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Abstract

In this paper, we consider an almost periodic system which includes a system

of the type x(n+1)=>" a;(n)x;(1<i<m), where kis a positive integer,

177

a, are almost periodic in nand satisfy a,(n)>0 for i=j, >, a,(n)=0

b
for 1< j<m.In the special case where a;(n) are constant functions, above

system is a mathematical model of gas dynamics and was treated by T.
Carleman and R. D. Jenks for differential systems. In the main theorem, we

show that if the mxm matrix (al./.(n)) is irreducible, then there exists a
positive almost periodic solution which is unique and has some stability.

Moreover, we can see that this result gives R. D. Jenks’ result for differential
model in the case where a,(n) are constant functions. In Section 3, we consider

the linear system with variable cofficients x(n +1) = A(n)x(n),x € R" . Even
in nonlinear problems, this linear system plays an important role, as their
variational equations, and it is requested to determine the uniform
asymptotically stability of the zero solution from the information about
A(n) . In order to obtain the existence of almost periodic solutions of both

linear and nonlinear almost periodic discrete systems: above linear system

and x (n+1)=>" q, (n)g/(x/.(n)) for 1<i<m, respectively, we shall

j=1"1
consider between certain stability properties, which are referred to as
uniformly asymptotically stable, and the diagonal dominance matrix
condition.
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1. Introduction

System of almost periodic difference equations has been studied to describe
phenomena of oscillations in the natural and social sciences. The investigation of
almost periodic systems has been developed quite widely during the twentieth
century, since relationships with the stability theory have been found. A main
interest of the subject is the existence theorem for almost periodic solutions. Ob-
viously an almost periodic solution is a bounded solution, but the existence of
bounded solutions does not necessarily imply the existence of almost periodic
solutions. Therefore, in order to prove the existence of almost periodic solutions,
we need some additional conditions to the existence of bounded solutions. A
main subject of the investigation has been to find such additional conditions,
and up to now, many conditions have been considered (for example, in the li-
near system, J. Favard’s separation condition [1]).

In the Section 4, we consider the nonlinear almost periodic system of
x[(n+1)=zg,j(n)xj(n)k, 1<i<m, (1)
=

where kis a positive integer, a,(n) are almost periodic in 22 and satisfy
m
i) Za[j(n)=0, 1<j<m,
i1

ii) a,;(n)>0 fori=j.

In the special case where a,.j.(n) are constant functions, system (1) is a
mathematical model of gas dynamics and was treated by T. Carleman [2] and R.
D. Jenks [3]. In the main theorem, we show that if the mxm matrix (al./. (n))
is irreducible, then there exists a positive almost periodic solution which is
unique and some stability. Moreover, we can see that this result gives R. D.
Jenks’ result in the case where a, (n) are constant functions. In the Section 5,

we consider the linear almost periodic system with variable coefficients

x(n+1)=A(n)x(n), n=n, >0, (2)

where x e R™. Even in nonlinear problems, system (2) plays an important role,
as their variational equations and moreover, it is requested to determine the
uniformly asymptotic stability of the zero solution from the condition about
A(n). When A(n) is a constant matrix, it is well known that the stability is
equivalent to the following condition (cf. [4]);

“Absolute values of all eigenvalues of A4(n)=A are less than one.”

However, it is not true in the case of variable coefficients, and hence we need
additional conditions to (2). In the main theorem, we show that one of the such
conditions is the diagonal dominance matrix condition on A(n) [5], that is,
A(n) satisfies

|aﬁ(n)|2 i |a,a.(n)|, 1<i<m.
k=L
This result improves a stability criterion based on results of F. Nakajima [6]

for differential equations.
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2. Preliminaries

We denote by R” the real Euclidean m-space. Let R=(—»,0) and R = [0,00) .
Z is the set of integers, Z* is the set of nonnegative integers. For x e R", let |x|

be the Euclidean norm of xand x; be the /-th component. Let

D:{xeRm|x,.20for1£iSm},

Q:{xeD|ix[:1}

i=1

and

H:{xeRﬂixi:O}.

i=1

We introduce an almost periodic function f (n,x) :ZxU = R" , where U'is
an open set in R™.

Definition 1. f(n,x) is said to be almost periodic in 2 uniformly for
xeU, if for any €>0 and any compact set K in U there exists a positive
integer L (e,K ) such that any interval of length L (E,K ) contains an integer
rfor which

|f(n+z',x)—f(n,x)| <e

for all neZ and all xeK . Such a number 7in above inequality is called an
e-translation number of f(n,x).

In order to formulate a property of almost periodic functions, which is
equivalent to the above definition, we discuss the concept of the normality of
almost periodic functions. Namely, let f(n,x) be almost periodic in n
uniformly for xeU . Then, for any sequence {A }cZ , there exist a

subsequence {h,} of {A/} andafunction g(n,x) such that
f(n+hk,x)—>g(n,x) (3)

uniformly on ZxK as k—oo, where K is a compact set in U. There are
many properties of the discrete almost periodic functions [7], which are
corresponding properties of the continuous almost periodic functions
f(t,x)eC(RxU,R"’) [cf. [8] [9]]. We denote by T'(f) the function space
consisting of all translates of £ thatis, f, e T(f), where

fr(n,x):f(n—kr,x), el (4)

Let H(f) denote the uniform closure of T(f) in the sense of (4). H(f)
is called the hull of £ In particular, we denote by Q(f) the set of all limit
functions ge H(f) such that for some sequence {nk} , n,—>w as k—>o
and f(n+n,,x)— g(n,x) uniformly on ZxS for any compact subset § in
R". Specially, for a function f(n) on Z with values in R”, H(f) denotes the
set of all function g(n) such that for some sequence {n,},

f(n+nk)—>g(n) in Zask — o,

where the symbol “—” stands for the uniformly convergence on any compact set
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in Z (in short, “in Z”). Clearly, feH(f).

