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Abstract

Different methods have been deployed to compute the geoid, the altimetry
reference for surveying applications. One of their main goals is to allow the
use of GPS (Global Positioning System) or GNSS heights, which are related to
an ellipsoid and therefore must be corrected. Some of these methods are ac-
curate but quite heavy as developed by [1], but one of them is easy to use
while giving very good results in a local system: some mm for a 10 x 10 km?
area developed by [2] [3]. In our study, we have used software called “Géoide
Program”, previously used at the CERN in Switzerland and set up by [4],
which they complete this software allowing a parameterization of general data
to provide results in a general system. Then, tests have shown the way to op-
timize computations without any loss of accuracy. For our computations we
use gridded of geodetic heights, from Lambert or WGS 84 datum’s, DTM
(Digital Terrain Model) and leveled GPS points. To obtain these results,
components of the vertical deflection are computed for every point on the
grid, deduced from the attraction exerted by the mass Model. Then, geodetic
heights are computed by an incremental way from an arbitrary reference.
Once the calculation is performed, the geodetic height of any point located in
the modelled area can be interpolated. The variations of parameters (mainly
size and increments of the DTM and of the modeled area, and ground densi-
ty) have shown that they do not play a significant role although DTM must be
large enough to take into account an important area around a selected zone.
However, the choice of the levelled GPS points is primordial. We have per-
formed tests with real data concerning Mejez El Bab zone, in north of Tunisia.
Nevertheless, for a few hundreds of square kilometers area, and just by using a
DTM and a few levelled GPS points, this method provides results that look
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extremely promising, at least for surveying activities, as it shows a good possi-
bility to use GPS for coarse precision levelling, and as DTM are now widely
available in many countries.

Keywords

Geoid Model, “Géoide Soft”, GPS, Digital Terrain Model, Height, Vertical
Deflection, Mejez El Bab-Tunisia

1. Introduction

Knowledge about the shape of the Earth and the variations of its field of gravity
is now crucial for any precise work in the spatial domain of artificial satellites
trajectory, machines location and astronomy of position. It also allows the ela-
boration of geophysical hypotheses concerning the inside of the globe [5] [6] [7].

Since the geoid of a good approximation was a reference of the heights until
the end of the 80’s, the geoid has remained an object of scientific study. The fast
development of the GPS system and the necessity of converting the ellipsoidal
elevations into heights have made the geoid an important stake [3] [8].

Knowledge about the geoid is essential for the levelling because it is consi-
dered as the reference surface [9] [10] [11]. The shape of the geoid depends on
the distribution of the masses inside the globe. Indeed, the fact that the Earth is
not a homogeneous entity makes the geoid present undulations with regard to
the ellipsoid. These undulations reflect the different aspects of heterogeneous
densities [12].

The determination of a Tunisian geoid of centimetric accuracy turns out to be
more and more essential. However, the gravimetric data, necessary for its deter-
mination, are very scattered. Their homogeneity, density and quality are un-
known [13] [14].

Thus, the main objective of this work is the determination of local geoid mod-
el of Mejez El Bab using the DTM (Digital Terrain Model) of the sector and le-
velled GPS points. It is, in fact, about a quasi-geoid model. The purpose of this
work is, also, to master the methodology of the determination of a geoid in order

to spread this calculation all over Tunisia.

2. Geographical and Geological Context of the Study Area

The choice of the study area was made according to several criteria in particular:
its chaotic relief, the knowledge of its geology and a precise DTM obtained from
the interpolation of the contour line of topographic map (scale 1:50,000).

The region of Mejez El Bab is situated in northern Tunisia (Figure 1). The
studied sector is part of the “zone of domes” [15] [16] [17] [18]. This sector is of
interest to the structures that become integrated into the front-country of the al-
pine chain, situated on the borders of the valley of Mejerda [19] [20] [21]. In this
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Figure 1. Study area: (a) DTM and hydrographic network of Mejez El Bab area [34] mod-
ified; (b) Geometry of Mourra Mountain. Partial geological Mejez el Bab map (sheet 27 of
Mejez El Bab zone, scale 1:50,000, ONM).

zone the tectonic structure is characterized by Triassicoutcrops aligned accord-
ing to a NE-SW direction [22] [23] [24].

