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Abstract 
The cluster property is one of fundamental properties in physics. This prop-
erty means that there are no relations between two events that are sufficiently 
separated. Because the cluster property is directly connected with entangle-
ment in quantum field theory and in many-body systems, theoretical and ex-
perimental progress on entanglement stimulates us to study this property 
deeply. In this paper we investigate the cluster property in the spin 1/2 XXZ 
antiferromagnet on the square lattice with an explicitly symmetry breaking 
interaction of strength g. In this model spontaneous symmetry breaking oc-
curs when the lattice size N is infinitely large. On the other hand, we have to 
make g zero in order to obtain quantities in the XXZ model with no symmetry 
breaking interaction. Since some results depend on the sequence of limit op-
erations — N →∞  and 0g → , it is difficult to draw a clear conclusion in 
these limits. Therefore we study the model with finite g on the finite lattice, 
whose size N is supposed to be 1020, for our quantitative calculations. Then we 
can obtain the concrete ground state. In order to study the cluster property we 
calculate the spin correlation function. It is known that the function due to 
Nambu-Goldstone mode (gapless mode), which is calculated using linear spin 
wave theory, satisfies this property. In this paper we show that almost dege-
nerate states also induce the spin correlation. We assume that the spin corre-
lation function in measurements is a sum of the function due to Nam-
bu-Goldstone mode and one due to these degenerate states. Then we examine 
whether the additional correlation function violates the cluster property or 
not. Our conclusion is that this function is finite at any distance, which means 

the violation of the cluster property, and it is of order of ( )1 g N . Except 

for the case of extremely small g, this violation is the fine effect. Therefore the 
correlation function due to the degenerate states can be observed only when it 
is larger than the spin correlation function due to Nambu-Goldstone mode. 
We show that g required for this condition depends on the distance between 
positions of two spin operators. 
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1. Introduction 

It has been widely understood that entanglement is one of the fundamental con-
cepts in quantum physics. In entanglement the particle correlation is contradic-
tory to the classical concept on the locality [1]. Entanglement between a few par-
ticles has been extensively studied first in order to establish strict foundation of 
quantum mechanics. Although this study belongs to the basic science, it became 
well-known that entanglement can be applied to quantum information or quan-
tum computer [2]. By these applications we find a huge number of papers on 
entanglement [3] [4] [5]. Recently the concept of entanglement has spread over 
other fields such as particle physics [6] [7] [8]. 

Another fundamental concept in quantum physics is spontaneous symmetry 
breaking (SSB) [9] [10]. We find extensive studies about relations between en-
tanglement and SSB in many-body systems [11]. One target of these studies is to 
measure entanglement in experiments [11] [12]. Another target is to clarify the 
above relation in terms of the classical order [13] [14] [15]. But concrete calcula-
tions about entanglement have been limited to simple models such as boson sys-
tems with no interactions [15] or one-dimensional ferromagnet [16]. 

The entangled particles are correlated even when the particles are separated 
from each other. If the distance between two particles is infinitely large, the en-
tangled correlation implies the violation of the cluster decomposition [10] or the 
cluster property [17]. 

Physical meaning of the cluster property, which is the most basic principle in 
physics [10], is that there is no relation between two events that occur when the 
distance between these events is infinitely large. Let us give more accurate defi-
nition for the cluster property in quantum field theory [17]. Introducing a local 
operator ( )Â x  at a position x  and another local operator ( )B̂ y  at a posi-
tion y , we calculate the expectation values of these operators in the ground 
state G , 

( ) ( ) ( ) ( )ˆ ˆ, .A BF x G A x G F y G B y G= =
   

         (1) 

Then we calculate the expectation value of the product of these operators, 

( ) ( ) ( ),
ˆ ˆ, .A BF x y G A x B y G=

   

                  (2) 

When the distance between positions x  and y  is very large, we expect 
that the above correlation function ( ), ,A BF x y   agrees with the product of 

( )AF x  and ( )BF y , 

( ) ( ) ( ),lim , .A B A Bx y
F x y F x F y

− →∞
= ⋅

 

   

               (3) 
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If the Equation (3) holds, the correlation function satisfies the cluster property. 
If it does not hold, then the cluster property fails. 

When we assume that the ground state is only one state that satisfies the 
translational invariance, the cluster property is guaranteed in quantum field 
theory. But this assumption is not trivial in SSB because the ground state con-
sists of the degenerate states. It has been also pointed out that the violation of 
this property is deeply connected with confinement in QCD [18] [19], because 
we cannot separate the quark operator far from the anti-quark operator. With 
these interests there are active studies on the cluster property in quantum field 
theory [20] [21]. 

In the many-body systems, on the other hand, we find only a few studies on 
the cluster property. Authors in works [22] [23] clarified the relation between 
the stability of the macroscopic system and the cluster property. In these papers 
it was pointed out that the ground state of the coherent state satisfies the cluster 
property, while the ground state of the number-fixed state does not. However, 
they cannot determine the ground state uniquely by Hamiltonian, so that they 
did not clarify what is the condition under which the cluster property is valid. 
Also in [17] it was shown that the cluster property fails in the Ising quantum 
spin model on the chain with a free boundary condition, although it holds with 
other boundary conditions. It should be noted that the lecture of [17] does not 
include discussion on the property in systems having the continuous symmetry. 

In this paper we would like to investigate the cluster property of the quantum 
antiferromagnet on the two-dimensional lattice. It is well known that the ground 
states of models on this system realize semi-classical Neel order [24], in other 
words, SSB of SU(2) or U(1) symmetry. This realization has been strongly sup-
ported by spin wave theory (SWT) [25] as well as numerical studies [26] [27]. 
Also there are many experimental reports about this order [28] [29]. 

For our study we employ the spin 1/2 XXZ antiferromagnet on the square lat-
tice. This model, with U(1) symmetry, is a simplified one of the Heisenberg 
model which has SU(2) symmetry. We study the model on the lattice whose size 
N is very large but finite, because the limit operation on N is quite subtle in SSB. 
One important fact clarified by the previous numerical study [24] is that the ei-
gen energy characterized by the quantum number of U(1) symmetry is almost 
degenerate. This implies that we have strictly degenerate states when N becomes 
infinitely large, while we do not have any degenerate states on the finite lattice. 
Therefore one should not make a simple operation on this limit. 