By (3),if f:ZxU — R™ is almost periodic in n uniformly for xeU,soisa
functionin Q(f).

We define the irreducible matrix to need after.

Definition 2. An mxm matrix A(n)= (aij (n)) is said to be irreducible if
for any two nonempty disjoint subsets / and J of the set of m integers
{1,2,---,m} with TUJ ={1,2,---,m}, there exists an /in /and a jin Jsuch that
a,;(n)#0. In the case where A(n) is scalar, A(n) is said to be irreducible if
A(n)#0. Otherwise, A(n) is said to be reducible, and we can assume that
A(n) takes the form of

where * is [x/(1</<m) square matrix, *'is m—Ix/ matrix, B(n) is

m—Ixm—1[ zero or a square irreducible matrix.

3. Linear Systems

We consider the system of linear difference equation
x(n+1)=A4(n)x(n), (5)

where xeR” and the mxm matrix A(n)= (al.,. (n)) is bounded on Z and
almost periodic function in n. We state discretization of Jenks and Nakajima'
results for differential equations [3] [10].

Now we define stability properties with respect to the subset K'in R”. Here, we
denote by x(m,n,,x,) the solution of system (5) with initial condition
(.30 -

Definition 3. The bounded solution u(n) of system (5) defined on Z is said
to be;

i) uniformly stable (in short, U.S.) in Kon Z* if for any e>0 there exists a
5(¢)>0 such that |u(n) —x(n,no,x0)| <e for all n>n, whenever x,eKk
and |u(n0)—x0| <6(e) atsome n, inZ".

ii) uniformly asymptotically stable (in short, U.A.S.) in K'on Z* if it is U.S. in
K on Z* and if there exists a J,>0 and, if for any ¢>0 there exists a
T(e)>0 such that |u(n)—x(n,n0,xo )| <e for all n>n;+T(c) whenever
x, €K and |u(n0)—x0| <0, atsome n, inZ*.

iii) uniformly asymptotically stable (in short, U.A.S.) in the whole Kon Z" if it
is U.S. in K on Z* and if for any €>0 and »>0 there exists a T(e,7)>0
such that |u(n)—x(n,n0,x0 )| <e¢ for all nzn, +T(e,r) whenever x, €K
and |u(n0)—xo| <r,atsome n, inZ%.

When Z* in the definitions (i), (ii) and (iii) is replaced by Z, we say that x(n)
is U.S.in Kon Z, U.A.S. in Kon Z and U.A.S. in the whole K on Z, respectively.
Clearly Definition 3 agrees with the definitions of the usual stability properties in
the case where K =R".

Throughout this paper, we suppose the following conditions;
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i) ia[/(n)zo for1< j<m,
i=1

ii) a;(n)>0 fori=j
and

iii) each element in H(4) is irreducible.

First of all, we prove the following lemmas.

Lemma 1. Consider the m-equations xi(n+1)=ﬁ(n,x(n)) , 1<i<m,
where f(n,x) is continuous on second variable x in R”, and assume that the

initial value problem has a unique solution.

a)If " f;(n,x)=0, then the set I is invariant.
i=1

b) If f(n,x)>0 for x,=0 and x,>0, then the set D is positively

invariant, and in addition,

if » f/(n,x)=0, then the set Q is positively invariant.
i=1

In the case of differential equations, the proof of the similar lemma is obvious
(for instance, see [11]). We modify it to prove this lemma, but we omit it.

Lemma 2. If conditions (i) and (ii) are satisfied, then the trivial solution of
system (5) is U.S. in I1 on Z and also it is U.S. on Z.

By modifying theorem in [5], we can easily prove Lemma 2 at same technique.

Lemma 3. If each element in H (A) is irreducible, then the each element in
H(A), we say Be H(A) and B(n)z(by( )) has the property that for any
two nonempty disjoint subsets /and / of the set of m integers {1,2,- c,m } with
IUJ ={1,2,---,m} , there existsan ie/ and jeJ such that

tim,, [, (n)| %0
Proof. Suppose not, Then there exists a B(n)= ( b, (n )) in H(A4) and two
nonempty disjoint subsets 7 and J of {1,2,---,m} with TUJ={1,2,---,m}
such that

lim b;(n)=0 forallieand jeJ.

n—0"ij

Since B(n) is bounded on Z, there exists a subsequence n,,n, > as

k — o, such that
B(n+n,)—C(n) inZask — o,
where C(n)= (cl.j (n)) € H(A). Clearly,
c,.j(n):}imbﬁ(n+nk):0 forneZandiel,jeJ.
This show the reducibility of C(n), which is a contradiction. This proves

Lemma 3.

For system (5), we consider the system in H (A4) of
x(n+1)=B(n)x(n), (6)

where Be H(A).

Lemma 4. Assume that conditions (ii) and (iii) are satisfied for system (5),
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and let x(n) be a nontrivial solution of system (6) such that x(n) eD on Z.