On the paleogeographic plan, the “zone of domes”, which is of about 50 km,
corresponds to one bet of the qualified deep marine domain known as the “Tu-
nisian groove”. This domain presents a complex paleogeographic and structural
evolution, bound to the multiple periods of opening and closing, accompanied
with Triassic halokinetic movements [25] [26].

The studied structures in Mejez El Bab, Soughia sector correspond to a
mega-anticline Plio-Quaternary resuming previous anticline and synclinal
structures.

Indeed, the massive mountains of Mejez El Bab are part of the Southern
sub-zone of the zone of Diapirs and constitute a mega-anticlinal which is di-
rected NE-SW, lined in the SE by the plain of Goubellat and in the NW by the
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bed of Oued Mejerda [27] [28] [29] [30] [31]. We name: Jebel BouRahal, Jebel
Mourra-BouMous, Jebel Kechtilou the syncline of Oued el Hamra, Jebel Jebs and
Jebel Rihane.

2. Data and Methodology
2.1. Data

The Vertical reference system adopted by the Tunisian Topographical and
Cadastral Office (OTC) is the orthometric height. It is a point height calculated
according to the vertical line above the geoid. However, this system presents an
inconvenience. The orthometric height of a point to the ground depends on val-
ues of g along the vertical line. These values are generally undefined and inac-
cessible in reality [7] [32] [11]. In consequence, the corrections and the ortho-
metric heights are not physically determined. Thus, they can be calculated from
the moderate raw, measuring the differences of raw level, only by means of
theoretically approached formula giving the gravity g in each point of the globe.
The obtained values are only approximate orthometric corrections. Resulting in
the fundamental mark, the origin of the heights of the network is the mark of
“Port de France”, which was built 60 years ago, and having a new height of 7 m.
The 10 cm correction with regard to the former network was necessary for fol-
lowing the information provided by the tide gauge of la Goulette [33]. However,
it is not an obvious solution because this mark is situated in a geologically unst-
able ground that is far away from the site of the tide gauge of la Goulette.

The Lambert conical conform projection used in the geodetic system. In order
to avoid serious distortions, Tunisia has been divided into two parts: Lambert
North of Tunisia (11 g, 40 g) and Lambert South of Tunisia (11 g, 37 g). The ex-
tension of the geodesic network southward requires a 3rd zone Lambert that can
be characterized by (11 g, 34 g).

In fact, it is important to draw the attention on the fact that we have two types
of coordinates system in Lambert projection used by the Topographic Service of
Tunisia, called “STT” coordinates are as follows: X has a positive sense north-
ward and Yhas a positive sense westward.

With X, Y counted from the origin of the projection axes in which X; = 0 and
Y,=0.

The formulas allowing the shift from “IGN” coordinate system to “STT” (shift
of the origin in meters, 300,000, 500,000) are:

Xerr =Y,y —300000
Yy =500000— X g

The parameters of transformation of Clarke 1880 IGN (Clarke 1880 National
Geographic Institute, Datum Carthage) towards GRS 80 (Datum WGS 84) are:
DX =-266.112 m,DY =7.984 m,DZ =443.699 m

Da=-112.2 m,Df =-54.750714.10"°

Among the objectives of the upgrade of the Tunisian geodesy is setting up a
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three-dimensional geodesic network of spatial reference, meeting the require-
ments of GPS levelling points. Thus, the use of the GPS observations thus re-
quires a better determination of the height [3] and the undulations of the geoid
with regard to the topographic reference surfaces of the Tunisian territory [26].
To determine the local geoid model of Mejez El Bab, we used 12 GPS points
and a Digital Terrain Model (DTM) showing the distribution of the altitude in
Mejez el Bab, which is obtained from the Topographic Map (sheet n° 27, scale
1:50,000. OTC, 1922). The DTM is with a grid of 50 m. It presents the entire
cover zone in Lambert Nord projection. The south West area of Mejez El Bab

presents important reliefs which can affect the geoid model (Figure 2).

2.2. Methodology

For the calculation of the Mejez El Bab Local geoid model, we principally used
two methods. The first principle method consists to the integration of the vertic-
al deflection (¢ and 7°). The second method is based on the calculation of the
potential engendered by the DTM of the area.