In order to determine the ground state uniquely we introduce an additional 
interaction that explicitly breaks the symmetry, which forms a disturbance in 
experiment. Then we quantitatively calculate the spin correlation function using 
the Hamiltonian with the additional interaction. We suppose that the correlation 
function is a sum of the correlation function due to the quasi-degenerate states 
and the one due to Nambu-Goldstone mode. 

Contents of this paper are as follows. In the next section we show the property 
of the ground state in SSB. Here we emphasize that the ground state consists of 
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the lowest energy states with the quantum number n of U(1) symmetry. Also it is 
stressed that if the ground state has the non-zero expectation value of a local 
spin operator, this operator connects the state of 1n +  with the state of n. We 
will find that the violation of the cluster property originates from this connec-
tion. After introducing the concrete model of the spin 1/2 XXZ antiferromagnet 
on the square lattice with the symmetry breaking interaction in Section 3, we 
calculate its ground state in Section 4. In our calculations we make a continuous 
approximation about n, which is valid provided that the size N is large. 

In Section 5 we calculate the spin correlation function. In subsection 5.1 we 
calculate the spin correlation function due to Nambu-Goldstone mode. Here we 
employ spin wave theory [25] in order to obtain a quantitative effect induced by 
the symmetry breaking interaction. In subsection 5.2 we calculate the spin cor-
relation function due to the quasi-degenerate states. In section 6 we collect the 
results of the previous section. Then we present our results of the spin correla-
tion function that is related to the violation of the cluster property in the size 

( )220 1010 10N = = . The reason for adopting this value is that the molecular dis-
tance is of order of 10−10 m and the length of the macroscopic material is of order 
of 1 m. 

The final section is devoted to summary and discussion. In Appendix A we 
point out that the violation of the cluster property leads large entanglement in 
the spin systems. In Appendix B we will show the basis of our assumption that 
the spin correlation function is the sum of the function due to Nambu-Gold- 
stone mode and the one due to the quasi-degenerate states. 

2. Ground State with Spontaneous Symmetry Breaking 

In the spin system on the finite lattice, the spin operator ( )ˆ , ,lS l x y z=  is given 
only at the discrete coordinates ix , where 1, ,i N=  , so that it is denoted by 
ˆ l

iS . The Hamiltonian Ĥ  is constructed by ˆ l
iS . i.e. ( )ˆˆ ˆ l

iH H S= . For the gene-
rator Q̂  we can assume, without loss of generality, that 

1
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ, , , , .N z x y y x

i i i i iiQ S Q S iS Q S iS
=

   = = = −   ∑            (4) 

Since the Hamiltonian has U(1) symmetry, the generator commutes with the 
Hamiltonian, namely ˆˆ , 0H Q  =  . Therefore the eigen state of Ĥ  can be the 
eigen state of Q̂  at the same time. Then the lowest energy state nD  exists 
for the quantum number n of Q̂ , 

ˆˆ , .n n n n nH D D E Q D D n= =              (5) 

In a case of the spin 1/2 system, 2, 2 1, , 2 1, 2n N N N N= − − + − . 
In the standard antiferromagnet we can insist that the ground state is one ei-

gen state of Q̂ . Actually 0E  is the lowest energy for even N and its eigen state 

0D  is the ground state. As a result SSB does not occur. 
A large amount of theoretical and experimental research, however, strongly 

supports that SSB occurs in the quantum antiferromagnet [24]. Strictly speaking, 
SSB is the concept that holds in the limit of the infinitely large N. On the finite 
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lattice, signals for SSB appear in two properties. One is a quasi-degeneracy of the 
eigen energy nE . In the antiferromagnet on the two-dimensional lattice we 
have, with a constant ( )a N , 

( ) ( ) ( )
2

0 .n
nE N E N a N
N

= +                     (6) 

When N is quite large we have the almost same eigen values for n N . Also 
it is needed that that nD  has the same quantum number as that of 0D  on 
the space symmetry. 

Another property needed for SSB is an existence of a local spin operator ˆ l
iS , 

on which there is a non-zero matrix element between these quasi-degenerate 
states. Therefore it is required that 

1
ˆ 0.l

n i nD S D± ≠                          (7) 

Let us show reasons for (6), which is required if the ground state G  is not 
the eigen state of Q̂ . In this case G  is constructed by the linear combination 
of the states nD , 

2
2 .N

n nn NG D c
=−

= ∑                      (8) 

When there is no additional interaction, as mentioned before, the ground 
state G  is given by 0D  on the finite size system. Therefore we need the 
interaction V̂  that explicitly breaks U(1) symmetry. In order to suppress the 
effect by V̂  to the model, this interaction must be quite small. Even if V̂  is 
small, however, G  should be the linear combination of nD . To obtain such 
G , it is required that the differences between energy of 0D  and those of 

nD  are quite small. 
The condition (7) is also needed by the definition of SSB, which requires a 

non-zero value of the expectation of the local field ( )xφ




 in the ground state 
G , 

( )ˆ ˆ, 0.G Q x Gφ  ≠ 
                        (9) 

See the textbook of the quantum field theory [10] about the above condition 
for SSB. Since in the antiferromagnet on the square lattice we have Neel order, 
we replace the local field ( )ˆ xφ 

 by the spin operator ( )ˆ ,l
i ia S l x y= . Here ia  

is a constant which depends on the site i. Then for SSB we require that 

ˆ ˆ, 0.l
i iG Q a S G  ≠                        (10) 

Consequently we can show an existence of the local operator whose matrix 
elements between the quasi-degenerated states are finite. From (8) and (10) we 
obtain 

( )
,

,

ˆ ˆ,

ˆ ˆ,

ˆ 0.

l
i i

l
m n m i i n

m n

l
m n m i i n

m n

G Q a S G

c c D Q a S D

c c m n D a S D

 
 

 =  

= − ≠

∑

∑

             (11) 
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Then it is necessary that ˆ 0l
m i i nD a S D ≠  for some m n≠ . Since the spin 

operator ˆ l
iS  is the charge of 1 for Q̂ , we have the non-zero matrix element 

only for 1m n= ± . As a result (7) is necessary. 
Summarizing this section, the system has the quasi-degenerate states { }nD  

and non-zero matrix elements of 1
ˆ l

n i i nD a S D±  on the lattice of the finite size 
N, when the system has SSB in the limit of the infinitely large N. 

