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Abstract

In a previous paper, we demonstrated that the linearized general relativity
could explain dark matter (the rotation speed of galaxies, the rotation speed of
dwarf satellite galaxies, the movement in a plane of dwarf satellite galaxies, the
decreasing quantity of dark matter with the distance to the center of galaxies’
cluster, the expected quantity of dark matter inside galaxies and the expected
experimental values of parameters (), of dark matter measured in CMB). It
leads, compared with Newtonian gravitation, to taking in account the second
component (gravitational field) of the gravitation (imposed by general relativ-
ity) without changing the gravity field (also known as gravitomagnetism). In
this explanation, dark matter would be a uniform gravitational field that em-
beds some very large areas of the universe generated by the clusters. In this ar-
ticle we are going to see that this specific gravitational field, despite its weak-
ness, could be soon detectable, allowing testing this explanation of dark mat-
ter. It should generate a slight discrepancy in the expected measure of the
Lense-Thirring effect of the Earth. In this theoretical frame, the Lense-Thirring
effect of the “dark matter” would be a value between around 0.3 milliarcse-
cond/year and 0.6 milliarcsecond/year in the best case. In the LAGEOS or
Gravity Probe B experiments, there was not enough precision (around 0.3%
for the expected 6606 mas-y™' geodetic and around 19% for the expected 39
mas-y ' frame-dragging precessions). In the GINGER experiment, there could
be enough one; the expected accuracy would be around 1%. If this discrepancy
was verified, it would be the first direct measure of the dark matter.
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1. Introduction

One of the most important mysteries of astrophysics is the problem of dark
matter. This latter component represents at least five times the quantity of the
ordinary mass. And until now, this term cannot be explained. We therefore find
that our theories operate in a highly coherent and precise manner both on our
scale and at large astrophysical scales. But as far as large scales are concerned,
this coherence and precision is only possible on the condition of making the
hypothesis of the existence of this new term of dark matter. A way to solve this
problem is to propose new theories (MOND theories for example), but we can
note that the term of dark matter, even if it is an ad hoc term, doesn’t generate
any contradiction inside our current theories. In fact, we could even pretend that
this term demonstrates the extraordinary consistency of our current theories
because of the multiplicity of the ways to deduce the quantity of this term lead-
ing to its more and more coherent and precise measure. Another way is to pro-
pose that this term represents a new exotic matter. This explanation is more
shared and certainly more studied. But until now, no new matter has been di-
rectly detected, despite more and more experiences. A third way is to propose an
explanation in the frame of current theories. That’s the purpose of the present
work. The term of dark matter will be explained by a physical phenomenon of
general relativity that is generally neglected.

General relativity implies the existence of two gravitational components. In
addition to the gravity field, there is a gravitational field (together giving what is
called the gravitomagnetism) just like the magnetic field in electromagnetism.
The new gravitational field can be measured by its precession effect, known as
Lense-Thirring effect. Several experiments have validated this effect for the Earth
gravitational field, NASA's LAGEOS satellites or Gravity Probe B [1] with an
accuracy of around 19%. Some new experiments will try to obtain a higher ac-
curacy, for example GINGER [2] with an expected accuracy of around 1%.

In [3], a solution is proposed to explain the dark matter, compliant with gen-
eral relativity. This explanation leads to the assumption that we are embedded in
a relatively uniform gravitational field generated by larger structures than galax-
ies (likely the clusters). Just like the Earth gravitational field can be measured,
this hypothetical embedding gravitational field could be measured by its preces-
sion effect (Lense-Thirring effect). Such a measure will be a direct measure of
the “dark matter”. We are going to calculate the magnitude of this measure. This
value is consistent with its non-detection until now. But it seems accessible to
the next generation of experiments. In the most advantageous case, the accuracy
of 1% (as expected in GINGER experiment) could be enough to detect it.

Before recalling the theoretical idealization used and some of the results of [3],
it is remarkable to note that in this theoretical solution, dark matter is not some
matter but a part of the second component of the gravitation term, term that ex-
ists only in the general relativity. It means that this explanation is available only

in the frame of the general relativity. This remark also implies that the detection
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of particles of dark matter would be doomed to failure (it would be equivalent to
search for particles of magnetic field). With general relativity, the ordinary mat-
ter would be sufficient to generate the gravitational field to explain the dark
matter term (just like charged particles generate magnetic field). Dark matter
would be then another proof of the power of this theoretical frame (of the same
importance as curvature of light trajectories, Lense-Thirring effect or gravita-

tional waves).