Our aim in this study is to elaborate “Géoide PROGRAM?”. It allows us to
calculate geodetic heights in points of a grid defined by the user, using DTM de-
fined in “Lambert IGN (Clark 1880)” or in “WGS 84” of the concerned zone,
and GPS Geodetic pointslevelled on this zone. These results allow then the de-
termination of normal height at any point of the grid in the “WGS 84” system.
This program uses a DTM to calculate at each points of the grid the attraction of
the surrounding masses. It also allows the calculations of the vertical deflection
at each point of the grid (Figure 3), defined beforehand [4] [10] [35] [36] [37]
[38] [39]. Then, these results, providing only the relief of the geoid, and after
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Figure 2. Digital Terrain Model showing the distribution of the altitude in the area [34], (a), and location of 12 levelled GPS
points (b).
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Figure 3. Calculation of the zone’s prisms attraction: [4].

corrected by georeferencing, we obtained geoid model. This georeferencing is
realized bylevelled GPS points of which the geodetic height is known by differ-
ence of the measured heights [37] [40] [41]).

The principles of the calculation methods consist of exploiting directly the re-

lation:
N=h-H

where:

A indicates the ellipsoidal height obtained by GPS, expressed in WG S84 da-
tum,

H refers to the height expressed in an altimetry system and- N thus expresses
the altitude of the height 0 of the altimetry system on the ellipsoid of geodesic
reference system.

The attraction of a prism at a point of the grid is calculated by way of two
formulas:

The first (F1) consists of a direct application of Newton’s law:

F=G-mm,/r? (F1)
GpVx
t, = 3
;

where ris the distance between two bodies (m1,, m,), V the volume of the prism
supposed constant and p is the density.
The second which is more rigorous, is obtained by integrating the first one on

the volume of the prism:
t, = [[[(G-px/r®)ix-dy-dz (F2)
the integration gives (F3):

tx = _Gp '(¢><2y222 - ¢x2y221 _¢X2y112 + ¢X2ym - ¢xly222 + ¢x1y221 + ¢x1y122 - ¢lem )
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where:
by =yIN(z+1)+2 In(y+r)+xarctan(x—r]
yz

The formula F1 is used until a critical distance beyond which differences of
results between both formulae are unimportant, and where the formula F3 is
thus applied. After several attempts this critical distance was fixed to 50,000 m
because when it was considered superior, the calculation time increased stri-
kingly without significant variation of the result.

If the zone has a more heterogeneous ground, the choice of the critical dis-
tance could have more consequences. Since the attraction is being inversely
proportional to the distance, it is the closest prisms which have a dominating
place in the calculation of the attraction and thus the vertical deflection. Yet,
differences between the attraction’s calculation, according to the rigorous for-

mula or not, are more important as the relief is pronounced.

2.2.1. Calculation of the Components of the Vertical Deflection £and #°
In the studied area, the attraction t of every prism is calculated on the point.
Dg is the sum of the attractions # Dg =t
The vertical deflection according to the X axis is given by:
Dy,
vh

\Y

X

With normal gravity at the point of the grid is calculated by the formula of the
IUGG 1967:

%o =978.03185(1+0.005278895sin” ¢+ 0.000023462sin‘ ) gal

(with ¢ = latitude)
(1-2h)
R

=70

{and 77 are obtained from V, and V, by a rotation of angle a = azimuth of the

o )

However, noting that this formula is approximate

sin¢9:E
g =

Dg

Y axis.

Indeed, we normally have:

With frepresenting here the vertical deflection

Consequently, we can say that:

Dgy

siné = Dg, ,sinnp =
g
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Yet, since the acceleration of the gravity g is hardly measurable, Comet and

Maillard [4] replaced it by y (The normal acceleration).

2.2.2. Calculation of the Geodetic Height

The difference of height between two successive points of the grid is obtained
through multiplying the distance between both points by the value of the vertical
deflection in the direction obtained from both points. Indeed, in a point the an-
gle between the normal and the vertical line is equal to the one between the tan-
gent in the ellipsoid and the tangent in the geoid [4].

In the consideration of the geoid as a line between two consecutive points of
the grid the geodetic heights can be so calculated step by step. This method is
applied for general leveling and not only in local leveling coordinate system, the
case of “Géoide” Soft developed by CERN (Figure 4). The modelling was made
possible from a DTM with rectangular grid, in “Lambert IGN” or in WGS 84.