3. Our Model 

The model we study in this paper is the spin 1/2 XXZ antiferromagnet on the 
square lattice with an explicitly symmetry breaking interaction. In this antifer-
romagnet on the square lattice we divide the whole lattice into two kinds of lat-
tices, which are called A-lattice and B-lattice. The semi-classical order on B-lat- 
tice has the opposite sign against that on A-lattice. Therefore the symmetry 
breaking interaction V̂  is a sum of the local spin operators with positive signs 
for the spin on A-lattice and those with negative signs for spins on B-lattice. 
Taking that Q̂  is defined as the total sum of ˆ z

iS  into account, the Hamilto-
nian which includes V̂  is given by 

ˆ ˆ ˆ
VH H V= +  

{ }
( ),

ˆ ˆ ˆ ˆ ˆ ˆˆ x x y y z z
i j i j i j

i j
H S S S S S Sλ= + +∑  

( ) ˆˆ 1 .iP y
i

i
V g S= − −∑                         (12) 

Here ( ),i j  denotes the nearest neighbor pair on the square lattice, and we 
define 

0 - lattice
.

1 - latticei

i A
P

i B
∈

=  ∈
                      (13) 

Note that this system has SU(2) symmetry for 1λ = , while it has U(1) sym-
metry when 1λ ≠ . 

In order to make ˆ z
iS  a diagonal matrix, the basis state is defined by 

1 2, , , Ns s s  where ˆ z
i i i iS s s s=  with 1 2is =  or 1 2− . We replace the 

state at each site by the vector representation. Then the spin operators with x-, y- 
and z-components are represented by the Pauli matrix lσ , 

ˆ ˆ ˆ2, 2, 2.x y y x z zS S Sσ σ σ= − = =              (14) 

One reason for adopting this representation is that any state 1 2, , , Ns s s  is 
the eigen state of Q̂ . Another reason is that in the analysis by spin wave theory 
[25] we would like to use the real matrix element on ˆ yS . 

In order to calculate the ground state G  in terms of the quasi-degenerate 
state nD  where ( )ˆ

n n nH D D E N= , we need the matrix elements of ˆ
VH  

between these states. They are 

( )
( )1 1

ˆ ˆ ,
ˆ ˆ .

n V n n n n

n V n n n n

D H D D H D E N

D H D D V D gNv N+ +

= =

= = −
            (15) 
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Here 

( ) ( )1
ˆ1 .iP y

n n i nv N D S D+≡ −                     (16) 

Note that ( )nv N  in (16) is independent of the site because nD  has the 
translational symmetry. Other matrix elements of the Hamiltonian are zero. 

The energy ( )nE N  in (15) is given by the expression (6) [24] [28] . Since 
this expression is quite important for our study on the cluster property, we 
present numerical results on 36N =  lattice in Figure 1, which are calculated 
by the exact diagonalization. We find that the expression (6) is valid even for the 
small size lattice of 36N = . Also numerical studies on 36N =  lattice show 
that n dependence of ( )nv N  is given by 

( ) ( ) ( )
2

2 .n
nv N v N f N
N

= −                   (17) 

In addition, from results on lattices of 18 - 36N = , we observe that 
( ) 1a N a a N= + , ( ) 1v N v v N= +  and ( ) 1f N f f N= + . Using the least 

square fit for data on these lattices, we estimate that 3.57a = , 0.217v =  and 
0.354f =  for 0.5λ = . 

In the following sections we suppose that the lattice size N is quite large. 
Therefore hereafter we use, instead of (15), 

( )
2

0

2

1 2

ˆ ,

ˆ .

n V n

n V n

nD H D E N a
N

nD H D gN v f
N+

= +

 
= − − 

 

                (18) 

 

 
Figure 1. The energy ( )nE N  of the quasi-degenerate state nD  with the quantum 

number n of U(1) symmetry. In the horizontal axis we show 2n . Black circles, red squares 
and blue diamonds show the energy calculated by the exact diagonalization on the 

36N =  lattice with 0.3,0.5λ =  and 0.8. Solid lines are results of the least square fits. 
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4. Ground State with Symmetry Breaking Interaction 

Here we consider the set of the quasi-degenerate states, 

{ } { }0 1 1 2 2 2 2, , , , , , , .n N ND D D D D D D D− − −= ⋅ ⋅ ⋅     (19) 

The ground state G  is the linear combination of nD , 

( )22
2 , 1.N

n n nn N
n

G D c G G c
=−

= = =∑ ∑           (20) 

From (18) and (20) the eigen equation ˆ
V GH G G E=  can be replaced by 

the eigen equation on nc , 

( )

( )

2 2

1 1 12 2

2

02

2 11 2

2 1 .

n n n n n

G n

n f n na c gvN c c c gNf c
N v N N

f nE gvN E N c
v N

+ − −

  − +
− − ⋅ + − + 

 
   = + − ⋅ −  
   

     (21) 

We assume that the coefficient nc  changes smoothly on n. Then we can re-
place n by a continuous variable x n x= ∆ , and replace nc  by a continuous 
function ( )x x∆ Ψ , 

( ) ( ) ( )†, , d 1.nc x x n x x x x x
∞

−∞

= ∆ Ψ = ∆ Ψ Ψ =∫          (22) 

By this correspondence we have 

( ) ( ) ( ) ( ){ }( )2 5 2
1 1 2 2n n nc c c x x x x x x x+ −+ − = Ψ + ∆ +Ψ −∆ − Ψ ∆ ∆    

( ) ( )
2

5 2
2

d
.