Then there exists a constant ¢ >0 such that
xl.(n)/|x(n)| >c forneZand1<i<m.
Proof. Let x(n)=(xl(n),x2 (n),,x, (n)) be a solution of system (6) such

that x(n)eD on Z. First of all, we show that if x,(n,)=0 at some n,€Z,
then

x,(n)=0 foralln>n,.

Since x,(n) satisfies the equation
5 (n+1) =B, (n) 3, (m) + b, ()%, (n),
J#
where (bl./. (n)) = B(n). Moreover, since 2. .b,;(n)x;(n)20, we have
xi(n+l)2bﬁ(n)xi(n), (7)

which implies

n—1
X, (n) <x (nO)Hbii (s) for n < n,.

s=ny
Thus, we obtain
x,(n)=0 forn<n,.
Because x,(n,)=0 and x,(n)>0 on Z. Now suppose that Lemma 4 is not

true. Then for some Bin H (A), the corresponding system (6) has a nontrivial

solution x(n), x(n)eD onZ, such that for some sequence n,,

xl(nk)/|x(nk)|—>0 as k —> oo, (8)

Set ¢k(n):x(n+nk)/|x(nk)|.Then, ¢, (n) satisfies
x(n+1)=B(n+n)x(n)
and

¢, (n)eD onZ,

& (O)| =1

Since the sequence {¢k (0)} is bounded, {qﬁk (n)} is uniformly bounded on
any finite interval in Z, and hence there is a convergent subsequence of ¢,
which is again denoted by ¢, , such that

¢, (n) > y(n) inZ for some function y(n) as k—oo.

We can also assume that

B(n+nk)—>C(n) in Z as k — oo,

where CeH(A) and C(n)= (c[j (n)) Therefore, y(n) is the solution of
the system
y(n+1)=C(n)y(n), )

y(n) €D on Z and |y(0)| =1. Moreover (8) implies that y, (0) =0. Thus,

as was proved above, we have
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yl(n):0 forn<0,

For this y(n), we define two subsets 7 and J of {1,2,---,m} by
I={1<i<m|y,(n)=0 for n<N,, where N, depends on y,(n)} and
J={1<i<m|y,(n)>00nZ}. Then IUJ={1,2,,m}, {I}el and J=¢
since y(n)+0.By Lemma 3,

EHJC{OJ.O (n)| #0 for some i, € / and some j, € J. (10)

Now the i, -th equation of system (9) takes the form of

Y, (n+1)= Z%k () v (n)+ g%k (n)y(n),

kel
and hence

D (n)y(n)=0 for n+1<min N, (11)

keJ

because of the definition of the set I Since each term in the left hand side of (11)
is nonnegative, all of them are equal to zero. Therefore

¢, (n)y;, (n)=0 for n+1<min N,

which implies, by (10),

Vi (no) =0 at some n,.

This contradicts the definition of the set of J. The proof is completed.
The following proposition is an immediate result of Lemma 4.
Proposition 1. Under conditions (ii) and (iii), system (6) has no nontrivial

solution x(n) such that

x(n)edD onZ,

where 0D ={xeD|x,=0 forsome i1<i<m}.
We next consider a non-homogeneous system corresponding to system (5)
x(n+1)=A(n)x(n)+ f(n) (12)
and assume that A4(n) satisfies conditions (i), (ii) and (iii).
Lemma 5. If f(n) isbounded on Z with valuesin R"and " f,(n—1) is
bounded on Z*, then all solutions of system (12) are bounded on Z".
Proof. It is sufficient to show that (12) has at least one bounded solution on

Z*, because the trivial solution of (5) is U.S. by Lemma 2. We consider the

system with real parameter e
x(n+1)=A(n)x(n)+ef(n) (13)

and show that for a sufficiently small ¢, system (13) has a bounded solution on
Z*, which implies the existence of a bounded solution on Z* for system (12) by
replacing x in (13) with x/e.Fora 0<d&< 1/@ and for the m-vector e each

of whose components is 1,let D’ be a convex cone defined by
D' = {xe R" |<e,x>2|e| -|x|-§},

where <,> denotes the inner product and |x|2=<x,x>. Clearly, DcD'.
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Every solution x(n) of (13) satisfies
S (1) =304 ()

i=l i=1

because of condition (i). By replacing n with n-1 of the above both sides,

ixi(n):eifi(n—l)SM+EM for x(0) e Q,

where

M >0 is sufficient small number and M = supzm:fi (n-1).

n>0 j=1

When x(n)e D', we have
25 (m) = (e. () 2[x(n) {d -,
and hence,
(47 e ) el <[x()] < (47 + e ) ([e]-8). (14

Therefore, in order to show the boundedness of x(n) with x(0) in Q, it is
sufficient to prove that x(n)e D' on Z* if € is sufficiently small. Now suppose
that for each solution x, (n) of (13) with x_(0) in Q, there exists an / >0
such that

x.(L)eoD".
We can assume that

x.(n.)eoD atsomen_,0<n <[

and
x,(n)eD' =D forn <n<l,

where 0K and K denote the boundary and the closure of the set K;

respectively. If we set y, (n)=x,(n+n,), y.(n) isasolution of the system
y(n+1)=A(n+n)y(n)+e¢f (n+n,)

such that y (0)edD,y,(z,)edD" at 7,=1 -n >0 and y,(n)eD'-D for
0<n<r7_. Thus, by (14),

