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Abstract 
This paper mainly deals with the higher-order coupled Kirchhoff-type equa-
tions with nonlinear strong damped and source terms in a bounded domain. 
We obtain some results that are estimation of the upper bounds of Hausdorff 
dimension and Fractal dimension of the global attractor. 
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1. Introduction 

Guoguang Lin and Sanmei Yang [1] had studied the existence and uniqueness of 
the solution and global attractors for the higher-order coupled Kirchhoff-type 
equations. Furthermore, we consider the Hausdorff dimension and Fractal di-
mension of the global attractor for the following Hinder-order coupled Kirchhoff 
equations: 

( )( ) ( ) ( ) ( )2 2
1 1, ,m m

tt tu M u v u u g u v f xβ+ ∇ + ∇ −∆ + −∆ + =      (1.1) 

( )( ) ( ) ( ) ( )2 2
2 2, ,m m

tt tv M u v v v g u v f xβ+ ∇ + ∇ −∆ + −∆ + =      (1.2) 

( ) ( ) ( ) ( )0 1,0 , ,0 , ,tu x u x u x u x x= = ∈Ω               (1.3) 

( ) ( ) ( ) ( )0 1,0 , ,0 , ,tv x v x v x v x x= = ∈Ω               (1.4) 

0, 0, 1, 2,3, , 1,
i

i

uu i m
µ∂Ω

∂
= = = −

∂
                (1.5) 
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0, 0, 1, 2,3, , 1,
i

i

vv i m
v∂Ω

∂
= = = −

∂
                 (1.6) 

where 1m >  is an integer constant and Ω  is a bounded domain of nR  with a 
smooth Dirichlet boundary ∂Ω  and initial value. iµ  and iv  are the unit outward 
normal on ∂Ω , ( )M s  is a nonnegative 1C  function, ( )m

tu−∆  and ( )m
tv−∆  

are strongly damping, ( )1 ,g u v  and ( )2 ,g u v  are nonlinear source terms, ( )1f x  
and ( )2f x  are given forcing function. 

When considering single Higher-order Kirchhoff-type equation,  

( )2muβ σ= ∇ , ( ), 0g u v =  and 1m =  in ( )M s , becomes following High-
er-order Kirchhoff-type wave equation with nonlinear strongly damping: 

( )( ) ( )( ) ( )
2 2

,m mm m
tt tu u u u u f xσ φ+ ∇ −∆ + ∇ −∆ =         (1.7) 

( ) ( ), 0, 0, 1, , 1, , 0, ,
i

i

uu x t i m x t
ν
∂

= = = − ∈∂Ω ∈ +∞
∂

         (1.8) 

( ) ( ) ( ) ( )0 1,0 , ,0 , .tu x u x u x u x x= = ∈Ω               (1.9) 

This equation had been studied some main results that are existence and uni-
queness of the solution in ( ) ( )2

0
m mH HΩ × Ω  and global attractors by Yuting 

Sun, Yunlong Gao and Guoguang Lin, see [2]. 
In case of 1β =  and 1m =  in ( )M s , the Equation (1.1) becomes a High-

er-order Kirchhoff-type equation with nonlinear strongly dissipation and source 
term:  

( ) ( ) ( ) ( ) ( )
2

2 , , 0, 1,
mm m

tt tu u M u u g u f x x t m
 

+ −∆ + −∆ −∆ + = ∈Ω > >  
 

 (1.10) 

( ), 0, 0, 1, , 1, , , 0,
i

i

uu x t i m x x t
ν
∂

= = = − ∈∂Ω ∈Ω >
∂

        (1.11) 

( ) ( ) ( ) ( )0 1,0 , ,0 .tu x u x u x u x= =                 (1.12) 

This equation had been investigated the existence and uniqueness of the solu-
tion, global attractors and estimation Hausdorff and fractal dimensions of the 
global attractor by Chen, Wei Wang and Guoguang Lin, see [3]. As for the study 
of estimation Hausdorff dimension of the global attractor, we applied different 
method from theirs. 

Under the situation of 1β =  and ( ) ( )2 q
mM s uα β= + ∇ , the problem (1.1) 

becomes a class of strongly damped Higher-order Kirchhoff-type equation:  

( ) ( ) ( ) ( ) ( ) ( ) [ )
2

, , 0, ,
q

m mm
tt tu u u u g u f x x tα β+ −∆ + + ∇ −∆ + = ∈Ω× +∞  (1.13) 

( ) ( ) ( ) ( )0 1,0 , ,0 , ,tu x u x u x u x x= = ∈Ω              (1.14) 

( ) ( ), 0, 0, 1, , 1, , 0, .
i

i

uu x t i m x t
ν
∂

= = = − ∈∂Ω ∈ +∞
∂

          (1.15) 

This equation had been studied the existence and uniqueness of the solution, 
global attractors and estimation of the upper bounds of Hausdorff for the global 
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attractors and the existence of a fractal exponential attractor with non-supercritical 
and critical cases by Guoguang Lin and Yunlong Gao, see [4]. Their novelty is that 
it overcomes ( )2 q

muα β+ ∇  by using generalized Gronwall’s inequality in Lem-
ma 2. 

Next, the main purpose of this paper is to study a precise estimation of upper 
bounds of Hausdorff dimension and Fractal dimension of the global attractor.  

2. Preliminaries  

To better carry out our work, We denote the some simple symbol, ⋅  represents 
norm, (,) stands for inner product and ( ) ( )m mH HΩ = Ω , 

( ) ( ) ( )1
0 0
m mH H HΩ = Ω ∩ Ω , ( ) ( ) ( )2 2 1

0 0
m mH H HΩ = Ω ∩ Ω ,  

( ) ( )1,2i if f x i= = , ( ) ( )2H LΩ = Ω , 2L⋅ = ⋅ , L∞∞
⋅ = ⋅ , 2 2u vυ = ∇ + ∇ . 