2. Dark Matter Explained by General Relativity

2.1. From General Relativity to Linearized General Relativity

From general relativity, one deduces the linearized general relativity in the ap-

proximation of a quasi-flat Minkowski space ( g*" =n*" +h*";|h*"| < 1). With
the following Lorentz gauge, it gives the following field equations as in [4] (with
10
T
aﬁwzmtﬁwz4gﬁiw (1)
C
With:
I v v 1 g o o
h* =h* —577‘ h; h=h?; h¥=n“h_;
h=-h )
The general solution of these equations is:
_ 4G (T (ct=|x-yl|,y
h“ (ct,x)=—— ( )dsy (3)
c [x-y]
In the approximation of a source with low speed, one has:
TP =pc? T%=cpu’; T" = pu'u’ (4)
And for a stationary solution, one has:
_ 4G T (Y)
h*(x)=—-—|-—-=d (5)
()=—2] oy O

At this step, by proximity with electromagnetism, one traditionally defines a
scalar potential ¢ and a vector potential H'. There are in the literature several
definitions as in [5] for the vector potential H'. In our study, we are going to

define:

500:4_?; Hoi:4H : Hijzo (6)
c c

With gravitational scalar potential ¢ and gravitational vector potential H':

(p(x)s—GI%dW

| i 7)
Hi(x)E_%jMd?’y:_K_l Mdsy
¢l [x-yl -y
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With K anew constant defined by:

GK =¢? (8)
This definition gives K™ ~7.4x10 very small compare to G .
The field equations (1) can be then written (Poisson equations):

4nG

CZ

Ap=41Gp; AH' = pu' = 4K pu'’ 9)

With the following definitions of g (gravity field) and k (gravitational
field), those relations can be obtained from the following equations (also called

gravitomagnetism):
g=-gradg; k=rotH
rotg =0; divk =0; (10)

divg =—4nGp; rotk =—4mK ™ j,
With the Equations (2), one has:

hoo:hn:hzz:hss:z_(f; RO :4H hi =0 (1)
C C

The equations of geodesics in the linear approximation give:

d?x! 1 5 ik !
T 5070 e~ (Ochy; =0y, )V "

It then leads to the movement equations:

2

(;T;(~—gradgp+4V/\(rotH):g+4V/\k (13)

Remark: Afterwards, we will use relations defined with the parameterized
post-Newtonian formalism (PPN). All previous relations can be retrieved start-
ing with the PPN formalism. From [6] one has:

Yoi =—%(47+4+a1)vi; Vi (x) :Ej—p(y)u‘ (y)d3y (14)

c? |x-y]|

The gravitomagnetic field and its acceleration contribution are:

Bg=V/\(gme‘); a, =VAB, (15)
And in the case of general relativity (that is our case):
7=1 =0 (16)
It then gives:
Uoi =—4V;; B, =V A(-4Ve') (17)
And with our definition:
=t =2 A Dy as)
¢ |x=y
One then has:
9o =—4H;; B, =V/\(—4Hiei ) =V /\(45in je‘): 4V AH (19)
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B, =4rotH
With the following definition of gravitational field:
k= i (20)
4
One then retrieves our previous relations:
k =rotH; ag=V/\Bg=4V/\k (21)

A last remark: The interest of our notation is that the field equations are
strictly equivalent to Maxwell idealization (in particular the speed of the gravita-
tional wave obtained from these equations is the light celerity). Only the move-
ment equations are different with the factor “4”. But of course, all the results of

our study could be obtained in the traditional notation of gravitomagnetism

with the relation Kk = Tg .

2.2. From Linearized General Relativity to Dark Matter

The article [3] demonstrates that the dark matter can be explained by the gravi-
tational field k. It means that dark matter shouldn’t be some matter but the ef-
fect of a gravitational field. This field is very similar to the magnetic field in elec-
tromagnetism. But, in the dynamic of a galaxy, this term is neglected. One of the
main results of [3] is the expected values of this field being able to explain the
curve of rotation of the galaxies, with Kk, the gravitational field of “dark matter”
(Table 1):

1071%%2 < |k, [ <1072 (22)

As demonstrated in [3], these values justify that it can’t be produced by the
galaxy, in agreement with the fact that this term for galaxies can be neglected.
But, these values should be able to be produced by the clusters, embedding then
large areas of the Universe.

3. Gravitational Field of Clusters (Dark Matter): A Way to
Directly Measure Dark Matter

Just like for the electromagnetism with the magnetic field, this gravitational field
implies a phenomenon of precession. It is known as the Lense-Thirring effect.
As this gravitational field of clusters should embed large area of the Universe, it
should in particular embed the earth. So, instead of taking into account only the
own gravitational field of the earth, we are also going to take into account the
hypothetical embedding gravitational field that explains the dark matter. We are
first going to recall what the equations in the general relativity are for the
Lense-Thirring effect. And secondly, we will use it to test this solution by calcu-
lating the contribution to the precession effect generated by this gravitational field

that explains the dark matter.