(A;[—GM)/|e|S|yF(n)|S(M+6M)/(|e|-5) forO<n<r,

The same argument in the proof of Lemma 4 enables us to assume that
y.(n)—> w(n) inZ for some function w(n) as €—0
and
A(n+n)— B(n) inZforsome BeH(A) as e—>0
Therefore, w(n) satisfies w(n+1)=B(n)w(n) and clearly, for

7 =liminf__, 7,

w(n)eD'-D for0<n<rt (15)

and
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M/|e|£|w(n)|SM/(|e|~5) forO<n<r. (16)

Moreover we have w(0)e 0D, which implies by Lemma 1 that
w(n)eD onZ".
From this and (15) it follows that

w(n)e DND'-D=0D for0<n<r. (17)

Now we show that 7 =o00. In fact, if 7 <o, we have

y.(z.) > w(r) ase—>0.
Thus w(7)e oD’ because y, (z,)edD’,and hence
w(r) eoD'NoD = {O},

which contradicts (16). Therefore (16) and (17) hold for 7 =o0. Moreover this

enables us to assume that
M/|e| < |w(n)| < M/(|e|~5) forallneZ

and

w(n)edD forallneZ.

Because H (B) is compact in the sense of the convergence. This contradicts
the conclusion in Proposition 1. This proves that x(n)eD' on Z* if € is
sufficiently small. The proof is completed.

Lemma 6. Under the assumptions (i) and (ii), if for each Bin H(A), the

trivial solution of the system
x(n+1)=B(n)x(n)
is U.S.on Z and U.A.S. on Z*, then the trivial solution of system (5) is U.A.S. on Z.
Proof. Let x(n,n,,x,) be the solution of (5). Since the trivial solution of (5)

is U.S. on Z by Lemma 2, as is seen from (ii) in Definition 3, it is sufficient to
show that for any e >0 thereexistsa 7(¢)>0 such that

|x(n,n0,x0)| <&(e) forsomen,ny <n<n,+T(e),
whenever 1, €Z and |x)|<&,=5(1), where 5() is the number in (i) of
Definition 3.

Now suppose that there exists an ¢ >0 and sequences {n,} inZand {x,}
in R” such that |xk| <0, and

|x(n,nk,xk)|2§(e) foralln,,n, <n<n +k
Since |xk|<é‘0 =5(1),
5(6)S|x(n,nk,xk)|31 for n,,n, <n<n +k

Set ¢, (n) = X(n-i-nk,nk,xk) . Then, ¢, (n) satisfies
x(n+1):A(n+nk)x(n)

and
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5(e)<|p (n)| <1 for0<n<k.

We can assume that

¢, (n)—> y(n) inZ* for some function y(n) as k—>oo
and

A(n+n,)— B(n) inZforsome BeH(A) as k—o.

Therefore y(n) isa solution of the system
y(n+1)=B(n)y(n) (18)
and
5(6)S|y(n)|£1 onZ".

On the other hand, we have

y(n)—>0 asn— oo,

because the trivial solution of (18) is U.A.S. on Z*. Therefore there arises a
contradiction. Thus the proof is completed.

We show the following theorem, before we will mention a definition of the
exponential dichotomy of a linear system;

System (5) is said to possess an exponential dichotomy if there exists a

projection matrix Pand positive constants K,,K,,p,,p,,0, and o, such that

"CD(n)PCD" (l)" <K p"' (0 <p =€ ), forn>1,
|@(n)(1-P)0™ ()| < K7 (0< p, =¢7), forn<l,

where, /is a identical matrix and @ is a fundamental matrix solution of system
(5) (ct. [4] [5] [8]).
Theorem 1. Assume that system (5) satisfies conditions (i), (ii) and (iii), Then
the trivial solution of system (5) is U.A.S. in IT on Z.
Proof. On the set IT which is invariant for system (5), the system is written as
the (m—1)-system
)?(n+1)=;1(n))?(n) (19)
where ¥=(x,x,,-+,x,,)€R"" and ;1(,1) is an (m—1)x(m—1) matrix
whose (i,j) element is given by a,(n)-a,,(n) for 1<i,j<m-1. First of
all, we can show that foreach B in H (;1) , the system
)E(n+1)=5’(n))?(n) (20)

has an exponential dichotomy on Z* since (20) has at least one bounded

solution, and as is well known (cf. [12]), it is equivalent to show the system
)?(n+1)=l~3(n)5c(n)+f(n) (21)
possesses at least one bounded solution on Z* for any bounded function ]; (n)
on Z*. For each B(n) in H(Jl) there corresponds some B(n) =<b,,j. (n)) in
H(A) such that the (i,/) element of B(n) is equal to b;(n)=b,,(n) for
1<i,j<m—1.For f(n)=(f(n),f,(n), . f,.(n)),let g(n) be defined by
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g (n)=f;(n) for1<i<m-1,

Obviously g(n) and )" g (n-1)(=0) are bounded on Z*. Applying
Lemma 5 to the m-system

x(n+1)=B(n)x(n)+g(n),

we obtain the bounded solution x(n) on Z' with x(0)=0 , and
D& (n-1)=0 which yields

Hence we can verify that ¥(n)=(x(n),x,(n),",x,,(n)) is a bounded
solution on Z* of system (21). The exponential dichotomy of (20) implies further
that the trivial solution is U.A.S. on Z, because the trivial solution is U.S. on Z
by Lemma 2. Therefore it follows from Lemma 6 that the trivial solution of (19)
is U.A.S. on Z, ie, the trivial solution of (5) is U.A.S. in IT on Z. The proof is

completed.