( )1,ic i =  , ( )0,1i iµ =  are constants. 1
mλ  is the first eigenvalue of the operator 

( )m−∆ .  
Next, we give some assumptions needed for problem (1.1)-(1.6). 

(H1) ( ) ( ) ( )2
0, 0.M s C M s S′∈ Ω ≥ ≥                              (2.1) 

(H2) ( )0 10 Mµ υ µ≤ ≤ ≤ , 
( )
( )

2 2

0

2 2

1

d, 0,
d
d, 0,
d

m m

m m

t

t

µ θ σ
µ

µ θ σ

 ∇ + ∇ ≥= 
 ∇ + ∇ <


       (2.2) 

(H3) 0M∀ > , there exists 1 2,k k , such that  

( ) ( ) ( )1
1, , .k k

iu iu L
g u v g u v k u u v v∞

+− ≤ − + −               (2.3) 

( ) ( ) ( )1
2, , .k k

iv iv L
g u v g u v k u u v v∞

+− ≤ − + −               (2.4) 

( ) ( )1, .ig u v C∈ Ω                          (2.5) 

Lemma 2.1. (Young’s inequality [5]) For any 0ε >  and , 0a b ≥ , then 

,
p q

p
q

bab a
p q
ε

ε
≤ +                         (2.6) 

where 
1 1 1, 1, 1.p q
p q
+ = > >  

Lemma 2.2. (Gronwall’s inequality [5]) If [ ) ( )0 , , 0t t y t∀ ∈ +∞ ≥  and  
d
d
y gy h
t
+ ≤ , such that 

( ) ( ) ( )0
0 0e , ,g t t hy t y t t t

g
− −≤ + ≥                   (2.7) 

where 0, 0g h≥ ≥  are constants. 
Lemma 2.3. (Sobolev-Poincare inequality [6]) Let’s be a number with  

2 , 2≤ < +∞ ≤s n m  and 22 , 2
2

≤ < >
−

ms n m
n m

. Then there is a constant k de-

pending on Ω  and s such that  
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( ) ( )2 0, .
m

m
su k u u H≤ −∆ ∀ ∈ Ω                   (2.8) 

3. Hausdorff Dimensions and Fractal Dimension for the  
Global Attractor  

3.1. Differentiability of the Semigroup 

We denote 2 2
0

m mE H H L L= × × × . The inner product and the norm in 0E  space 
are defined as follows: 

( ) ( )0, , , 1, 2i i i i iu v p q E iϕ∀ = ∈ = , we can get 

( ) ( ) ( ) ( ) ( )
01 2 1 2 1 2 1 2 1 2, , , , , .m m m m

E u u v v p p q qϕ ϕ = ∇ ∇ + ∇ ∇ + +        (3.1) 

( )
00

2
1 1 1

2 2 2 2
1 1 1 1

,

.

EE

m mu v p q

ϕ ϕ ϕ=

= ∇ + ∇ + +
                 (3.2) 

Setting ( )T
0, , , , , , 0t tu v p q E p u u q v vϕ ε ε ε∀ = ∈ = + = + > , the equations (1.1) 

and (1.2) are equivalent to  

( ) ( ) ,t H Fϕ ϕ ϕ+ =                        (3.3) 

where  

( ) ( ) ( )( )
( ) ( )( )

2

2

,
1

1

m m

m m

u p
v q

H
p p u u

q q v v

ε
ε

ϕ
ε β ε εβ

ε β ε εβ

− 
 

− 
=  − + −∆ + + − −∆ 
  − + −∆ + + − −∆ 

         (3.4) 

( ) ( )( )( ) ( ) ( )

( )( )( ) ( ) ( )
1 1

2 2

0
0

.,

,

m

m

F I M u g u v f x

I M v g u v f x

ϕ υ

υ

 
 
 

=  − −∆ − + 
  − −∆ − + 

          (3.5) 

Lemma 3.1.1. ( )T
0, , ,u v p q Eϕ∀ = ∈ , we can get  

( )( )
00

2 22, .
4 4 4

m m
EE

H p qε β β
ϕ ϕ ϕ≥ + ∇ + ∇            (3.6) 

Proof. According to (3.1)-(3.5), Holder inequality, Young’s inequality and Poin-
care inequality, we can obtain 

( )( )

( ) ( ) ( )(
( )( ) ) ( ) ( )( )( )

( ) ( ) ( ) ( )

0

2 2

2 2 2 22 2

2 2

,

, ,

1 , 1 ,

, , , ,

E

mm m m m m m

m m m

m m m m

m m m m

H

u p u v q v p p

u u p q q v v q

u v p q p q

u p v q u p v q

ϕ ϕ

ε ε ε β

ε εβ ε β ε εβ

ε ε ε ε β β

ε ε εβ εβ

= ∇ −∇ ∇ + ∇ −∇ ∇ + − + −∆

+ + − −∆ + − + −∆ + + − −∆

= ∇ + ∇ − − + ∇ + ∇

+ + − ∇ ∇ − ∇ ∇
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2 2 2 22 2

2 2 2 2 22 2 22 2

1 1
22 2 2

2 2 22 2

2 2 2

m m m m

m m m
m m

m m m

u v p q p q

u p v q u

p v q

ε ε ε ε β β

ε ε ε ε βε
λ λ

β βε β

≥ ∇ + ∇ − − + ∇ + ∇

− ∇ − − ∇ − − ∇

− ∇ − ∇ − ∇

         (3.7) 

