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Abstract 
This research work aims at modeling the creep behavior of a material by a 
non-linear schapery’s viscoelastic model. We started with analytical part 
where three powerful methods of creep modeling have been developed and 
compared. That is the Heaviside, the Nordin and Varna and lastly our own 
proposed methods. From this preliminary study, it came out that our method 
is different to the two others because we took into account the loading time at 
the creep beginning. Besides we studied several loading programs and re-
tained a five order non-linear polynomial which is the program that gave us 
satisfactory results. The other loading functions led to divergent results and 
wasn’t present here as consequence. In the second part of this work, we de-
voted ourselves to the determination of non-linear parameters in the scha-
pery’s viscoelasticity equation, through a well developed and illustrated me-
thodology. From this study, it is straight forward that non-linear parameters 
are stress dependent; confirming the results of several authors that preceded 
us in this studying field. 
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1. Introduction 

Creep is a physical phenomenon affecting many materials like woods, iron etc. 
in engineering structures like buildings. Before choosing a given material in en-
gineering works, one must know very well its creep behavior in order to appre-
ciate the lifespan of the structure. In such structures a deformation occurs when 
a material undergoes certain load. When it comes to study this phenomenon in 
the laboratory, we usually choose a normalized test material and with the help of 
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a test machine we submit this material to a certain stress and follow back the 
deformation that occurs over the time. The ability to carry out reliable creep 
tests in a reasonable time at low stress levels allows a designer to have much 
more confidence in the data for creep-rupture behavior for materials and allows 
confident prediction of structural lifetimes. The inconvenience of this experi-
mental method is that it can’t permit to follow the behavior of a material over a 
large period of time, so it is limited. In order to solve this problem, it is necessary 
to develop theoretical methods that can allow to model and to predict the creep 
behavior over a very large period of time in terms of years or even century.  

Many authors [1] [2] [3] [4] [5] devoted their works to the creep modeling 
through experimental and theoretical methods. In this paper, we develop a 
theoretical method from the well known schapery’s equation for viscoelasticity. 
The main task consists of determining the non-linear parameters. We started by 
presenting the method where the loading and the unloading of the material are 
described by Heaviside step function. Because this method presents shortcom-
ings [6], it has been followed by the Nordin and Varna method and completed 
lastly by our analytical method. 

2. Non-Linear Viscoelastic Material Model 

The non-linear viscoelastic Schapery model [7] [8] is given by 

( ) ( ) ( ) ( ) ( )
( ) ( )( )2

0 0 1 0

d
d

d
t g t

t g D t g D
σ σ

ε σ σ σ ψ ψ τ
τ

′= + ∆ −∫         (1) 

where the reduced times are given by 

( )( )0

dt t
a tσ

ψ
σ
′

=
′∫                           (2) 

and 

( )( )0

dt
a t

τ

σ

ψ
σ
′

′ =
′∫                          (3) 

where aσ is a shift factor. The parameters g0, g1, g2 and aσ are functions of strain. 
D0 = D(0) is the initial value of creep compliance and ( ) 0D D t D∆ = −  is the 
transient component of the creep compliance. When 0 1 2 1a g g gσ = = = = , Eq-
uation (1) reduces to 

( ) ( ) ( ) ( )
0 0

d
d

d
t t

t D t D t
σ

ε σ τ τ
τ

= + ∆ −∫                 (4) 

Or 

( ) ( ) ( )
0

d
d

d
t t

t D t
σ

ε τ τ
τ

= −∫                     (5) 

which is the Boltzmann’s superposition integral for linear viscoelasticity. In or-
der to ensure linear viscoelastic behavior at small stresses, the following initial 
values must hold: 
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( ) ( ) ( ) ( )0 1 20 0 0 0 1a g g gσ = = = =                   (6) 

Many methods have been developed to determine the material parameters in 
Equation (1), see [6]-[11]. 