Once the components of the vertical deflection (& 7) are calculated, a wedging
is made to add the undulations which are not caused by the relief. It consists in a
translation and a rotation, and is made by leveled GPS points, for which the
geodetic heights are known by subtraction [42].

The principle of the wedging is to overlay the geodetic height points calcu-
lated by the model and leveled GPS points in the same geodetic system.

For this, a fundamental point will be used; it is going to be made a vertical
translation and a rotation considering it as chosen in the middle of the Calcu-
lated geoid model in order to avoid losing precision too important for bounda-
ries zone.

Indeed, an imprecision in the determination of the rotation parameters has a
proportional effect on the height of the point to the distance between it and to
the fundamental one. If this point is taken in the middle, the maximal distance is
reduced and therefore allows minimizing errors [4].

For wedging the geoid Model, we calculate the value of the vertical translation
dN, and two rotation angles according to the direction of éand 5°: d§ et dp,.
Thus, we calculate at first step as described previously, the geodetic heights of all
the points of the grid and the wedging points.

During the calculating, we have chosen N,. The latter is the approached value:
It is NV of wedging point that is the closest to the fundamental point. Other pa-
rameters d, and dr, are fixed at first to 0.

Then, the least mean square method is applied with three unknown parame-
ters (dN,, dé,, dn,) and a number of relations of observations equal to those of

the wedging points. The relations of observations are explained in [4].

2.2.3. The Potential Calculation Method

We have based our calculation of the gravitational potential on a formula used
by [42]. This method consists in the calculation of the potential of gravity. In-
deed, a model made up of n prisms can result in a potential T. This allows the

conclusion that a constant volume generates a constant potential.
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Figure 4. Flow Chart of “GEOIDE PROGRAM”.

The contribution of this potential in the calculation of the geodetic height is
based on the following formula of Browns: [43]

N=——
y

where: N is the geodetic height, 7 represents the Potential and y denotes the
normal gravity.

According to this approach, the undulations of short wavelengths of the geoid
(7y <300 km) are determined from a 3D model of the lithosphere. The Coor-
dinates Xand Y of the components of the vertical deflection are:

1 1
5 = __Txn = __Ty
Y e

The gravimetric anomaly engendered by this model is:
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A, =T

g z

It is about calculating the potential generated by the whole DTM at each point
of the grid to be modeled.

3. Case Study: Mejez El Bab Zone, North of Tunisia

The present work leads to the elaboration of a “GEOIDE Soft” presented in
(Figure 4). This program enables the design of a first prototype of local geoid
model in Tunisia, and precisely in Mejez El Bab.

This program allows the modelling of a local surface of height 0 at a grid by
use of a DTM, and the wedging of this latter by means of levelled GPS points. It
was so expressed in the Tunisian parameters. Besides, we added to this program
the second method based on the calculation of the potential of gravity [43] [44]
[45].

Every method has its own specificities and scopes. For the case of Tunisia
which has a system of orthometric height, we were able to make the wedging
only for the method of integration of the components of the vertical deflection.
Indeed, the method of the Potential is based on normal heights, but it has al-
lowed us to validate the model of geoid obtained and to make a comparison be-
tween two different methods (Figure 5). In both cases, we obtain a geoid of a
centimetric precision. This one reproduces globally the relief of Mejez El Bab.

In all what follows, the used data are plotted using the curve line functions of
“Surfer Software” to modelling the relief.

What is represented in the (Figure 6) is the entire zone covered by the DTM
in “Lambert North IGN”. What is worth noting is that Southwest half is made

up of a rather strong relief that has an influence on the geoid.