( )
0

2 2 2 22 2 2

1 1

2 222 2 2 2
1 1

2 2 2 22 2

2 22

2 2 42 2

4 2 4 4 2

4 4 4

.
4 4 4

m m m
m m

m m m

m m m m

m m
E

u v p

p p q q q

u v p q p q

p q

ε βε ε βε β
ε ε

λ λ

β βε β β βε
λ ε λ ε

ε β β

ε β β
ϕ

   
≥ − − ∇ + − − ∇ + ∇   
   

   
+ + − − + ∇ + + − −   

   

≥ ∇ + ∇ + + + ∇ + ∇

≥ + ∇ + ∇

 

The proof of Lemma 3.1.1. is completed. 
The linearized equations of (1.1)-(1.6), the above equations as follows: 

( )( ) ( )( )( )
( )( )( ) ( ) ( ) ( )1 1

2 ,

2 , , , 0,

m m
tt

m m
t u v

U M U M U u u

M V v u U g u v U g u v V

υ υ

υ β

′+ −∆ + ∇ ∇ −∆

′+ ∇ ∇ −∆ + −∆ + + =
 (3.8) 

( )( ) ( )( )( )
( )( )( ) ( ) ( ) ( )2 2

2 ,

2 , , , 0,

m m
tt

m m
t u v

V M V M U u v

M V v v V g u v U g u v V

υ υ

υ β

′+ −∆ + ∇ ∇ −∆

′+ ∇ ∇ −∆ + −∆ + + =
 (3.9) 

( ) ( ) ( )1 2, 0, ,0 , ,0 ,tx
U x t U x U xξ ξ

∈∂Ω
= = =             (3.10) 

( ) ( ) ( )1 2, 0, ,0 , ,0 ,tx
V x t V x V xη η

∈∂Ω
= = =             (3.11) 

where ( ) ( ) ( )( )1 1 2 2 0 0 0 1 1, , , , , , , , , ,t tE u v u v S t u v u vξ η ξ η ∈ =  is the solution of  
(1.1)-(1.6) with ( )0 0 1 1, , ,u v u v ∈Α .  

Given ( )0 0 1 1, , ,u v u v ∈Α  and ( ) 0 0:S t E E→ , the solution  
( )( )0 0 1 1 0, , ,S t u v u v E∈  by stand methods we can show that for any  

( )1 1 2 2 0, , , Eξ η ξ η ∈ , the linear initial boundary value problem (3.8)-(3.11) possess 
a unique solution:  

( ) ( ) ( ) ( )( ) ( )( )0, , , 0, ; .t tU t V t U t V t L E∞∈ +∞            (3.12) 

Lemma 3.1.2. For any 0, 0t R> > , the mapping ( ) 0 0:S t E E→  is Frechet 
differentiable on. It is differential at ( )0 0 0 1 1, , ,u v u vϕ =  is the linear operator on 

( ) ( ) ( ) ( ) ( )( )TT
1 1 2 2: , , , , , ,F U t V t P t Q tξ η ξ η → , where ( )U t  and ( )V t  are 

solutions of (3.8)-(3.11) 
Proof. Let ( )T

0 0 0 1 1 0, , ,u v u v Eϕ = ∈ , ( )T
0 0 1 0 1 1 2 1 2 0, , ,u v u v Eϕ ξ η ξ η= + + + + ∈  

with 
0 0

,E ER Rϕ ϕ≤ ≤ , we define ( ) ( ) ( ) ( )0 0, , , , , , ,t t t tu v u v S t u v u v S tϕ ϕ= =     . 
We can obtain the Lipchitz property of ( )S t  on the bounded sets of 0E , that is  

( ) ( ) ( )11

0 0

2 2
0 0 1 1 2 2e , , , .C t

E E
S t S tϕ ϕ ξ η ξ η− ≤            (3.13) 

Let u u Uθ = − −  and v v Vσ = − −  are solutions of problem 
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( ) 1,θ υ θ β θ+ + =m m
tt tM A A h                   (3.14) 

( ) 2 ,σ υ σ β σ+ + =m m
tt tM A A h                  (3.15) 

( ) ( )0 0 0,θ θ= =t                        (3.16) 

( ) ( )0 0 0,σ σ= =t                        (3.17) 

with 

( ) ( )( )( ) ( )( )( )
( )( )( ) ( ) ( ) ( ) ( )

1

1 1 1 1

2 ,

2 , , , , , ,

υ υ υ

υ

′= − −∆ + ∇ ∇ −∆

′+ ∇ ∇ −∆ + − + +

 

 

m m

m
u v

h M M u M U u u

M V v u g u v g u v g u v U g u v V
 

(3.18) 

( ) ( )( )( ) ( )( )( )
( )( )( ) ( ) ( ) ( ) ( )

2

2 2 2 2

2 ,

2 , , , , , ,

υ υ υ

υ

′= − −∆ + ∇ ∇ −∆

′+ ∇ ∇ −∆ + − + +

 

 

m m

m
u v

h M M v M U u v

M V v v g u v g u v g u v U g u v V
 

(3.19) 

where 2 2 2 2,υ υ= ∇ + ∇ = ∇ + ∇  u v u v .  
Taking the scalar product of each side of (3.14) with tθ . Because of  

( ) ( ) ( ) ( ), , , , .∇ ∇ = ∇ −∇ −∇ −∇ = − ∇ −∇ ∇ + ∇ ∇   u u u u u u u u u u u    (3.20) 

( ) ( ) ( ) ( ), , , , .∇ ∇ = ∇ −∇ +∇ ∇ = ∇ −∇ ∇ + ∇ ∇      u u u u u u u u u u u     (3.21) 