3. Methods of Analysis 
3.1. Step-Stress Hypothesis 

Under step-stress hypothesis, that is, ( ) ( )0t H tσ σ= , where H(t) is the Heavi-
side step function, Equation (1) takes the form 

( ) ( ) ( ) ( )
( ) ( )( )2 0 0

0 0 0 0 1 0 0

d
d

d
t g H

t g D g D
σ σ τ

ε σ σ σ ψ ψ τ
τ

′= + ∆ −∫      (7) 

( ) ( ) ( ) ( ) ( ) ( )0 0 0 0 1 0 2 0 00
d

t
t g D g D gε σ σ σ ψ ψ σ σ δ τ τ′= + ∆ −∫        (8) 

( ) ( ) ( ) ( ) ( )0 0 0 0 1 0 2 0 0
0

tt g D g g D
aσ

ε σ σ σ σ σ
σ

 
= + ∆   

 
          (9) 

where δ is the Dirac delta function. Equation (9) is the material response when 
the stress is applied by the Heaviside step function. 

3.2. Method by Nordin and Varna 

Let the stress be given by 

( ) ( ) ( )0
12

t H t H t tσ
σ = + −                        (10) 

Then 

( ) ( ) ( ) ( )0 0
2 2 2 0 2 12 2

g g H t g g H t tσ σ
σ σ

    = + − −    
    

          (11) 

and 

( ) ( ) ( ) ( ) ( )0 0 0
2 2 2 0 2 12

2 2 2
g t g H t g g H t tσ σ σ

σ σ σ
     = + − −     

     
     (12) 

Differentiating Equation (12) with respect to time gives 

( ) ( )( ) ( ) ( ) ( )2 0 0 0
2 2 0 2 12

2 2 2
g t

g t g g t t
t

σ σ σ σ σ
δ σ δ

∂      = + − −     ∂      
    (13) 

Substituting Equation (13) in Equation (1) when 1t t≥  gives 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

0
0 0 0 0 1 0 0 2 0

0
1 0 0 2 0 2 10

1
2 2

1          2 d
2 2

t

t
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   ′+ − ∆ − −  
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∫

∫
   (14) 

After integrating with mathematical formulae Equation (14) yields 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

0 1 1
0 0 0 0 1 0 0 2
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1 0 0 2 0 2

0
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1           + 2
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σ σ
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ε σ σ σ σ

σ σ
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   − − ∆          

   (15) 
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which represents the material response under a tress defined by Equation (10). 

3.3. Proposed Method 

We now consider case where the stress is given by 

( ) ( ) 1

0 1

,   
,       

f t t t
t

t t
σ

σ
= 

≥



                         (16) 

where ( )0 0f =  and ( )1 0f t σ= . Then the strain at time 1t t≥  is given by  

( ) ( ) ( ) ( )
( )( )1 2

0 0 0 0 1 0 0

d
d

d
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t g D g D
σ σ
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′= + ∆ −∫        (17) 

where 
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        (18) 

( ) ( )
11

0 0

dtt t t
a aτ
σ σ

ψ ψ
σ σ

′−′− = + ∫                     (19) 

By combining Equation (19) and Equation (17), we have 

( ) ( )

( ) ( ) ( )( )
( )( ) ( )( )1

0 0 0 0

21
1 0 1

0

dd
d

t

t g D
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σ τ σ τ
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σ τσ
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 ′−
+ ∆ +  ′ 

∫
     (20) 

Using midpoint rule, which is third-order accurate with respect to t1 [12], and 
with τ = t1/2 then it follows that 

( )( ) ( )( )
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1 1
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1 1

1 1
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          (21) 

If the ramp loading is approximated to be linear, then ( )1 03 4 3 4f t σ= . So 
we have 

( )( ) ( )
1 1

0

2d
3 4

t tt
aa tτ
σσ σσ

′
=

′∫                    (22) 

Let us apply second-order [13] accurate numerical differentiation formula to 
the function in Equation (20), it comes that 

( )( ) ( )( ) ( )( ) ( ) ( )( ) ( ) ( )

1

2 2 1 1 2 2 0 0

1 1
2

d 0 0
d

t

g g t t g g
t t

τ

σ τ σ τ σ σ σ σ σ σ
τ

=

  −
  ≈ =
  

 (23) 

Now substituting Equation (22) and Equation (23) in Equation (20), it comes 
out that the response of the material when the applied stress is defined by Equa-
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tion (16) is 

( ) ( ) ( ) ( ) ( )0 0 0 0 1 0 2 0 0
0

tt g D g g D
aσ

ε σ σ σ σ σ
σ

 
= + ∆ +Ω  

 
       (24) 

where 

( ) ( )1
0 0

1 1
2 3 4

t
a aσ σσ σ

 
Ω = −  

 
                  (25) 

Only a rather moderate modification is made in the proposed method as 
compared to the step loading case, where Ω = 0. Furthermore, in linear case the 
proposed correction method yields 

( ) 1
0 2

tt D tε σ  = − 
 

                      (26) 

which is the Zapas-Phillips [11] [14] correction method for linear viscoelastic 
systems. 