0036 375000

003

~0.025

—0.02

o015 370000
0.01
0.005

= E
3 E
= 0 5 0.01
& =
E 0:005 éassooo i
£ 001§ 0.01
-
0.015 >
> 1 -0.02
0.02
i 360000 | i
565 I- 0.04
0.035 g | HMoos
- =)
0.04 -0.06
0.045
é 0.07
| Woos 355000 2y
a -0.08
g e 465000 470000 475000 480000 485000 490000 495000
465000 470000 475000 480000 485000 490000 495000
i T
X Lambert IGN(m) 0 5000 10000

(a) (b)

Figure 5. Comparison of the geoid model (color scale is in meters), obtained from 1-Integration of the vertical deflection of {and
7, 2-Potential method.
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In order to prop up the model, we used 12 levelled GPS points. They were
supplied to us by the Cadastral and Topographical Tunisian Office (named
OTCQC), with the following information: codes, heights, longitudes and ellipsoidal
heights. The Cartesian coordinates, (X;Y,Z) are presented in the systems
CLARKE 1880 and WGS 84 [32].

4. Results and Discussion

The obtained model represents a geoid that reproduces globally the relief, as
shown in the (Figure 7). Indeed, we discern in its South West part a bump of
direction NE-SW where the geodetic height reaches 0.03 meters, bounded by
two hollows.

This bump would correspond to Jebel Bou Mous, Jebel Mourra, Jebel Jebs and
Jebel Kechtilou (Figure 1), whereas the two hollows on both sides would
represent the plain of Mejerda to the North (between 0.05 m and 0.03 m) and
that of Goubellat in the South (between —0.03 m and 0.01 m). Also, in the
southeast corner, we notice a light rise of the geoid reaching 0.02 m correspond-
ing to Jebel Khamfir and Jebel Ed Deridjah. Whereas in the extreme
North-West, the geoid rises again but achieves only —0.01 m in 0 m. On the map
this rise corresponds to Jebel Jedidi and Jebel Chaabane.

The model obtained by the potential method (Figure 8) is a geoid which
slightly reproduces the relief but by being too much inflated. Hence, we realized
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Figure 8. View of Geoid Model obtained by the potential method with a grid space of: 1600 m.

that is necessary to subtract the average value from the potential generated by
the whole DTM in the middle point. We obtain then the geoid of the Figure 5
with a minimum of 0.07 m and a maximum of 0.06, corresponding at 13 cm of
undulations.

The tests cover the influence of the various parameters (size and stitch of the
DTM and the zone). In every test, a parameter is adapted to a standard, and the
differences on the obtained heights are then studied.

The objective of these experiences is to compare the various models with what

is in priori the best. The comparison is a quadratic gap average, and must be
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examined with regard to the scattering, which is the gap quadratic average of the
geoid in its average.

For all the parameters, we note that their choice is bound, for the majority of
them, to be bound to the relief of the considered region. A precise analysis of the
reliefs surrounding the zone must thus be made. The size of the DTM is funda-
mental as far as a bigger DTM is needed, but it is not enough. It is useful that the
limits of the DTM are fixed by taking into account the relief with a maximum
integration of the stressed parts [4]. The stitch of the DTM does not seem, as far
as it is concerned, to be the most sensitive parameter. However, the realized tests
converge on the choice of 200 m (Table 1; Table 2).

For the stitch of the zone to be modelled, better results are obtained with a
reduced stitch ¢ and 7. Seen the limit of the calculation, the choice of 500 m
seems suitable.

Regarding the points of wedging, their choice is determining for the final pre-
cision (Table 3). Seen their limited number, we are not able to test their influ-
ence on the modelling of the geoid. However, the more this number decreases,
the more the position in the zone and the quality of points become more impor-
tant during the wedging of the modeled surface. A compromise between the mi-
nimization of the number of points and the precision of the result must thus be

reached.

Table 1. Influence MNT’s size on the modelling of the geoid. 1) Grid of MNT used:
200*200 m. 2) Size of the modelling area: 5*5 km. 3) Grid of the modelling area: 500*500
m. (a) (Dispersion of total MNT = 1.417 x 1072 m); (b) (Dispersion of total MNT = 2.58 x
102 m).

(a)

Method of integration of Xi and Eta

Size of MNT (km*km)
Dispersion (1072 m) Gap with total MNT (10~* m)
8*8 1.138 3.863
10*10 1.315 2.032
15*15 1.392 0.972
20%20 1.418 0.576
25*20 0.985 0.524
(b)
Method - Potential
Size of MNT (km*km)
Dispersion (1072 m) Gap with total MNT (107 m)
8*8 1.359 9.234
10*10 2.077 5.206
15*15 2.464 3.193
20*20 2.874 3.732
25*20 2.626 2.578
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Table 2. Influence of Grid’s size of MNT on the modelling geoid. 1) Grid of MNT used:
total MNT = 33*22 km. 2) Size of the modelling area: 5* 5 km. 3) Grid of the modelling
area: 500*500 m. (a) (Dispersion of the Grid 200 = 1.417 x 10> m); (b) (Dispersion of the
Gird 200 = 2.58 x 102 m).