So 

( ) ( ) ( ), , , .∇ ∇ − ∇ ∇ = ∇ −∇ ∇ +∇   u u u u u u u u            (3.22) 

( ) ( )( )( ) ( )( )( )(
( )( )( ) )

( )( )( )( ) ( ) ( ) ( )( )( )( )
( )( ) ( ) ( ) ( ) ( )( ) ( )( )

( ) ( ) ( )( ) ( )( )

2 ,

2 , ,

1 2 , , ,

1 , , , , ,

2 , , ,

υ υ υ

υ θ

θυ θ υ υ υ υ θ

θυ θ υ θ

υ θ

′− −∆ + ∇ ∇ −∆

′+ ∇ ∇ −∆

′ ′= + − − −∆ + ∇ ∇ + ∇ ∇ −∆

′= + − ∇ ∇ − ∇ ∇ + ∇ ∇ − ∇ ∇ −∆

′+ ∇ ∇ + ∇ ∇ −∆

 

  

     

m m

m
t

m m
t

m
t

m
t

M M u M U u u

M V v u

M u M U u V v u

M u u u u v v v v u

M U u V v u

( )( ) ( ) ( )( ) ( )( )
( ) ( ) ( )( ) ( )( )

( )( ) ( ) ( )( ) ( )( )
( ) ( ) ( )( ) ( )( )
( ) ( ) ( )( ) ( )( )

1 , , ,

2 , , ,

1 , , ,

, , ,

, , ,

θυ θ υ θ

υ θ

θυ θ υ θ

υ θ

υ θ

′= + − ∇ ∇ +∇ + ∇ ∇ +∇ −∆

′+ ∇ ∇ + ∇ ∇ −∆

 ′= + − ∇ ∇ +∇ + ∇ ∇ +∇ −∆
′− ∇ ∇ +∇ + ∇ ∇ +∇ −∆ 

 ′+ ∇ ∇ +∇ + ∇ ∇ +∇ −∆

 

   

 

   

 

  

 

  

m
t

m
t

m
t

m
t

m
t

M u u u v v v u

M U u V v u

M u u u v v v u

M u u u v v v u

M u u u v v v u

 

( ) ( ) ( )( ) ( )( )
( ) ( ) ( )( ) ( )( )

( ) ( ) ( )( ) ( )( )
1 2 3

2 , , ,

2 , , ,

2 , , ,

,

υ θ σ θ

υ θ

υ θ

′− ∇ +∇ ∇ + ∇ +∇ ∇ −∆ 
 ′+ − ∇ ∇ + ∇ ∇ −∆

′+ ∇ ∇ + ∇ ∇ −∆ 
= + +

 





m
t

m
t

m
t

M u u v v u

M U u V v u

M U u V v u

I I I
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(3.23) 

( )( ) ( )( ) ( ) ( )( ) ( )( )
( )( ) ( ) ( )( ) ( )( )
( )( )

( )( )
( ) ( ) ( )( )

1

2

2 2 2 2

2 22 21
1

1 , , ,

, , ,

2

2 ,

m
t

m
t

m m
t

m m
t

m m m m m
t

I M M u u u v v v u

M u u u v v v u

M u u u v v v u

M u u u v v v u

M u u u v v v u

θυ θ υ υ θ

ζ υ υ θ

ζ θ

ζ θ

λ ζ θ− +

′ ′= + − − ∇ ∇ +∇ + ∇ ∇ +∇ −∆

′′= − ∇ ∇ +∇ + ∇ ∇ +∇ −∆

′′≤ ∇ ∇ +∇ + ∇ ∇ +∇ ∇ ∇

′′≤ ∇ ∇ +∇ + ∇ ∇ +∇ ∇ ∇

′′≤ ∇ ∇ + ∇ + ∇ ∇ + ∇ ∇ ∇

 

   

 

   

 

  

 

  

 

  

 

(3.24) 

( ) ( ) ( )( ) ( )( )
( ) ( ) ( )( ) ( )( )

( ) ( ) ( )( ) ( )( )
( ) ( ) ( )( ) ( )( )

2 , , ,

2 , , ,

, , ,

2 , , ,

m
t

m
t

m
t

m
t

I M u u u v v v u

M u u v v u

M u u v v u

M u v u

υ θ

υ θ σ θ

υ θ

υ θ σ θ

′= ∇ ∇ +∇ + ∇ ∇ +∇ −∆

′− ∇ +∇ ∇ + ∇ +∇ ∇ −∆

′= ∇ ∇ + ∇ ∇ −∆

′− ∇ ∇ + ∇ ∇ −∆

 

  

 



   





 

( )( )
( ) ( ) ( )( ) ( )( )

( )( )
( )( )

2 2

2 2

1
2

1

2 , , ,

2 ,

m m
t

m
t

m m
t

m
m m m m

t

M u v u

M u v u

M u v u

M u v u

υ θ

υ θ σ θ

υ θ

λ υ θ σ θ
− +

′≤ ∇ + ∇ ∇ ∇

′− ∇ ∇ + ∇ ∇ −∆

′≤ ∇ + ∇ ∇ ∇

′+ ∇ ∇ + ∇ ∇ ∇ ∇

 





 





    (3.25) 

( ) ( ) ( )( ) ( )( )
( ) ( ) ( )( )( )
( )( )

3 2 , , ,

2 , , ,

2

m
t

m m
t

m m
t

I M U u V v u

M u u u v v v u

M u u u v v v u

υ θ

υ θ σ θ

υ θ σ θ

′= ∇ ∇ + ∇ ∇ −∆

′= ∇ −∇ −∇ ∇ + ∇ −∇ −∇ ∇ ∇ ∇

′≤ ∇ ∇ + ∇ ∇ + ∇ ∇ + ∇ ∇ ∇ ∇





 