4. Nonlinear Systems

We consider the nonlinear almost periodic system of

xi(n+l):iaij(n)gj<xj(n)) for1<i<m, (22)
Jj=1
where zi = (a,j n ) is almost periodic function of n with conditions
(iv) Zalj( )= , 1< j<m
and

(v) a,(n)=0 fori#j.

In addition, assume that g, (u) are continuously differentiable for u >0,
g;(0)=0 and g,(u)>0 for real number u>0, where g, (u) is the
derivative of g, (u) atu.

We first consider the linear system
x(n+1)=L(n)x(n) (23)
and its perturbed system
x(n+1)=L(n)x(n)+f(n,x(n)), (24)

where L(n) is an mxm matrix function, almost periodic function in n,
f(n,x) is continuous with respect to its second argument and f'(n,x)= 0(|x|)
uniformly for neZ. Assume that the set II is invariant for both system (23)
and (24).

First of all, we can prove the following lemmas.

Lemma 7. If the trivial solution of system (23) is U.A.S. in II on Z, then the
trivial solution of system (24) has also the same stability property.

Proof. Let %=(x,x,,,x, ) for x=(x,x,,,X,)€R". Then there are
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positive constants ¢, and ¢, such that
cl|)?|s|x|Scz|)~c| for x eI, (25)

because x, =—(x,+x,+--+x,,). On the set II, systems (23) and (24) are

written as
F(n+1)=L(n)x(n) (26)

and
Z(n+1)=L(n)%(n)+g(n.%(n)) (27)
respectively, where the (i,j) element of L(n),I<i,j<m-1, is given by

l,(n)-1, (n) for L(n)= (l.

i

Inequality (25) shows that the trivial solution of (23) is U.A.S. in IT if and only if

(n)) and g(n,fc)=0(|)?|) uniformly for neZ.

the trivial solution of (26) is U.A.S., and we have also the same equivalence
between (24) and (27). As is well known, if the trivial solution of (26) is U.A.S.,
then the trivial solution of (27) has also the same stability property. Thus our
assertion is proved.

The following lemma is obtained by the slight modification of the difference
equation to Seifert’s result [13]. Then, we will omit the proof (cf. [9]).

We consider the almost periodic nonlinear system

x(n+1):f(n,x(n)),neZ,xeRm, (28)

where f(n,x) is almost periodic in n uniformly for xeR" and for a
constant L >0, |f(n,x)—f(n,y)| <SL|x-y| for neZ and x,yeQ.

Lemma 8. Assume that the set Q is positively invariant for system (28) and all
solutions in Q2 on Z are U.A.S. in Q on Z. Then the set of such solutions is finite
and consists of only almost periodic solutions ¢,¢,,---,¢, which satisfy

|¢, (n)-9, (n)| > onZfor i+ j andsome constant S>0.

Now we can show the following theorem. Since the last statements of the
following theorem are alternative, under each assumption of these statements we
can prove the existence of almost periodic solutions in Q and the module
containment.

Theorem 2. Under the assumptions (iv) and (v), system (22) has a nontrivial
almost periodic solution in Q) whose module is contained in the module of
A(n) In addition to the above assumptions, if A(n) is irreducible, then the
almost periodic solution of (22) is unique in Q, which remains in Q" onZ, and
it is U.A.S. in the whole Q on Z, where Q' ={x €eQlx, >0foralli,1<i< m}
Moreover, if A(n) is reducible, then at least one of the above almost periodic
solutions p(n) satisfies that p(n)edQ onZ, where
0Q={xeQ|x,=0forsomeil<i<m}.

Proof. First of all, we consider the case where A(n) is irreducible. Since
system (22) satisfies the conditions of Lemma 1, the set Q) is positively invariant,
namely, y(n)eQ on Z* for a solution y(n) of (22) with »(0)eQ, and

furthermore we can assume that
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y(n)eQ onZ

because of the almost periodicity of A(n). We can show that this y(n) is
U.AS.in Q on Z. If we set x=y(n)+w in system (22), then well for xin
Qand

w, (n +1) = iaij (n)gj (yj (n))wj + o(|w|) for1<i<m, (29)
=
And IT is invariant for the above system. Considering the first approximation of
system (29)
w(n+1)=L(n)w(n), (30)

where L(n) = (ll.j (n)) is defined by [, (n) =a, (n)gj (yj (n)) , condition (iv)
implies that IT is also invariant for (30). Then, by Lemma 6, if the trivial solution
of (30) is shown to be U.A.S. in IT on Z, then the trivial solution of (29) has the
same stability, and consequently y(n) is U.A.S. in Q on Z. Therefore it is
sufficient to show that the trivial solution of (30) is U.A.S. in IT on Z. Clearly
L(n) isbounded and we have

m m

Zly(n)=za,,(n)g'j(yj(n))=0 forl<j<m

i=1 i=l
and
zy(n)=ay.(n)gj(yj(n))zo fori= j (31)

because of conditions (iv) and (v), respectively. Thus L(n) satisfies conditions
(i) and (ii). Condition (iii) will be verified in the following way. Applying the
same argument as in the proof of Lemma 4 to system (22), we can see that there

exists a constant ¢ >0 such that

1>y, (n)>c forneZand1<i<m, (32)

and hence there is a constant ¢ >0 such that

gi(y.f(”))ZE forneZand1< j<m.