4. Numerical Studies 

In the following subsections we compare the accuracy of the Heaviside step 
loading, Nordin-Varna and the proposed method. 

4.1. Linear Case 

In linear case non-linear parameters in Equation (1) equals to one. Then the 
Nordin-Varna method for the creep formulation at time t ≥ t1 is given by 

( ) ( ) ( )0 0
0 0 12 2

t D D t D t tσ σ
ε σ= + ∆ + ∆ −              (27) 

( ) ( ) ( )0
12

t D t D t tσ
ε = + −                    (28) 

and with the proposed method it is given by 

( ) 1 1
0 0 0 02 2

t tt D D t D tε σ σ σ   = + ∆ − = −   
   

           (29) 

The exact value for the strain at time t ≥ t1 is 

( ) ( ) ( )1

0
d

t
t D tε τ σ τ τ= −∫                   (30) 

If the loading is carried out with a constant stress rate, then 

( ) ( )1

0
d

t
t D tε σ τ τ= −∫                    (31) 

where 0 1tσ σ= . Now it can be seen that by applying numerical integration 
rule, to Equation (31) we get the Nordin-Varna method and by applying mid-
point rule we get the proposed method, respectively. Error estimate for the tra-
pezoidal rule is [13] 

3
1

12
te D′′= −                        (32) 
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and for the midpoint rule [13] 
3
1

24
te D′′=                              (33) 

To summarize, in linear case error in the proposed method is half of error in 
the Nordin-Varna method. 

4.2. Non-Linear Case, Creep Test with Non-Linear Ramp 

The creep test that we study has the following form 

( ) ( ) 1

0 1

,   
,       

f t t t
t

t t
ε

σ
= 

≥



                       (34) 

where σ0 = 42.26 MPa, t1 = 4 s and 

( )
5

1
0 0 0

1 1

21 3 1
6 2 4

t t tf t
t t

σ σ σ
 −

= − + + 
 

              (35) 

is the loading function, see Figure 1 below. 
The transient component of the creep compliance is taken to be 

1 MPa ,  0 1nD t nα −∆ =                      (36) 

5. Parameter Identification 

Material parameters are determined as follows: 
1) With our method the strain at time t ≥ t1 is now given by 

( ) ( ) ( ) ( ) ( )0 0 0 0 1 0 2 0 0
0

n
tt g D g g

aσ
ε σ σ σ σ α σ

σ
 

= + +Ω  
 

       (37) 

( ) ( ) ( ) ( )
( ) [ ]1 0 2 0

0 0 0 0 0
0

n
n

g g
t g D a t a

a σ σ
σ

σ σ
ε σ σ α σ

σ
= + +Ω         (38) 

where 
 

 
Figure 1. Non-linear ramp loading. 
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( ) ( )1
0 0

1 1
2 3 4

t
a aσ σσ σ

 
Ω = − 

  
                (39) 

2) Creep test data with different constant stress levels is fitted to  

( ) ( ) ( )0 0
n

f t A B a t aσ σσ σ = + +Ω                (40) 

where 

( ) ( )
( )
( ) ( )

( )

0

0 0 0

1 0 2 0

0
n

f t t

A g D

g g
B

aσ

ε σ

σ

σ σ
α

σ

=


=

 =


                  (41) 

3) Now the values of A(σ0) and B(σ0) are known for all constant stress levels. 
4) Parameter A is fitted to some proper function A(σ). We have used five or-

der polynomial to approximate A(σ), in this study. Then the parameter D0 can 
be determined using initial condition ( ) ( )0 0 00 0A g D D= = . Since  

( ) ( )0 0g A Dσ σ=  the parameter g0 can be also determined [15]. 
5) Parameter B is fitted to some proper function B(σ). In this study, we have 

used five order polynomial to approximate B(σ). Then the parameter α can be 

determined using initial condition ( ) ( ) ( )
( )

1 20 0
0

0n

g g
B

aσ
α α= = . 