  

 

( )( )
( ) ( )(

( ) ( ) )

1
2

1

1
2

2
1

2 2

2

2

,

m
m m m m m m

t

m
m m m m m m

t t

m m m m m m m
t t

M u u u v v v u

M u u u u u

v u v v u u

λ υ θ σ θ

λ υ θ θ θ

θ σ θ

− +

− +

′≤ ∇ ∇ + ∇ ∇ + ∇ ∇ + ∇ ∇ ∇ ∇

′≤ ∇ ∇ ∇ + ∇ ∇ ∇ + ∇ ∇

+ ∇ + ∇ ∇ ∇ + ∇ ∇ ∇ + ∇ ∇

  





 



 

(3.26) 

where ,u u u v v v= − = − 

  . 
By (H3) and Young’s inequality, we can get 

( ) ( ) ( ) ( )( )
( ) ( ) ( )( ) ( )( )( )
( ) ( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( ) ( ) ( )( )

( ) ( )( )

1 1 1 1

1 1 1 1

1 1 1 1 1 1

1 1 1 1 1 1

1 1

, , , , ,

, , , , ,

, , , , , , ,

, , , , , , ,

, , ,

u v t

u v t

u u v v t

u v t

u v t

g u v g u v g u v U g u v V

g u v g u v g u v u u g u v v v

g u v g u v g u v u g u v g u v v g u v

g u v g u v g u v g u v g u v u g u v v

g u v g u v

θ

θ σ θ

θ σ θ

θ

θ σ θ

− + +

= − + − − + − −

= − + − + −

= − + − + +

+ − −

 

   

 

 

 

   

  

https://doi.org/10.4236/jamp.2017.512197


G. G. Lin, S. M. Yang 
 

 

DOI: 10.4236/jamp.2017.512197 2418 Journal of Applied Mathematics and Physics 
 

( ) ( )( ) ( ) ( )( )( )
( ) ( )( )

( ) ( ) ( ) ( )

( ) ( )

( )( )

1 1 1 1

1 1

1 1 1 1

1 1

21 1 1 2 2
1 2 16 17

, , , , ,

, , ,

, , , ,

, ,

2 .
4

u u v v t

u v t

u u t v v tL L

u t v tL L

k k k
t t t

g u v g v u g u v g u v

g u v g u v

g u v g v u g u v g u v

g u v g u v

k u k u v v v C C

ξ η θ

θ σ θ

ξ θ η θ

θ θ σ θ

θ θ θ θ σ

∞ ∞

∞ ∞

+ + +

= − + −

+ − −

≤ − + −

+ +

≤ + + + + + +

 



 



  



 (3.27) 

By using Young inequality, we can get 
4 4 2 231 2 4

1

2 2 2 2 22 2 2
5 6 7 8

11 5 .
4 4

m m m m m m

k km m m
t t

CC C Ch u u v v

C u C v C C

θ σ
ε ε ε ε

ε
θ θ θ σ

+ +

≤ ∇ −∇ + ∇ −∇ + ∇ + ∇

+ ∇ + ∇ + + ∇ + +

 

 

 (3.28) 

From (3.23)-(3.28), we have 

( ) ( )
( )

2 4 2 4 22
9

2 2 2 2 2
10

d d
d d

.

m m m m m
t

k km m
t

M C u v
t t

C u v

θ υ θ θ σ

θ
+ +

+ ∇ ≤ ∇ + ∇ + ∇ + ∇

+ ∇ + ∇ +

 

 

    (3.29) 

Take the scalar product of each side of (3.15) with tσ . Because of  

( ) ( )
( )

2 4 2 4 22
11

2 2 2 2 2
12

d d
d d

.

m m m m m
t

k km m
t

M C u v
t t

C u v

σ υ σ θ σ

θ
+ +

+ ∇ ≤ ∇ + ∇ + ∇ + ∇

+ ∇ + ∇ +

 

 

   (3.30) 

Summing up (3.29) and (3.30), we have  

( )( )
( )( )

( )

2 22 2

2 22 2
13

4 4 2 2 2 2

14

d
d

.

m m
t t

m m
t t

k km m m m

t

C

C u v u v

θ σ µ θ σ

θ σ µ θ σ

+ +

+ + ∇ + ∇

≤ + + ∇ + ∇

+ ∇ + ∇ + ∇ + ∇   

          (3.31) 

By using Gronwall inequality, we can get  

( )
( )
( )

( )
( ) ( )( )

16

18

19

0 0

2 22 2

4 4 2 2 2 2

15 0

22 2 2 2
17 1 1 2 2

12 2 2 2
1 1 2 2

4 2 2
20 1 1 2 2 1 1 2 2

e d

e

e , , , , , , ,

m m
t t

k ktC t m m m m

C t m m

k
m m

kC t
E E

C u v u v

C

C

θ σ µ θ σ

τ

ξ η ξ η

ξ η ξ η

ξ η ξ η ξ η ξ η

+ +

+

+

+ + ∇ + ∇

≤ ∇ + ∇ + ∇ + ∇


≤ ∇ + ∇ + +




+ ∇ + ∇ + + 



≤ +

∫
   

       (3.32) 

where 17 18 19 20, , , 0C C C C > . 
From (3.32), we can get  
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( ) ( ) ( )

( )

( ) ( )

( )

( ) ( )

0

0

19

0 0

0

19

0 0

2

2T
1 1 2 2

4 2 2T T
20 1 1 2 2 1 1 2 2

2T
1 1 2 2

2 2T T
20 1 1 2 2 1 1 2 2

, , ,

e , , , , , ,

, , ,

e , , , , , , 0,

E

E

k
C t

E E

E

k
C t

E E

t t B t

C

C

ϕ ϕ

ξ η ξ η

ξ η ξ η ξ η ξ η

ξ η ξ η

ξ η ξ η ξ η ξ η

+

− −

 + 
 ≤

 ≤ + → 
 



        (3.33) 

here  

( ) ( ) ( ) ( ) ( )( ), , , .t tB t U t V t U t V t=                   (3.34) 

As ( )T
1 1 2 2, , , 0ξ η ξ η →  in 0E . The lemma 3.1.2 is completed. 