Therefore, (31) implies
L (n)= cay (n) fori=

which guarantees that each element of H (L) is irreducible, because A(n) is
irreducible and almost periodic. Thus it follows from Theorem 1 that the trivial
solution of (30) is U.A.S. in IT on Z, ie, all solutions of system (22) in Q2 on Z
are U.A.S. in Q on Z. Therefore Lemma 8 concludes that system (22) possesses
an almost periodic solution in Q which remains in Q° by (32), and the set of
solutions in Q on Z is finite and consists of only almost periodic solutions
@,¢,, .9, which satisfy

|¢, (n)—¢j (n)| > onZfor i#j andsome constant 3>0.

Next we can show that there exists a 7 >0 such that each solution
x(n,ny,x,) of (22) with x,€Q satisfies that for some ¢, and the constant
0, of (i) in Definition 3,
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|x(n,n0,x0)—¢j (n)| <&, atsomen,ny<n<n,+T,
which implies
|x(n,n0,x0)—¢j(n)|—>0 as n —> o, (33)
because ¢, is U.A.S. in Q. Suppose that this is not true. Then there exists a

small constant o >0 less than $ and sequences {n,} in Z and {x,} in Q
such that

|x(n,nk,xk)—¢/.(n)|2a forallne[n,,n, +k|andall j,1< j<m.

Since f(n,x) is almost periodic in 22 uniformly for x e, we can choose a
sequence {7,},n, +[k/2] <7, <n, +k,such that
f(n+7,x)> f(n,x) inZxQ ask — .
)
J
these m+1 functions l//(k) (n) satisty

x(n+1) =f(n+rk,x(n))

(n)=¢;,(n+7,) for 1<j<m and y) (n)=x(n+z,m,,x,),

m+l1

If we set

and
y!(n)eQ onZfor1< j<m,
y) (n)eQ forn>-[k/2]>n, -1,
because ') (n, —7,)=x, € Q. Moreover,

1//5,")(0)—;1/(")(0)‘205 fori# j,1<i, j<m+1.

i

We can assume that l//ﬁk)(n)—n//j (n) in Z for some function
W, 1<j<m+1, as k — o . Therefore wj(j:1,2,---,m) are solutions of
system (22), because f(n+7,,x)—> f(n,x) in ZxQ as k—o0,and

w;(n)eQ onZ for1<i<m+l1
and
|y/j(0)—1//l.(0)| >a fori# j,1<i,j<m+1,
which shows that system (22) has m+1 distinct solutions in Q on Z. This is
contradiction. Therefore, ,(n) is U.AS. in the whole Q on Z, if the
uniqueness of ¢, is shown.

Now we will prove the uniqueness of ¢,. Suppose ¢ #¢, for ;=2 and

set
S, ={% € Q|x(n,0,x,) ¢ (n)| > 0 as n — oo}
and
S, ={x, € Ql[x(n,0,x,)~ ¢, (n)| > 0 for some g, j > 2, as n — oo}
Then S, and S, are open sets in Q, and moreover these sets are nonempty

and disjoint, because |¢1 (n)-¢, (n)| >a on Z for j>2.On the other hand,
(33) shows that =S, US,, which contradicts the connectedness of Q. Thus
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the uniqueness of an almost periodic solution is proved, and moreover, as is seen
from [14], this uniqueness guarantees the module containment of the almost
periodic solution.

Now consider the case where A(n) is reducible. We can assume A(n)

where B(n) is zero or a square irreducible matrix of order /,2</<m-1.If

takes the form of

B(n) is zero, system (22) obviously has the constant solution p(n) in 0Q
such that p,(n)=0 for 1<i<m-1 and p,(n)=1. In the latter case, if we
set in system (22)

x,=0 forl<k</-mand y, =x, ,, forl<i<l/,

m

then system (22) is reduced to the lower dimensional system

y(n+1)=Yb,(n)g,(v,(n)) for1<i<l, (34)

j:

where B(n)z(bl.j (n)) Since B(n) is irreducible, the above system (34) has

an almost periodic solution y(n) such that

y,(n)>0 forlSiSlanle:yi(n)=l (35)
i=1
and furthermore the module of y(n) is contained in the module of B(n),
Le., of the module of A(n) Thus, system (22) has an almost periodic solution
p(n) in 6Q onZsuchthat p,(n)=0 for 1<i<m—[ and
P:(n) =Y (n) for m—I+1<i<m.The proofis completed.
Remark 1. As will be seen from the module containment, the above almost
periodic solution is a critical point in the case where A(n) isa constant. Hence

Theorem 2 is a discretization of Nakajimas’ result (Theorem 2 in [10]).

5. A Stability Criteria of Linear Systems

We consider a stability criterion for solutions of a linear system with coefficient
matrix of diagonal dominance type.