d
x

x
x
Ψ

→ ∆                        (23) 

Here with a good approximation we replace the discrete operation by the dif-
ferential one in the above equation. Therefore we obtain the following equation 
for the eigen equation on ( )xΨ , 

( )
( ) ( )

( )
( )

( ) ( )

( )
( ) ( )

2
22 2

2 2 22

2
022

d1 11
d

d2 1
d

12 1 .G

xfax x gvN x x
v xN x N x

xxgf x x
N x N x

fE gvN x E N x
v N x

  Ψ
Ψ − ∆ − 

∆ ∆  
Ψ − + + Ψ −∆  ∆  

   = + − − Ψ  
∆    

    (24) 

This eigen equation leads 

( )
( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ){ } ( )

2 2
22 2

2 2 2

0

d d1 12
d d

d d2 1 2
d d

2 .G

x x
a gf x x gvN x gfx

Nx xN x

x xx x xgf x gf x gf gf
N x N N x N x

E gvN E N x

Ψ Ψ
+ Ψ − ∆ +

∆

Ψ Ψ∆
− Ψ + Ψ + −

∆
= + − Ψ

 (25) 
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In the above equation, we do not drop any term yet. 
When x∆  is of order of N β−  with 0 1β< <  we can drop terms from 

third to the seventh of the left hand side of the equation. The reasons are as fol 

lows. The third term is ( ) ( )( ) ( )( )2 2 11O N O N x O N β− −∆ =  of the second term. 

The ratios of the 4-th and the 5-th term to the first term are ( ) ( )O x O N β−∆ =  

and ( )( ) ( )2 2O x O N β−∆ = , respectively. The 6-th term is 

( ) ( )( ) ( )( )2 2 11O N O N x O N β− −∆ =  of the second term. Also the 7-th term is 

( ) ( )( ) ( )( )2 2O x N O N x O N β− −∆ ∆ =  of the second term. Therefore only the  

first and the second terms remain in the left hand side of (25). 
Then the equation becomes to be the wave equation with the harmonic poten-

tial, 

( )
( )

( ) ( ) ( )

( ){ } ( )

2
22

2 2

0

d12
d

2 .G

x
a gf x x gvN x

xN x

E gvN E N x

Ψ
+ Ψ − ∆

∆

= + − Ψ

           (26) 

Thus we obtain eigen functions and eigen values, 

( ) ( ) 2 2e ,x
l l lx N H x ηη −Ψ =                     (27) 

( ) ( ) ( )0 2 2 2 1 .GlE E N gvN a gf gv l= − + + +            (28) 

Here ( )lH y  is the l-th Hermite polynomial, lN  is a normalization factor  

calculated by ( ) 2
d 1lx x

∞

−∞

Ψ =∫  and 

( ) ( )22 .a gf gv N xη  ≡ + ∆                    (29) 

The ground state is given by ( )0 xΨ , more precisely, 

( )0 .x xx xG D x x∆∆
= Ψ ∆∑                (30) 

The ground state energy is given from (28) by 

( ) ( )0 0 2 2 .G GE E E N gvN a gf gv= = − + +            (31) 

Here the constants a, f and v are fixed once the Hamiltonian of the model is 
given. The parameter that we can control is g only. In the next section we will 
analyze the effects by the breaking interaction V



 to the spin correlation func-
tion. 

5. Spin Correlation Function 

For our study of the cluster property, we introduce the spin correlation function 
( ),F i j  and its difference ( ),F i j∆ , 

( ) ( ) ( ) ( ), , ,F i j F i j F i F j∆ ≡ − ⋅  

( ) ( ) ( )ˆ ˆ, 1 1 ,i jP Px x
i jF i j G S S G≡ − −  
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( ) ( ) ˆ1 .iP x
iF i G S G≡ −                       (32) 

If the cluster property holds, we have ( )lim , 0
i jx x

F i j
− →∞

∆ =
 

. 
The most important assumption in our calculations is that the spin correlation 

is the sum of the contribution due to Nambu-Goldstone mode and that due to 
the quasi-degenerate states. Namely we assume that 

( ) ( ) ( ), , , ,NG DSF i j F i j F i j= +  

( ) ( ) ( ).NG DSF i F i F i= +                      (33) 

In Appendix B we will show the basis of this assumption. 
In the next subsection we calculate the spin correlation function due to Nam-

bu-Goldstone mode. In subsection 5.2 we calculate the spin correlation function 
due to the quasi-degenerate states. 

5.1. Calculation by Spin Wave Theory 

When we add the symmetry breaking interaction V̂  to the Hamiltonian, this 
interaction changes the gapless Nambu-Goldstone mode to the gapped state. For 
quantitative calculations about the gapped state, we employ linear spin wave 
theory (LSWT) [25]. The Hamiltonian of the model with spin S is given by 

{ }
( )

( )
,

ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ 1 ,iPS x x y y z z y
V i j i j i j i

i j i
H S S S S S S g Sλ= + + − −∑ ∑  

( ) ( ) ( ) ( )
2 2 2ˆ ˆ ˆ 1 .x y z

i i iS S S S S+ + = +                  (34) 

After introducing 

( )ˆ ˆ ˆ1 ,iPz x
i i iS S i S± = ± −                        (35) 

we replace the spin operators by the annihilation operators îb  and the creation 
operators †

îb  for the magnon, 

( ) ( )† †ˆ ˆ ˆ ˆˆ ˆ ˆ2 , 2 , 1 .iPy
i i i i i i iS Sb S Sb S S b b+ −= = = − −         (36) 

Using îb  and †
îb , Hamiltonian in (34) becomes 

( ) ( ) ( )
( )

† † † † † †

,

†

1 1 1ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ 2
4 4 2

ˆ ˆ const.