3.2. The Upper Bounds of Hausdorff Dimension and Fractal  
Dimension for the Global Attractor 

Consider the first variation of (3.3) with initial condition; 

( ) ( ) ( ) ( )TT
1 2 1 1 2 2 0, 0 , , , , 0,t p E tϕ ϕ ξ η ξ η′Ψ + Ψ = Γ Ψ +Γ Ψ Ψ = ∈ >   (3.35) 

where ( )T
0, , , , ,t tU V P Q E P U U Q V Vε εΨ = ∈ = + = +  and  

( )T
0, , ,u v p q Eϕ = ∈  are solutions of (3.35), 

( )
1 2

1 2

0 0
0 0

,
0 0

0 0

I I
I I

p

ε
ε

ϕ
ζ ζ

ζ ζ

− 
 − =
 
 
 

                  (3.36) 

( ) ( )
( ) ( )

1
1 1

2 2

0 0 0 0
0 0 0 0

.
, , 0 0
, , 0 0

u v

u u

g u v g u v
g u v g u v

 
 
 Γ =  − −
  − − 

             (3. 37) 

( )T
2 3 40 0 ,ζ ζΓ =                     (3.38) 

where ( )( ) ( )2
1 2, ,m mI Iζ ε βε ζ ε β= + − −∆ = − + −∆  

( ) ( ) ( )( )( ) ( )( )( )3 1 2 , 2 , ,m m mM U M U u u M V v uζ υ υ υ′ ′= − −∆ − ∇ ∇ −∆ − ∇ ∇ −∆    

( ) ( ) ( )( )( ) ( )( )( )4 1 2 , 2 , .m m mM V M U u v M V v vζ υ υ υ′ ′= − −∆ − ∇ ∇ −∆ − ∇ ∇ −∆    

It is easy to show from lemma 3.1.2. that (3.35) is a well-posed problem in 

0E , the mapping ( ) { } { }0 0 1 1: , , , , , ,S u v p q u v p qε τ → , where 1 1 0p u uε= + , 

1 1 0q v vε= + , 

tp u uε= + , tq v vε= + .  
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ){ }, , ,t tu v p u u q v vϕ τ τ τ τ τ ε τ τ τ ε τ= = + = +  is Frechet dif-

ferentiable on 0E  for any 0t > , its differential at { }T
0 0 0 1 1, , ,u v p qϕ =  is the 

linear operator on 0E , ( ) ( ) ( ) ( ) ( )( )TT
1 1 2 2, , , , , ,U t V t P t Q tξ η ξ η → , where  

( ) ( ) ( ) ( )( )T
, , ,U t V t P t Q t  is the solution of (3.35). 
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Lemma 3.2.1. For any orthonormal family of elements of ( )
00 , EE , 

( )T
1 2,j jξ ξ , ( )T

1 2 1, , 1, 2, ,j j j nη η =  , we have  

[ )
1 1

21
12

1
1 1

2 , 0,1 ,
n nv v

j j
j j

A vξ µ −

= =

≤ ∈∑ ∑                   (3.39) 

[ )
1 1

21
12

1
1 1

2 , 0,1 ,
n nv v

j j
j j

A vη µ −

= =

≤ ∈∑ ∑                   (3.40) 

where { } 1j j
µ

+∞

=
 is the eigenvalue of ( )m−∆ . 

Proof. This is a direct consequence of lemma VI 6.3 of [7] 

Theorem 3.2.2. If we take proper 0 , sµ  satisfy 1 20
1 1

1
2

2 8
mK Rµ ε

λ− +−
+ ≤  and  

(H1)-(H3) hold, then there exists ( )1 0Rρ > , such that the Hausdorff dimension 
and Fractal dimension of global attractor Α  in 0E  satisfies  

( )
1

1
1 1

11

1min , ,
4

n

H j
j

d n n N
n

δ ε
µ

ρ
−

=

  Α ≤ ∈ < 
  

∑             (3.41) 

( ) 1A 2 ,Fd n≤                          (3.42) 

where 0R  is as in [1], and  

( )( )2 1 2 2, , 2 ,
2 2 2

0, 2 or 0 , 2 ,
2

i

i

n p n n mr n m
n m n m

nn m r n m
n m

δ

− − − +
≤ ≤ ≥ − −= 

 < ≤ ≤ ≥ −

       (3.43) 

here 1,2i = . 
Proof. Let 1n N∈  be fixed. Consider 1n  solutions 

11 2, , , nΨ Ψ Ψ  of (3.35). 
At given time τ , let ( )

1nQ τ  define the orthogonal projection in 0E  onto 

{ }11 2, , , nspan Ψ Ψ Ψ
. Let ( ) ( )T

1 1 2 2 0 1, , , , 1, 2, ,j j j j jy s E j nξ η ξ η= ∈ =   be an 
Orthonormal basis of  