We again consider a linear system (5).
Let A(n) :(a,.j (n)),i,j =1,2,---,m be an mxm matrix of functions for

n e Z. We assume the following conditions;

a,;(n)<0 forl<j<mand neZ, (36)
det A(n) =0, (37)

where, detA(n) denotes the determinant of matrix A(n) and

i |a,.j (n)|£|ajj (n)| for1<j<mand neZ. (38)

i=li#j

At first, we need the following lemmas for main theorem.
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Lemma 9. If a square matrix A is irreducible and satisfies (38) and if for at

least one j,

then A is nonsingular.
For the proof, see [15].
Lemma 10. If a nonsingular mxm matrix A4 :<%-) satisfies (38), then all

principal minors of 4 are nonsingular, namely,

aj]jl aj]jz o afljl
a. . a. . e A,
J2 J2)2 J2J1 . . .
det| . . P#0 forl<j, <j,<--<j,<m.
aj/h aj/jz o aj[jl

Proof. Let A4, be an IxI/(/<m) principal minor of A. Then, for a

AT_AI*
QQ_AZ*,

where A, has (m—1I) rows and / columns and Q" denotes the transposed

permutation matrix Q,

matrix of Q. Moreover, from the definition of irreducibility, we can choose an

Ix[ permutation matrix @, such that

B, G,
B,
QlAleT: ) Cp (381)
0] B

P

1 1

where B is an rxr irreducible matrix, )" =/, and C, has
(r+r+--+r,) rowand r columns for 2<i< p. In particular, in the case
where A4 is irreducible, B, must be 4 itself, and the matrices
B,.B,,---,B,.C,,C;,---,C, are not present. Setting P=(Q,®I)Q for
(m—1)x(m—1I) unit matrix [, where O, @1 is the direct sum of Q, and I we

have

B G, C,
B, C C, |*
_ T _ QzAleT * _ .
B=PAP _[ - *j_ 3 C
221 p-1 P
0 B,
D, D, Dp *

where AZQ,T = (DI,DZ,--',DP) and D, has m-/ rows and 7 columns.
Since the diagonal dominance condition (38) is invariant under the permutation

of indexes, Balso satisfies (38). Hence, letting

B, =(by).C,=(c; )and D, =(d )

i
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for a fixed i,1<i< p, we have
2 |bjk|+ > |Cjk|+ > |dj/c|5|bkk| (I<k<r), (39)
J=1,j#k J=1,j#k Jj=l,j#k
where the summations on ;j are taken along columns and C, =0 for
convenience. If C,#0 or D, # 0O, then

,
> |C./k| +
k

/i
J=Lj# A

|djk| >0 forsome k,1<k<r,
j: k

J=lj#

and hence for this 4,

Z |bjk| <[y

J=1,j#k

by (39). Therefore it follows from Lemma 9 that
detB, #0, (40)

since B, isirreducible.If C,=0 and D, =0, then we have the form of
det B=det B, x(--*)

which also implies (40), because detB#0. In any case, we have detB, #0.

Since these are true for all i,1<i< p, it follows from (38,) that

det 4, #0.

this proves Lemma 10.

Lemma 11. If system (5) satisfies conditions (36) and (38), then the norm of
solution x(n) such that |x(n)| = Z:i1|xi (n)| , is non-increasing, and
consequently the zero solution is U.S..

For the proof, we can see (cf. [5]).

In the following theorem, we can prove that the zero solution is U.A.S,, if
A(n) isbounded on Zand if condition (36), (37) and (38) are satisfied.

Theorem 3. In system (5), let A(n) be bounded on Z. Assume that
conditions (36) and (38) are satisfied for all #n e Z and that there is a constant

a >0 such that
|detA(n)| >a, onZ.
Then the zero solution is U.A.S..

Proof. As is stated in Lemma 11, the zero solution is U.S., and hence it is

sufficient to show that for any €>0 thereexistsa T(e)>0 such that
|x(n,n0,x0)| <e atsomen,ny <n<ny+T(e),

whenever |x0| <1. Suppose that this is not true. Then there exists a constant

€ >0, a sequence of solution {x(k) (n)} of (5) and a sequence n, such that

k
‘x()(n)‘ZG onnkSnSnk+k2

and

‘x(k) (nk )‘ <I.
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. k . . .
Since ‘x( ) (n)‘ is non-increasing, we have

eS‘x(k)(n)‘ <1, onn <n<n + i
and there exists a subinterval [s,,s, +k| of [nk,nk +k2] such that
Hx(k) (n)‘ —‘x(k) (n')” < %, fors, <n,n'<s, +k.

Set ") (n)=x" (n+s,). Then, we obtain

oY (n+1)=A(n+s,)p" (n), (41)
e<|p® (n)<1, on0<n<k (42)

and
Hq)(k) ()|~ (n’)H < % for 0 < n,n' <k. (43)

Since A(n) is bounded, it follows from (41) and (42) that {go(k) (n)} is
uniformly bounded on any finite interval of Z, and thus, taking a subsequence,
{(p(k) (n)} can be assumed to converge uniformly on any finite interval of Z.
Defining y(n) by

y(n)=lim " (n),
it follows from (42) and (43) that there is a constant S > 0,e < § <1, such that
|y(n)| =, forn>0.

Since y(n)=(»(n).,(n),-,,(n)) is defined on Z, we can choose an
interval I=[o,,0,] (forsome o, eZ(i=1,2),0<0, <o,) such that

v, (n),y, (1), (n)>0 onl1,
v, (n).y, (n).y, (n)<0 onl
and
Vi, (n)=y, (n)=-=y, (n)=0 onl.