S
V i j i j i j i j i i j j

i j

i i
i

H S b b b b b b b b b b b b

g b b

λ λ+ − + = + + + + + 
 

+ +

∑

∑
 (37) 

We use ˆ
kb  instead of îb  for the representation by the wave vector, 

1ˆ ˆ e .iikx
ik

i
b b

N
= ∑





                      (38) 

Here the wave vector is defined by ( ) ( ), 2π , 2πx y x yk k k n N n N= =


, 
using integer xn and yn . Then we describe the Hamiltonian by ˆ

kb  and †ˆ
kb , 

with ( )cos cos 2x yk k kγ ≡ +  and ( )4g g S≡ , 

( )† † †1 1ˆ ˆ ˆ ˆ ˆ ˆˆ 4 1 const.
2 4

S
V k k k k k k k k

k
H S g b b b b b bλ λγ γ

− −

 − + +  = + + + + +  
  

∑        



 (39) 
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We diagonalize the Hamiltonian by 
†ˆ ˆ ˆcosh sinh .k k k k kb α θ α θ
−

= +                        (40) 

Then we obtain 
†ˆ ˆ ˆ const.S

V k k k
k

H ω α α= +∑   



                    (41) 

Here the parameter kθ   is determined by 

( )
1

2tanh 2 .11
2

k

k

kg

λ γ
θ

λ γ

+

= −
− +

+ +







                 (42) 

Then the energy kω   of the magnon is given by 

( ) ( )( )2 24 1 1 1 .k k kS g gω λ γ λγ= + + + − + −                (43) 

We would like to obtain the spin correlation function at the large distance on 
the quite large lattice. Therefore we are interested in the small wave vectors. In 
the case of 1xk   and 1yk  , the energy is given by 

( ) ( ) ( )2 214 1 1 1 .
4 x yk S g g g k kω λ λ λ≈ + + + + + − +           (44) 

We see that the gap energy ( )4 1ge S g g λ= + +  is proportional to g  
when g is small. By this gap energy we expect that the spin correlation function 
decreases exponentially at the large distance. 

Let us explicitly calculate the spin correlation function of the spin operator  

( ) ˆ1 iP x
iS− . For this calculation we express the spin operator by the operators ˆ

kα   

and †ˆ
kα  , 

( ) ( )

( )( )

( )

†

†

†

2 ˆ ˆˆ1 e
2

2 ˆ ˆcosh sinh e
2

2 1 1 1 1 ˆ ˆ1 1 e .
2 22

i i

i

i

P ikxx
i k k

k

ikx
k k k k

k

ikx
k k

k k k

SS b b
i N

S
i N

S
i N

θ θ α α

α α
ω ω

−

−

−

− = −

= − −

     = + + − + −            

∑

∑

∑





 







   







 



 

     (45) 

Here we introduce notation kω   defined by 

( )
111 2cosh 2 4 .

k

k
k k

g
S

λ γ
θ

ω ω

− +
+ +

≡ =




 

             (46) 

Using this expression for ( ) ˆ1 iP x
iS− , we can calculate the spin correlation  

function due to Nambu-Goldston mode. It is clear from (45) that 

( ) ( ) ˆ1 0.iPS x
NG i NGF i G S G≡ − =                (47) 

In addition we obtain 
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( ) ( ) ( )

( )

( )

2

ˆ ˆ, 1 1

1 1 1 1(1 ) ( 1 ) e
2 2 2

1 e .

i j

i j

i j

P PS x x
NG i j NG

ik x x

k k k

ik x x

k k

F i j G S S G

S
N

S
N

ω ω

ω

−

−

≡ − −

  = + + − + 
  

∑

∑



 



 



 







   (48) 

When the distance i jr x x= −
 

 is large, the summation on k


 can be domi-
nated by the contributions from the small wave vector. Therefore we can replace 
the energy by 

( ) ( )
( )

2 21 1 4 1
, .

1 2 1 1k

g g g
k

g g
λ λ λ

ω τ τ
λ λ λ

+ + − + +
→ + ≡

+ + + + −




  (49) 

For large r the summation can be replaced by the integral in a good approxi-
mation, 

( ) ( )
( ) ( )

( )

( )
( )

( )

( )
( )

( )

( )
( )

2 2 2

02 2
0

02 2 2
0

1 2 1 1, d d e
2π1 1

1 2 1 d
2π1 1

1 2 1 d
2π1 1

1 2 1 e .
2π1 1

i jik x xS
NG x y

r

S g
F i j k k

g k
S g kk J kr

g k

S g ss J s
rg r s

S g
rg

τ

λ

λ λ τ

λ

λ λ τ

λ

λ λ τ

λ

λ λ

∞ ∞
−

−∞ −∞

∞

∞

−

+ +
→

+ + − +

+ +
=

+ + − +

+ +
=

+ + − +

+ +
=

+ + −

∫ ∫

∫

∫



 



  (50) 

Here ( )0J z  is the Bessel function. Since the integral of the Bessel functions 
is equal to ( )exp rτ− , we obtain the simple expression. 

5.2. Correlation Function Due to Quasi-Degenerate States 

In this subsection we calculate the spin correlation function ( ),DSF i j  induced 
by the quasi-degenerate states. We start with the ground state (30) which is de-
rived from (20), and the matrix element 

( ) ( )

( ) ( )
1 1

1

ˆ ˆ ˆ1 , 1

ˆ1 .

i i

i

P Px y
n i n n i n

P y
n i n n

D S D D i Q S D

i D S D iv N iv

+ +

+

 − = − 

= − = 

           (51) 

In the Hilbert space spanned by the quasi-degenerate states, 

( ) ( ){ }
( )

( ) ( )

( )

1 1

1 1

0 0

0

ˆ1

d
2 .

d

iP x
i n n n

n

n n n
n

n
n

n
n

S G D iv D iv c

iv D c c

iv D x x x x x

x
iv D x x

x

+ −

+ −

− = + −

= − −

= − Ψ + ∆ −Ψ −∆ ∆  

Ψ 
→ − ∆ ∆ 

 

∑

∑

∑

∑

    (52) 

Since N is quite large, we can replace the discrete expression by the differential 
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expression. Clearly we have 

( ) ( ) ˆ1 0.iP x
DS i DSF i G S G≡ − =                  (53) 

In addition we obtain 

( ) ( ) ( )

( ) ( ) ( ) ( )

( )

2
2 20

0 2

22 2

ˆ ˆ, 1 1

d
2 d

d

2 14 2 .
2

i jP Px x
DS i j DSF i j G S S G

x
iv x x x

x

a fgv x v
v g N

η

∞

−∞

≡ − −

Ψ
→ − Ψ ∆

+ = − − ∆ = 
 

∫         (54) 

From (54) we see the following. 
1) ( ),DSF i j  is independent on the distance i jr x x= −

  , which implies that 
this correlation function is not zero even if r is large. 