6) We have ( ) ( )
( )

( )1 0 2 0 0

0

g g B
aσ

σ σ σ
σ α

= . The value of B(σ0)/α is known for all  

constant stress levels, this value is denoted C. Parameter C is fitted to some 
proper function C [16]. We have used five order polynomial to approximate 
C(σ). Then, parameters g1, g2 and aσ can be determined using initial conditions 

( ) ( ) ( )1 20 0 0 1g g aσ= = = . 

7) Since ( ) ( ) ( )
( )

1 0 0 0
0

0

n g g
a

Bσ

σ σ
σ

α σ
=  then we have  

( ) ( )( ) ( )( )( )
( )( )

1 0 2 0 0

0

ln

ln

g g B
n

aσ

σ σ α σ

σ
=  

The preceding methodology leads us to the following values: 
6 1 6 1

0 160 10  MPa ;  1.03 10  MPa  and 0.24D nα− − − −= × = × =        (42) 

Simulated non-linear parameters are 

( )
( )
( )
( )

7 5 5 4 3 3 2
0

8 5 5 4 4 3 2 2
1

7 5 5 4 3 3 2
2

7 5 5 4 3 3

3.2 10 5.7 10 3.9 10 0.13 2 11

8.5 10 1.3 10 8.1 10 2.4 10 0.34 0.83

4.9 10 8.5 10 5.7 10 0.19 2.9 17

5.7 10 9.7 10 6.4 10 0.21

g

g

g

aσ

σ σ σ σ σ σ

σ σ σ σ σ σ

σ σ σ σ σ σ

σ σ σ σ σ

− − −

− − − −

− − −

− − −

= × − × + × − + −

= × − × + × − × + −

= × − × + × − + −

= × − × + × − 2 3.2 18σ






 + −

(43) 

6. Relative Errors and Creep Curves 

We computed the relative error with the following formula 
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( )
( ) ( )

( )
t t

e t
t

ε ε

ε

−
=                       (44) 

where ( )tε  the true value of the strain in the creep test and ( )tε  is the nu-
merically approximated value of strain. The Table 1 below depicts relative er-
rors: 

Error estimates shows that the proposed method produces the smallest error. 
The computed strain in creep test with different methods is shown in Figure 2 
below. 

Non-linear parameters are shown in Figure 3. 
Figure 3 depicts the predicted non-linear parameters (straight curve) with 

our proposed method and the true value of non-linear parameters (disconti- 
nuous curve with “+” sign). From these figures it is evident that the simulated 
non-linear parameters are in good agreement with the true value of the non-li- 
near parameters. We can notice from our results that stress highly influences the 
value of material non-linear parameters; which is a confirmation that parameters 
g0, g1, g2 and aσ in the Schapery’s viscoelasticity equation are stress dependent [7] 
[8]. These results are matching perfectly with those obtained by [1] [2] [3] [4] 
when they were dealing with physical and mechanical properties of some Ca-
meroonians woods. Authors [17] [18] [19] when dealing with non-linear creep 
and relaxation obtained similar results in their scientific works. 

Figure 2 is just depicting the advantage of predicting creep behavior of ma-
terial with our method. It is clear that the predicted creep curve is so close to the 
true value of the creep to be distinguished. The lower value of the relative esti-
mating errors is just reinforcing the method. 
 

 
Figure 2. Strain as a function of time in creep test. 

 
Table 1. Relative errors in creep test. 
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Figure 3. Non-linear parameters as a function of stress. 
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7. Conclusion 

We have presented in this paper a powerful method which takes in to account 
the finite ramp time in the Schapery’s non-linear viscoelastic equation. It came 
out that the method is a good predicting tool of strain in creep test, because it is 
doing while minimizing the relative error. At the end material non-linearity pa-
rameters that have been simulated from the proposed method are in good 
agreement with those found in literature. The authors [20], [21] and [16] applied 
different processes in their works to predict long term creep of composites and 
they came out with good results. In the future we can see how to apply our cor-
rection method to what they did in order to have different point of view. 
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