Here we note that {j,, j,,*,j,} # ¢ because y(n)#0.Then
h /
|y(n)| = Zyjp (n)- 2 Vi, (n)=p onl.
p=1 p=h+1
Let

h !
9 m)=20 (n)- Y o (n). (44)

Then, we have

lim /) (n) =|y(n) =B onl,

k—o
and there is a sequence {6} =/ such that

mAf(") (6,)=0. (45)

Moreover, since 7 is compact and A(n) is bounded on Z, we can assume
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that

llcim 6, =0, forsomedel

and

lim A(s, +6,)=B, for some mxm matrix B.
—®

Clearly B satisfies (36), (38) and |det B| > o . Taking a difference of both sides
of (44) at n=6, and using relation (41), we find

W10)- 3] Sa,, (w006 00| 3 [ S, ()i @)

p=h+1\_g=1

lim AF ™ (6, ) = zh“[zl:bjp,qyjq( )j— i(ibjpj,,y,-q(e)],

p=1\_g=1 p=h+1\_gq=1
where B= (bij ) , since we have

llciilig".gk)(gk):yj(g), for1<j<m

and

yjq(H)ZO for/+1<g<m.

By (45), we have

! h !
0-3($h,,- To,, |, 0) (9

Since B satisfies (36) and (38),

h ! <0, forl<g<h,
ijf - zbjj 1
oo e S |20, forh+1<g<l

Therefore each term of right hand side of (46) is non-positive, because we
have
>0, forl<g<h,
Vg {<O, forh+1<g<l.

Then it follows from (46) that

h i
(ijp/q -2 b ;. ]y‘,-q (0)=0, forl<g<l,
p=l p=h+l
which implies
h

Z e Zb” =0, forl<g<l,

p=1

since ‘yjq(é?)‘;&o for 1< g </.Thus we have

b.l'ljl bjl.iz " bfl./'/
det bfzj] bjzjz " bjzjl — 0 (461)
b b b

Jih Jij2 Jui
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On the other hand, B satisfies (38) and |det B| >a >0, and thus it follows
from Lemma 10 that all principal minors of B are nonsingular, which contradicts
(46,). This proves that the zero solution of system (5) is U.A.S..

Corollary 1. If system (5) is defined only for n>0 and all assumptions of
Theorem 3 are satisfied for 7 >0, then the zero solution is U.A.S. for n>0.

Proof. We construct the system defined on Z by
x(n+1)=4,(n)x(n), xeR", (47)
where
A(n), forn=0,
A‘)(")_{A(o), for n <0,

Since system (47) satisfies all assumptions of Theorem 3 on Z, the zero
solution is U.A.S. on Z, and furthermore, since system (5) coincides with system

(47) for n >0, this prove our conclusion.

6. Application

Before Example 1, we state the following lemma is a special case of Theorem 3 in
[13].

In the nonlinear system
x(n+1)=F(n,x(n)), (48)
let F(n,x) be almost periodic in n uniformly for xeR" and for any r>0,
let there exists a constant L. =L,(r)>0 such that

|F(n,x)—F(n,y)| <L

x—y| for|x|,|y|£randneZ.

Lemma 12. If x(n) is a bounded solution of (48) on Z and if for any
solution y(n) of (48), |x(n)—y(n)| is monotone decreasing to zero as
n—>o, then x(n) is a unique almost periodic solution and its module is
contained in the module of F (n,x) .

Example 1. Consider the variational linear difference equation
w(n+1)=A(n)w(n), (49)
where

a

—p(n) Py
A(n)=
p(n)-—q(n) -5
a 2

We now assume that (uo (n),v0 (n)) is at least one bounded solution of (49)
on Z and (u(n),v(n)) is any solution of (49) on Z,and p(n), q(n) are

some bounded functions on Z such that
p(n)=a/2 and B <q(n)<p,

for some positive constants «,, and f, such that o’ >2p,. We can verify

that A(n) satisfies all assumptions in Corollary 1. First of all, A(n) is
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bounded in the future for neZ, because p(n) and g(n) are bounded
function on Z . It is clear that the diagonal elements of A4(n) are negative and

detA(n)=gq(n)>p onZ.

The diagonal dominance condition (38) for A(n) requires that

p(n)-2q(n) .

<0,

-p(n)+ <0, and —%+

which is equivalent to
q(n)<ap(n)
and this is satisfied by
q(n)<p, < a’f2< ap(n).
Therefore, by Theorem 3, the zero solution of (49) is U.A.S. and
| (1) =1 ()| +[v, (1) =v(n)] >0 as n— o,

where the convergence is monotone decreasing by Lemma 11. Thus, applying
Lemma 12 to system (49), we find that there exists a unique almost periodic

solution with the module contained in the module of A(n).

7. Conclusion

In this paper, we obtain the existence and stability property of almost periodic
solutions in discrete almost periodic systems. First, in Section 1, the research
background is introduced. In Section 2, the fundamental concepts of the almost
periodic solutions in discrete almost periodic systems is given. In Section 3, we
are introduced to the several lemmas and have uniformly asymptotically stability
theory of the linear system, and moreover, in Section 4, we consider the
generalized gas almost periodic system, and if linear part is irreducible matrix,
then we obtain the existence of almost periodic solutions of this system. Finally,
in Sections 5 and 6, we consider and obtain an uniformly asymptotically stability
criterion for solutions of a linear system with coefficient matrix of diagonal
dominance conditions, and this result applies to meaningful example of a linear

discrete system.
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