2) ( ),DSF i j  is of order of ( )1 g N . Therefore it strongly depends on the 
magnitude of the strength g of the symmetry breaking interaction. 

Keeping gs g N≡  fixed, we obtain the following results even if we make the 
size N infinitely large, 

( )
( ) 3

, 0, fixed

1lim lim , 2 0.
i j g

DS
x x N g s g

F i j av
s− →∞ →∞ →

 
∆ = ≠ 

 
 

      (55) 

Therefore the spin correlation function violates the cluster property. 

6. Cluster Property 

As described in (33) the spin correlation function ( ),F i j  is the sum of the 
function due to Nambu-Goldstone mode and one due to the quasi-degenerate 
states. In addition the expectation value of the single spin operator ( )F i  is ze-
ro, as is shown in subsections 5.1 and 5.2. Therefore we see that 

( ) ( ), ,NG DSF i j F r F∆ ≡ +  

( )
( )

1 1 e ,
4π11 1

2

r
NG

gF r
r

g

τλ

λ λ

−+ +
≡

+ + −
 

2 2 12 .DS
a fgF v

v g N
+

≡                      (56) 

Here we obtain ( )NGF r  by putting 1 2S =  in (50). 
In numerical estimations we suppose 1g   because the additional interac-

tion should be small. For 1g   we have 2gτ ≈ . In addition, with 0.5λ = , 
we have 

( )

1 1 1 0.0975,
4π 4π11 1

2

g

g

λ λ

λ λ

+ + +
≈ =

+ + −
 

2 322 2 0.382.a fgv av
v

+
≈ =                  (57) 
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Since the lattice size N is fixed to be 1020, the parameter in (56) is only the 
strength g of the additional interaction. 

As described in subsection 5.2, DSF  violates the cluster property. Experi-
ments to observe this violation are nontrivial tasks, however. One reason is that 

DSF  will be small if we cannot suppress the additional interaction small enough. 
Another reason is that DSF  will be hidden by ( )NGF r  unless ( )DS NGF F r . 
Taking these difficulties into account, we discuss what conditions make DSF  be 
measurable. 

First we estimate DSF  in (56), which is 213.82 10 g−×  for small g. Its 
magnitude increases when g decreases. For example when g is 10−8, DSF  is 

173.82 10−× , while when g is 10−32, DSF  is 53.82 10−× . 
In order to observe a signal for the violation of the cluster property, we need a 

condition that ( )NGF r  in (56) is smaller than DSF . In Figure 2 we plot 
( )NGF r  and DSF  as a function of the distance r for various values of g, which 

helps us to estimate this condition quantitatively. Let us consider three typical 
cases which are 810g −= , 2010g −=  and 3210g −= . 

1) 810g −=  
As we see in Figure 2, ( )NGF r  decreases rapidly 510r = . Then we find a 

possibility to observe DSF  at this distance. We have to measure, however, very 
small DSF  which is of order of 10−17. 

2) 2010g −=  
In this case ( )NGF r  shows not the rapid decrease but the decrease following 

1/r. DSF  is larger than ( )NGF r  only when r is larger than 108. We see the 
narrow range of r where the observation of DSF  is possible. 
 

 
Figure 2. The correlation ( )NGF r  and DSF  which are shown as functions of the dis-

tance r. Values of ( )NGF r  agree with the blue curve when 2010g −≤ . The parameter λ  

is 0.5 and the lattice size is 2010N = . 
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3) 3210g −=  
This value of g is extremely small so that DSF  is of order of 10−5. Since
( ) 0.0975NGF r r≈ , DSF  is larger than ( )NGF r  at the distance 310r  . 

Therefore it would be easy to observe the signal of the violation of the cluster 
property. 

The above discussion shows the importance of the distance r at which we ob-
serve the spin correlation function. Therefore in Figure 3 we plot, as a function 
of the value of DSF , the distance r where DSF  is equal to ( )NGF r . In this fig-
ure we find the triangle curve above which ( )DS NGF F r≥ . Let us see r for sever-
al concrete cases. 

1) 173.82 10DSF −= ×  ( 810g −= ) 
Note that ( )NGF r  decreases exponentially at 410 .r ≥  Therefore if this small 

value of the spin correlation function is observable in experiments, we can find 
the signal for DSF  in the wide range of the distance 410r ≥ . 

2) 113.82 10DSF −= ×  ( 2010g −= ) 
For this value we find the very narrow range of r for the possible observation 

of the violation. We have to measure the correlation function at the large dis-
tance near its maximum. 

3) 53.82 10DSF −= ×  ( 3210g −= ) 
If we suppress the additional interaction until 3210g −= , we have the large 

value for DSF . In this case the range of r for the possible observation of the vi-
olation is wide again, i.e. at the distance of 32.55 10r ×  we can make the 
measurement. 
 

 
Figure 3. The distance at which the magnitude of ( )NGF r  is equal to that of DSF . In the 

horizontal axis we show the magnitude of DSF . In the region above the triangle curve, 

DSF  is larger than ( )NGF r . The lattice size is 2010N =  and the parameter λ  is 0.5. 
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In conclusion we find that the spin correlation function due to the quasi-de- 
generate states violates the cluster property. If we can measure very small corre-
lations, we can catch the signal for the violation in the wide range of the dis-
tance. 

7. Summary and Discussion 

In this paper we made an extensive study of the cluster property in the quantum 
antiferromagnet on the square lattice. The cluster property means that there are 
no relations between two events that are sufficiently separated. For this study we 
kept the lattice size N finite, because the effect due to the finite size plays an im-
portant role. In this study we assign 2010N = , since we consider the material of 
order of 1 m. 