3.1. Gravitational Field and Precession Effect

The equations of the motion for the spin four-vector S, have been studied in
several papers. In general relativity, it leads to a precession of S, . It can be
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Table 1. Distance r, to the center of the galaxy where the internal gravitational field ﬁzl generated by the galaxy becomes

equivalent to the external gravitational field k, generated by the galaxies’ cluster.

r

K
K, ko f |:?;l - kci} T [kpC]
NGC 5055 10246 10-1662 102061 13
NGC 4258 102485 1071654 1020695 16
NGC 5033 102476 1071654 102065 15
NGC 2841 102485 1071633 102059 13
NGC 3198 10%4° 1071655 1020725 18
NGC 7331 102418 107163 102024 6
NGC 2903 10%#71 107163 1020505 11
NGC 3031 102415 1071657 102036 3
NGC 2403 10%4+%° 1071639 102049 10
NGC 247 10%43 107163 10203 7
NGC 4236 10%# 1071634 102017 5
NGC 4736 102454 107163 102042 9
NGC 300 10%%7 107631 102029 6
NGC 2259 10%42 107163 102025 6
NGC 3109 10% 1071638 10202 6
NGC 224 10 107165 102025 6

deduced from the equations seen in paragraph 2.1. From [1], one can write the

following equations:

$ :Ky+%Jciz(gradgo/\v)+%(y+a)roth}/\S (23)

Which lead to define a geodetic vector field Q; and a “gravito-magnetic”

(frame-dragging) vector field € :

Q. :(;ur%jciz(gradqmv); Q; =%(y+a)r0th (24)

These expressions use the PPN formalism. For general relativity, =1 and

as seen before (16), y =1, it leads to:

3 1
Qs =2—ngrad¢mv; Q- =Eroth

In our notation (20):

One then has

(25)

(26)

(27)
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3.2. Measure of the Dark Matter

In our solution, around the Earth, k represents the addition of two terms, the
own gravitational field of the earth k. and the external uniform gravitational

field of the clusters (the dark matter) K;:
k=kg +k, (28)

In the same way, the Lense-Thirring effect € ; is then composed of the own

Earth gravitational field term

»
matter QLLW

.+ ¢ and of a new supplementary term of “dark

Q= 2kE + 2|(o = QLTiE + Q\_LDM (29)

The term Q. is the traditional frame-dragging precession:
h G . G(J 3r
HE :f:(mj(r/\\]), QLT_E:C—z(—:;——S(r‘J)) (30)

r r

In the Gravity Probe B experiment, the expected value for the frame-dragging

precession was:
||QLT_GPB || =39 milliarcsecond/year (31)
Let’s evaluate the order of magnitude of the external gravitational field (the
dark matter) around the Earth. From [3], an average value is:

"QLLDM " = 2|k, |~ 2x107%° 57
"QLLDM || = 0.4 milliarcsecond, year (32)

In fact, from the sample of galaxies studied in [3], one obtains the interval (22)
for K, .If we assume that these galaxies can be representative of our own galaxy,

the expected discrepancy should be in the following interval:

0.3< ||QLT_DM || < 0.6 (milliarcsecond; year) (33)

3.3. Discussion about the Expected Value of Lense-Thirring Effect

Q1 oe || , (indeed 0.4 mas-y™ ~0.01x 39

is only known with a precision 19% [1].

represents around 1% of
"QLT_DM " P

mas-y ). But until now, ”QLT_GPB
We need to have a better accuracy on this kind of experiments to hope to detect
this discrepancy. GINGER experiment should have a precision of 1%. It could be
enough to begin to detect a discrepancy.

But there are several aspects of the experiment that can play a role in decreas-
ing or increasing this discrepancy. The Sun is at around 8kpc from the galactic
center. In [3] we have seen that at this distance the gravitational field of the ga-
laxy could be of the same magnitude than k; (column ry[kpc] in Table 1).
Therefore the expected values should be around 2 times greater than the pre-
vious calculated values of "QLT_DM " But one also have to take into account the
unknown direction of k,, implying that the magnitude of the effect could be
reduced. The values previously calculated are obtained in the more advantageous

case.
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4. Conclusion

In [3], general relativity explains the dark matter as the gravitational field of the
clusters. This solution implies a Lense-Thirring effect detectable around the Earth
with some experiments as Gravity Probe B. Compared to the expected value of the
frame-dragging precession around the Earth (€ ; ¢pg = 39 milliarcsecond/ year ), in
this solution, the dark matter should generate a discrepancy in the following in-
terval (in milliarcsecond/year) 0.3< ”QLT_DM " <0.6 (for the most advantageous
direction of k;). The previous experiments (LAGEOS or Gravity Probe B)
didn’t have sufficient accuracy (19% for the measure of the frame-dragging pre-
cession in Gravity Probe B). The expected discrepancy needs at least a precision
of 1%. The next generation of experiments (as GINGER) will have such an ac-
curacy. So, in the best case, a precision of 1% could begin to reveal a discrepancy
in the measure of the expected precession effects. Without any detection, a
higher accuracy would still be required to definitively declare that this solution is
irrelevant. In particular if the direction of Kk, is very disadvantageous. But if
this discrepancy was measured, it will be the first direct measure of the dark

matter.
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