{ }1 10 1 2, , , ,n nQ E span= Ψ Ψ Ψ
                 (3.44) 

with respect to the inner product ( )
0

, E
 and norm 

0E⋅ . 
Suppose  

( ) ( ) ( ) ( ) ( )( )T
, , , ,u v p qϕ τ τ τ τ τ= ∈Α               (3.45) 

then ( )
0

0 ,
E

M sϕ τ τ≤ ∀ > . By 
0

1j E
y =  and Lemma 4.1.1, we can get 

( )( ) ( ) ( )( )
0

2 2

2 2, ,
4 4 4

m m
j j j jE

p s y s y s ε β β
ϕ ξ η− ≤ − − ∇ − ∇     (3.46) 

( )( ) ( ) ( )( )
( ) ( )( ) ( ) ( )( )
( )( ) ( )( )
( )( ) ( )( )

0
1

1 1 1 1 2 2 1 2 1 2

1 1 2 1 1 2

2 1 2 2 1 2

,

, , , , , ,

, , , ,

, , , ,

j j E

u j v j j u j v j j

u j j v j j

u j j v j j

s y s y s

g u v g u v g u v g u v

g u v g u v

g u v g u v

ϕ

ξ η ξ ξ η η

ξ ξ η ξ

ξ η η η

Γ

= − − + − −

= − + −

+ − + −
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( )( ) ( )( )

( )( ) ( )( )

2 2
1 1 2 1 1 2

2 2
2 1 2 2 1 2

, ,

, , .

m m
m m

u j j v j j

m m
m m

u j j u j j

A g u v A g u v

A g u v A g u v

ξ ξ η ξ

ξ η η η

− −

− −

≤ ∇ + ∇

+ ∇ + ∇

      (3.47) 

where A = −∆ . 
By the hypothesis (H4) in [1], the mean value theorem and Sobolev embed-

ding theorem: 

( ) ( ) ( ) ( ) ( ) ( )22
0 ,

m
m m q q mH D A H L L L H

κκ κ κ′ − 
Ω ⊂ ⊂ Ω ⊂ Ω ⊂ Ω ⊂ Ω ⊂ Ω  

 
 (3.48) 

where [ )1 1 1 1, 1, 0,1
2

m
q n q q

κ
κ= − + = ∈

′
. 

Thus, by Lemma 2.4. in [1] and (3.47), for 1n = , 

( ) ( ) ( ) ( ) ( )( )1
0 0 .m m mH L L H Hκ ∞ − ′Ω ⊂ Ω ⊂ Ω ⊂ Ω ⊂ Ω          (3.49) 

There exists ( ) ( ) ( ) ( )21 0 23 0 25 0 27 0, , , 0C R C R C R C R > , such that 

( )( ) ( ) ( )1
2

1 1 21 1 1 22 0 1, , ,
m

u j u j jL
A g u v C g u v C Rξ ξ ξ
−

≤ ≤        (3.50) 

( )( ) ( ) ( )1
2

1 1 23 1 1 24 0 1, , ,
m

v j v j jL
A g u v C g u v C Rη η η
−

≤ ≤        (3.51) 

( )( ) ( ) ( )1
2

2 1 25 2 1 26 0 1, , ,
m

u j u j jL
A g u v C g u v C Rξ ξ ξ
−

≤ ≤        (3.52) 

( )( ) ( ) ( )1
2

2 1 27 2 1 28 0 1, , .
m

v j v j jL
A g u v C g u v C Rη η η
−

≤ ≤        (3.53) 

For 1 2n m< < , by ( ) ( ) ( ) ( )( )0 0 , 0m q m mH L H H q− ′Ω ⊂ Ω ⊂ Ω ⊂ Ω > , there 
exists ( ) ( ) ( ) ( )30 0 32 0 34 0 36 0, , , 0C R C R C R C R > , such that 

( )( ) ( ) ( )3
2

2
1 1 29 1 1 30 0 1, , ,

m

u j u j jL
A g u v C g u v C Rξ ξ ξ
−

≤ ≤        (3.54) 

( )( ) ( ) ( )3
2

2
1 1 31 1 1 32 0 1, , ,

m

v j v j jL
A g u v C g u v C Rη η η
−

≤ ≤        (3.55) 

( )( ) ( ) ( )3
2

2
2 1 33 2 1 34 0 1, , ,

m

u j u j jL
A g u v C g u v C Rξ ξ ξ
−

≤ ≤        (3.56) 

( )( ) ( ) ( )3
2

2
2 1 35 2 1 36 0 1, , .

m

v j v j jL
A g u v C g u v C Rη η η
−

≤ ≤        (3.57) 

For 2n m> , by (H4) in [1] there exists ( ) ( ) ( ) ( )37 1 38 1 39 1 40 1, , , 0,C R C R C R C R >  
such that 

( )( ) ( ) ( )2
2

2 2
1 1 1 1 37 0 1, , ,n

n m

m m

u j u j jL
A g u v g u v C R A

δ
ξ ξ ξ

+

−
≤ ≤       (3.58) 
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( )( ) ( ) ( )2
12

2 2
1 1 1 1 38 0 1, , ,n

n m

m m

v j v j jL
A g u v g u v C R A

δ
η η η

+

−
≤ ≤      (3.59) 

( )( ) ( ) ( )2
12

2 2
2 1 2 1 39 0 1, , ,n

n m

m m

u j u j jL
A g u v g u v C R A

δ
ξ ξ ξ

+

−
≤ ≤      (3.60) 

( )( ) ( ) ( )2
2

2 2
2 1 2 1 40 0 1, , .n

n m

m m

v j v j jL
A g u v g u v C R A

δ
η η η

+

−
≤ ≤      (3.61) 

From above, we have  

( )( ) ( ) ( )( )
0

1

41 422 2 2 2
1 2 1 2

43 442 2 2 2
1 2 1 2

2 2 2 2
45 1 2 1 2

2 2 2 2
1 2 1 2

,

2 2

2 2

,

j j E

m m m m

j j j j

m m m m

j j j j

m m m m

j j j j

m m m m

j j j j

s y s y s

C CA A A A

C CA A A A

C A A A A

A A A A

δ δ

δ δ

δ δ

δ δ

ϕ

ξ ξ η ξ

ξ η η η

ξ ξ η ξ

ξ η η η

Γ

≤ +

+ +


≤ +




+ + 



          (3.62) 

where { }41 22 37max ,C C C= , { }42 24 38max ,C C C= , { }43 26 39max ,C C C= ,  
{ }44 28 40max ,C C C= , 

{ }45 41 42 43 44max , , ,C C C C C= . 