For a concrete model we adopted the S = 1/2 XXZ antiferromagnet on the 
square lattice. This model has U(1) symmetry which spontaneously breaks. The 
reason why we employ it is that we would like to analyze a model as simple as 
possible. On the finite lattice the lowest energy of the states with the quantum 
number n of the symmetry is almost the same as the energy with 0n = . When 
we add the interaction that explicitly breaks the symmetry, the ground state be-
comes the linear combination of the quasi-degenerate states, which strongly de-
pends on the strength of the added interaction. 

In order to study the cluster property we calculated the spin correlation func-
tion. It is known that the function due to Nambu-Goldstone mode satisfies the 
cluster property. What we showed is that the quasi-degenerate states induce 
another spin correlation and it violates the cluster property. This induced func-
tion is, at any distance between positions of two spin operators, of order of 

( )1 g N , where g is the strength of the additional interaction. The necessary 
condition to observe the violation in experiments is that the correlation function 
due to the quasi-degenerate states is larger than the spin correlation function 
due to Nambu-Goldstone mode. We showed that g required for this condition 
depends on the distance. Then we conclude that it is possible to find the viola-
tion of the cluster property in experiments. 

Let us comment on experiments about the cluster property. In the experi-
ments it is required to measure the correlation length [30] [31] [32], because the 
correlation length is directly connected with the behavior of the spin correlation 
at the large distance. In the experiments on the material Sr2CuCO2Cl2 [33] [34], 
the neutron scattering is used to measure the correlation length. These experi-
ments confirmed that this correlation length becomes large when the tempera-
ture is low. In addition it turned out that the length is an exponential function of 
the inverse of the temperature. In these experiments it was found that the corre-
lation length scales from 1 to 200 lattice constants when temperature decreases 
from 1500 K to 300 K. Therefore it is difficult to observe the violation of the 
cluster property in this range of the correlation length. 

In experiments the growth of the correlation length is limited by temperature. 
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In addition even if temperature is close to zero, where the correlation length is of 
order of the system size, the disturbed interactions limit the length. But, in prin-
ciple, one can control these interactions in experiments. Therefore we would be 
able to examine the cluster property when the temperature is quite low and the 
disturbance which contains the symmetry breaking interaction is suppressed. 

While we have only a few experiments on XXZ model [35], which is the mod-
el we studied, there are many experiments [30] [31] [32] [33] [34] on Heisenberg 
antiferromagnet which has SU(2) symmetry. Therefore our further study should 
be made about the Heisenberg model. In this model the energy of the qua-
si-degenerate states is proportional to ( )1J J N+ , where J is the total spin of 
the quasi-degenerate states. Since these states with a fixed J are degenerate on 

zJ , where zJ  is the z-component of the total spin, we cannot determine the 
ground state uniquely by one kind of the interaction only. Therefore we need a 
detailed study on additional interactions to obtain the unique ground state. Then 
we have to make quantitative estimations for the violation of cluster property 
using these interactions. 
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Appendix A 

In this appendix we show the relation between entanglement and the cluster 
property in spin systems. Entanglement is judged to be large when the two- 
Renyi mutual information 2I  [4] [16] is large. Here 2I  is defined by the en-
tropy 2S , 

( ) ( ) ( )2 2 2 2 , .I S x S y S x y≡ + −
                     (58) 

The entropies are calculated by the density matrix ρ̂ , 

( ) ( ) ( ) ( )2 2
2 2 2 2 ,ˆ ˆlog , , log .x x yS x tr S x y trρ ρ= − = −  

           (59) 

As a result entanglement is measured by the density matrix at the local posi-
tions. In the S = 1/2 quantum systems, where temperature is zero, the density 
matrix ˆxρ   at the local position x  is given by the sum of the expectation val-
ues of the spin operator in the ground state [16], 

0, , ,

ˆ ˆˆ .l l
x x x

l x y z
S G S Gρ

=

= ∑                     (60) 

Here 0ˆ 1̂ 2x xS ≡  . Also the density matrix ,ˆx yρ    is calculated by the correlation 
function of the spin operators in the ground state, 

,
, 0, , ,

ˆ ˆ ˆ ˆˆ .l l l l
x y x y x y

l l x y z
S S G S S Gρ ′ ′

′=

= ∑                     (61) 

Then the square products of the density matrices become 
2

, 0, , ,

2
,

, , , 0, , ,

ˆ ˆ ˆ ˆˆ ,

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ .

l m l m
x x x x x

l m x y z

l l m m l l m m
x y x y x y x y x y

l l m m x y z

S S G S G G S G

S S S S G S S G G S S G

ρ

ρ
=

′ ′ ′ ′

′ ′=

=

=

∑

∑

    

         

    (62) 

Since ( ) ,
ˆ ˆ 2l m

x x l mtr S S δ=   and ( ) , ,
ˆ ˆ ˆ ˆ 4l l m m

x y x y l m l mtr S S S S δ δ′ ′
′ ′=    , the traces of 2ˆxρ   

and 2
,ˆx yρ    are given by 

( )

( )

22

0, , ,

22
,

, 0, , ,

1 ˆˆ ,
2
1 ˆ ˆˆ .
4

l
x x

l x y z

l l
x y x y

l l x y z

tr G S G

tr G S S G

ρ

ρ

=

′

′=

=

=

∑

∑

 

   

              (63) 

Let us calculate the information 2I  at large distance x y−
 

 when the clus-
ter property holds. In this case we have 

ˆ ˆ ˆ ˆlim .l l l l
x y x yx y

G S S G G S G G S G′ ′

− →∞
=   

 

             (64) 

Therefore with large x y−
 

 we have 

( ) 2 22
,

, 0, , ,

1 ˆ ˆˆ .
4

l l
x y x y

l l x y z
tr G S G G S Gρ ′

′=

→ ∑               (65) 

Then we obtain 

( )

( ) ( )

2 22
2 , 2 2

0, , , 0, , ,

2 2
2 2

1 1ˆ ˆˆlog log log
2 2

ˆ ˆlog log .

