m=I, it
knows that the total length of the path is less than 2m+n+2-2/<2m+n+2.

Likewise, the other conclusion can be proved. U

N,

(m.a)

6. Conclusion

Putting integers on binary tree can reveals many new properties of the integers,
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as seen in previous sections and in the references list in bibliography. This paper
merely shows some traits related with multiplication of nodes on 7; tree. In fact,
there are many other new properties that have not been known till now and are
required to make further study. For example, Theorem 8 indicates there exists a
very fast approach to factorize an odd integer; in addition, there are evidences
that there is a law of distribution of prime number on certain subtrees. Hence
there is a lot of work done in the future. Hope that it is concerned by researchers

of interests.
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