(a)
Method of integration of Xi and Eta
Grid of MNT (m*m)
Dispersion (1072 m) Gap with Grid 200 (107 m)
300*300 1.416 0.149
400*400 1.406 0.373
1000*1000 1.266 0.926
(b)
Method - Potential
Grid of MNT (m*m)
Dispersion (107 m) Gap with Grid 200 (107> m)
300*300 2.524 0.448
400%400 2.568 0.492
1000*1000 2.441 0.699

Table 3. Influence areas size on the modelling of geoid. 1) Size of MNT used: 33*22 km.
2) Grid of MNT used: 200*200 m. 3) Grid of the modelling area: 500*500 m. (a) (Disper-
sion of the area 5*5 km = 1.417 x 1072 m); (b) (Dispersion of the area 5*5 km = 2.58 x

1072 m).
(2)
Method of integration of Xi and Eta
Size of the area (km*km)
Dispersion (107 m) Gap of the area 5*5 km (10~ m)
8*8 2.438 1.155
10%10 3.186 2.073
15%15 3.550 7.368
20%20 2.935 8.523
MNT total 2.458 9.324
(b)
Method - Potential
Size of the area (km*km)
Dispersion (1072 m) Gap with area 5*5 km (10~ m)
8*8 3.353 0.998
10*10 3.912 0.615
15*15 3.971 1.044
20%20 3.891 0.610
25%20 3.634 0.561

5. Conclusions

The present work led to the elaboration of a program allowing the design of a
first local of geoid model of the region of Mejez El Bab which is located in the
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North of Tunisia.

A prospective improvement of the model would be possible by certain tech-
niques. First, varying the density on the DTM while considering a chaotic terrain
has important implications. Second, having precise DTM is helpful. Third, the
size of the DTM plays a crucial role. Therefore, it could be interesting to increase
its size without too much increasing the mass of the calculations by using a
much bigger stitch in periphery. The “Géoide Soft”, being for the moment li-
mited in capacity, can’t handle a DTM of more than 178¥178 knots. These limits
could be exceeded by finding the way to develop more the programs without
amplifying the calculation. Also, it would be necessary to arrange more leveled
GPS points with the maximum of accuracy, which requires a precise leveling.

Through this example, by using the data in the best way, it appears that rms
on the obtained geodetic heights is better than 3 cm, which is close to GPS alti-
metry precision in z. Therefore, the total rms might be perhaps better, which
could be confirmed with more accurate GPS measurements.

Nevertheless, for a few hundreds of square kilometers area, and just by using a
DTM and a few levelled GPS points, this method provides results that look ex-
tremely promising, at least for surveying activities, as it shows a good possibility
to use GPS for coarse precision levelling, and as DTM is now widely available in
many countries.

The Terrestrial geoids are so difficult to be interpreted as they represent the
effect resulting from the heterogeneity existing in the various internal layers of
the Earth having complex structure and dynamics, which interact with each
other through mechanical or thermal couplings, etc. However, by setting more
data and ways, an alliance geoid-gravimetric would be interesting [41]. It could
help us to emit various hypotheses and to interpret the heterogeneity of the inte-
rior of the earth.

Indeed, we consider in this study that the attraction value or the integration of
vertical deflection components is directly proportional to the density. Therefore,
an increase in density accentuates the relief. In our case, we have considered that
the density is constant and equal to the continental crust (2.67).

In order to have a better definition of the geological structures, it is necessary
to refine the gravimetric models according to the Regional scale. These models
will contribute, in a significant way, to the realization of a Tunisian geoid of high
accuracy. Indeed, it would be necessary to integrate various methods to reach the
required precision (gravimetric collocation) [44] [45].

Today, the essential results are known by the global models of the geopoten-
tial. Such models integrate all the information collected from artificial satellites,

measures of gravity and, for several years, even altimetry spatial measures.
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