l l
x y x y

l x y z l x y z

x y

tr G S G G S G

tr tr

ρ

ρ ρ

= =

   
→ +   

   

= +

∑ ∑   

 

 (66) 
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As a result the information 2I  is zero. 
Next we calculate the information 2I  at large distance x y−

 

 when the 
cluster property fails. In this case we have, with a non-zero constant vC , 

ˆ ˆ ˆ ˆlim .l l l l
x y x y vx y

G S S G G S G G S G C′ ′

− →∞
= +   

 

           (67) 

With large x y−
 

 we have, if 1vC  , 

( ) { }

{ }

22
,

, ' 0, , ,

2 2

, 0, , ,

1 ˆ ˆˆ
4

1 ˆ ˆ ˆ ˆ2 .
4

l l
x y x y v

l l x y z

l l l l
x y v x y

l l x y z

tr G S G G S G C

G S G G S G C G S G G S G

ρ ′

=

′ ′

′=

→ +

≈ +

∑

∑

   

   

   (68) 

Then 

( ) 2 22
2 , 2 2

0, , , 0, , ,

, 0, , ,
2 2

, 0, , ,

1 1ˆ ˆˆlog log log
2 2

ˆ ˆ
2

.
ˆ ˆln 2

l l
x y x y

l x y z l x y z

l l
x y

l l x y zv
l l
x y

l l x y z

tr G S G G S G

G S G G S G
C

G S G G S G

ρ
= =

′

′=

′

′=

   
→ +   

   

+

∑ ∑

∑

∑

   

 

 

 (69) 

Therefore at the large distance we obtain the information 2I  which is given 
by 

, 0, , ,
2 2 2

, 0, , ,

ˆ ˆ
2

.
ˆ ˆln 2

l l
x y

l l x y zv
l l
x y

l l x y z

G S G G S G
C

I
G S G G S G

′

′=

′

′=

=
∑

∑

 

 

             (70) 

It shows that the violation of the cluster property lead to the non-zero 2I  at 
the large distance. Reversely the large entangled correlation in the far distance 
leads to the violation of the cluster property. Because of this equivalence the 
study on cluster property is interesting in the application to the quantum com-
munication. 

Appendix B 

In this appendix we make a brief discussion to give the basis on our assumption 
(33) which means that the spin correlation function is the sum of the function 
due to due Nambu-Goldstone mode and the one due to the quasi-degenerate 
states. Here we neglect, for the quite large N, the 2 2n N  terms with n N . 

In Section 2 we described two properties originating from the quasi-degene- 
rate states { }nD , which are the quasi-degeneracy on the energy and the non-  
zero matrix elements ( )1

ˆ1 iP x
n i nD S D± − . As is shown in (11), the latter im-

plies ( )ˆ ˆ, 1 0iP x
iG Q S G − ≠  . Based on this result and the translational sym- 

metry of G , it is derived that Nambu-Goldstone mode exists and  
( ) ˆ1 iP x

iS G−  contains this mode [10]. 
It should be noted that, in this derivation, there is no restriction to the num-

ber of the quasi-degenerate states which the ground state consists of. An extreme 
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example is that the ground state is the linear combination of only two quasi-de- 
generate states nD  and 1nD +  with some n, 

2 2
1 1 1, 1.n n n n n nG D c D c c c+ + += + + =              (71) 

Even in this case we do have Nambu-Goldstone mode, since 

( )

( ) ( )* *
1 1 1 1

ˆ ˆ, 1

ˆ ˆ1 1
0.

i

i i

P x
i

P Px x
n n n i n n n n i n

G Q S G

c c D S D c c D S D+ + + +

 − 

= − + −

≠

     (72) 

Therefore each ( ) ˆ1 iP x
i nS D−  contains Nambu-Goldstone mode having 

wave vector k


 and its energy proportional to k


. The spin correlation func-
tion due to Nambu-Goldstone mode at the large distance is determined only by 
the mode with small values of k



. 
Let us denote the annihilation (creation) operator of Nambu-Goldstone mode 

with k


 by ˆ
kα   ( †ˆ

kα  ). The spin operator ( ) ˆ1 iP x
iS−  includes a function of ˆ

kα   
and †ˆ

kα  , which we denote by ˆ
iSα  here. Note that ˆ

iSα  in SWT approximation 
is given by (45). 

Since 1
ˆ 0n i nD S Dα± =  and ( )1

ˆ1 const. 0iP x
n i nD S D± − = ≠ , ( ) ˆ1 iP x

iS−  

should include an additional operator X̂  defined by 

( ){
( )

1 1

1 1

ˆˆ 1

ˆ1 .

i

i

P x
n n i n n

n

P x
n n i n n

n

X D D S D D

D D S D D

+ +

− −

≡ −

+ − 


∑

∑
             (73) 

Note that X̂  does not depend on i. Thus we have 

( ) ˆ ˆ ˆ1 .iP x
i iS S Xα− = +                          (74) 

Therefore we obtain 

( ) ( )
( ) ( )

ˆ ˆ ˆ1

.

iP x
i i

NG DS

F i G S G G S G G X G

F i F i
α= − = +

= +
         (75) 

We also obtain 

( ) ( ) ( )

( ) ( )

2

ˆ ˆ ˆ ˆˆ ˆ, 1 1

ˆ ˆ ˆ ˆˆ ˆ ˆ

ˆ ˆˆ ˆ, , .

i jP Px x
i j i j

i j i j

NG DS i j

F i j G S S G G S X S X G

G S S G G X G G S X G G XS G

F i j F i j G S X G G XS G

α α

α α α α

α α

   = − − = + +   

= + + +

= + + +

 (76) 

The third term is equal to zero because 

*

1

ˆ ˆˆ ˆ|

ˆ ˆ 0.

i i m m
m

n n i m m
n m n

G S X G G S D D X G

c D S D D X G

α α

α
= ±

 =  
 

 = = 
 

∑

∑ ∑
    (77) 

Similarly the forth term vanishes. Thus we justify the assumption (33). 
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