According to Lemma 2.4. in [1], we can get  

( )( ) ( ) ( )( )
( )( )( ) ( ) ( ) ( )( )( )

( )( ) ( )

( ) ( ) ( )( )( )

2

1 2 1 1 2

2
1 2

2
1 1 2

,

1 , 2 , , ,

1 ,

2 , , ,

j j

m m m m
j j j j j

m
m m

j j j

m
m m

j j j j

s y s y s

M M u v u

M

M u v v

ϕ

υ ξ ξ υ ξ η ξ

υ λ η η

υ λ ξ η η

Γ

′= − ∇ ∇ − ∇ ∇ + ∇ ∇ ∇ ∇

+ − ∇ ∇

′− ∇ ∇ + ∇ ∇ ∇ ∇

 

( ) ( ) ( )

( ) ( ) ( )

( )
( )

1 22 2
0 1 2 1 0 1 2 1 2

1 22 2
0 1 2 1 0 1 2 1 2

2 2 2 20 2
1 1 2 2

2 22 21 2 2
1 0 0 1 2 2 1

10 2
1 0

1 2

1 2

1
2

2 2 2 2

1
2

2

m m
m m m m

j j j j j j j j

m m
m m m m

j j j j j j j j

m
m m

j j j j j

m
m m m

j j j j j

m
m

j

R M

R M

R S

R

µ λ ξ ξ λ υ λ ξ ξ η ξ

µ λ η η λ υ λ ξ η η η

µ
λ ξ η ξ η

λ λ ξ ξ η η

µ
λ λ

− +

− +

− +

− +

′≤ − ∇ + ∇ + ∇

′+ − ∇ + ∇ + ∇

−
≤ ∇ + ∇ + +

+ ∇ + + + ∇

−
= + 2 2

0 ,
m

jS λ

 

(3.63) 

where [ ]0 0,1µ ∈ . 
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If 
2 2

2 2 0j jξ η+ = , then 
1 14nP nε
≤ − , 

1
0nq < . 

By Lemma VI 6.3 of [8], Young’s inequality and existing 0 0, sµ  satisfying  
1 2

0 0 1 0 21 4
0

2 8 8

mm
m

j j
S R rµ λ β ε

λ λ
− +− +

− − ≤ , we obtain  

if 
2 2

2 2 0j j rξ η+ = ≠ , then 

( ) ( )( ) ( )( ) ( )( ) ( ) ( )( )
1

1 0

1

1 2
1

222 2 245 2
2 2 1 2

1

22 2 1 245 02 2 2
1 2 1 0 0

,

8
4 4 4 8

8 1
2

8 2

n

n j j Ej

mn
m m m

j j j j
j

m m m
m m

j j j j

p s p s s s y s y s

C A

C A R S

δ

δ

ϕ ϕ ϕ

ε β β β
ξ η ξ ξ

β

µβ
η η λ λ λ

β

=

=

− +

= − + Γ + Γ

 
 ≤ − − ∇ − ∇ + + ∇
 


 − + + ∇ + +


 

∑

∑  

( )1 1

1 1

1

22 21 2 10 452 2 2
1 0 0 2 2

1 1

2
1 2 10 452 2 2

1 0 0
1 1

1
1

1

1 32
2

2 8 4

1 32
2

2 8 4

,
8 2

m m mn n
m

j j j j j j
j j

m m mn n
m

j j j j
j j

n

j
j

CR S

CR S r

n

δ

δ

δ

µ β ε
λ λ λ λ ξ η µ

β

µ β ε
λ λ λ λ µ

β

ε ρ
µ

− + −

= =

− + −

= =

−

=

 −
= + − + − +  

 
 −

= + − − +  
 

≤ − +

∑ ∑

∑ ∑

∑

 

(3.64) 

where 
2
4564

0 1,
Cr ρ
β

< ≤ = .  

If 
1

1

11

1
4

n

j
jn

δε
λ

ρ
−

=

≥ ∑  hold, then  

( )
( )

1

1 1
0

1
1

11

1 1liminf sup sup sup d 0.
4

nt
n n jt R E j

q p s s n
t n

τ δ
ττ ϕ τ

ερ λ
ρ

+ −

→∞ ∈ Φ⊂ ∈Α =

 
= ≤ − − < 

 
∑∫   (3.65) 

Thus, by Lemma 4 of (S. Zhou, 1999 [9]), we obtain (3.39) and (3.40). The proof 
is completed.  

4. Conclusion 

In this paper, we study estimation of the upper bounds of Hausdorff dimension 
and Fractal dimension of the global attractor for a class of Higher-order coupled 
Kirchhoff-type equations. In the process of research, we have avoided further re-
striction by taking the overall treatment of ( )M s  item, thus making the appli-
cation of this model more extensive. Although the theoretical derivation of the 
beam vibration model is not combined with the application in real life, it is ne-
cessary to combine with practical application to further study. 
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