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Abstract

In the present paper as estimation of unknown pdf derivative of a spline function is suggested. It is studied its
some statistical properties which are used to approximate maximal deviation of the spline estimation from

pdf with maximum of nonstationary gaussian process.
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1. Introduction

The construction of a confidence interval for unknown
probability density function (pdf) trough histogram for
the first time has been suggested by Smirnov [1]. Bikel
and Rosenblatt [2], Rosenblatt [3] have considered ana-
logues problem using of Parsen-Rosenblatt’s estimation.
The problem of construction of a confidence interval for
unknown pdf trough spline-function was studied by
Muminov and Khashimov [4]. Recently for unknown
multidimensional distribution density function the kernel
estimation is constructed and similar problem is studied
by Muminov [5,6].

Several authors have considered the rate of conver-
gence of the distribution of the maximum of difference
between Parsen-Rosenblat’s estimator and unknown pdf,
see, for example, Konakov and Piterbarg [7-9]. Never-
theless there is no such kind of result for the spline-es-
timators. The results obtained in this work help to ap-
proximate the deviation of spline estimation of unknown
density by Gaussian process.

It should be noted that in the works of Lii and Rosen-
blatt [10], Muminov [11] asymptotical unbiasedness and
strong state of the spline estimation are proved. Impor-
tance of spline-estimation and its application in statistics
are given in the works [5,12].

The paper is organized as follows. In Sec. 2 the spline
estimation is constructed and some auxiliary results are
stated, and also the main theorem is given. The main
theorem is proved in Sec. 3.

Copyright © 2011 SciRes.

2. Results

Let X,,X,,---,X, be independent identical distributed

random variables (r.v.) with pdf f(x) and let S (x)

be the cubic spline-function which do interpolation of

Y, =F,(x) at the points x =k/N, k=0,1,---,N

where N =N(n), F (X) is the epirical distribution

function of the sample X, X,,---,X,. Theboundary
Yi— Y

condition for S (x) are S, (0)= . S, ()=
Yn ~Yna h= i
h 7 N

Then the derivative of spline-function S,(X) is as fol-
lows, see Lii [13]

‘ 1
$100 = [Wy (%, y) dF, (),

where WN(Xay):WN,i(Xay):Ei,j(x) ’ Xe[xi—laxi] s
ye[xj,xm], i=LN, j=0,N-1

D, () if j#i-1

By = E"j(x):{DiJ(x)H if j=i-1

3 o
—ECU(X) if j=0

D,, =D,,(={3[C,,(0-C,y.s (0] if j=TN-2

1]

%CLN_I(X) if j=N-1
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X=Xy
T
ol (1+O_2i)<l+o_2N—2j)

r =

-1 - ,for 0<i<j<N,
A Q+o)(1-o™)
o-N’i(1+0'2i) )
Al =—— —Z_ for 0<i<N,
T @ro)(1-0™)
20 (1+0'2N’2j) )
o =——————,for 0<j<N,
1@ro)(1-0™)
_ 20" L 2-cM(1+0o)
AOIN = A)o

(2+0)<1—02N) 22+0)(1-0™)

o=+3-2, Al=A] for 0<i<N, 0<j<N and
A1 =Alin i fortheothervaluesoflj, I<j<i<N.

We take the statistic S (X) as estimator of pdf f(x).
We define r.v. f(Xx) by the following equality

S, (0= (%] f(X)
Oy (x),/f(x

1
where o2 (X) = %jwﬁ(x, y)dy .
0

0<x<l

R.v. & is interesting with point of view of solution
of the following problems:

1) to find a confidential strip for f(t), t<[0,1Jon
given coefficient of trust ¢ (0<a <1);

2) to construct criterion for test of null hypothesis
H,: f(t)="f,(t) on given significance level A(0
<p<1.

Our main goal in the sequel is: to solve the problems 1)
and 2). For this we have to find limit distribution of r.v.
&, . The results, obtained in this work, allow to approxi-
mate distribution of r.v. & with distribution of maxi-
mum of Gaussian process.

Let F'(x) be an empirical distribution function of
the sample F(X,),---,F(X,), {0, (), te[0,1]} be a
sequence of Wiener process. Set

Y, =n[F ®-t], te[o,1]
B,() = o, () ~te, (1), te[0,1]

. S, (x)—ES, (X)
— h =" n
& (x)=+/nh o 0lT00
(1) — N d
(x)= N()Wj (%, y)da, (F(y))

@) (v —
b () aN(x),/hf(x)
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(W [Ys (F()) =B, (F(y) =, OF (V)]

1 1
=—|W d
17, (X) p— ﬁi W (% y)da, (y)

f(y)
(aY){ W

£ 00 = —————[W,, (x.y)dY,, (F(y)
(x),/hf( j ( )
=& 00+&700

and the structure of co-variations of the Gaussian proc-
esses 177,(X)+ nr(,l)(x) and 5(1) (X) 1is coincided.

We assume that nh—>o, h—>0as n—ow and the
following conditions are fulfilled:

) f(x)=2C,>0, vxe[0,1],

2) The pdf f(x) continuously differentiable in the
interval [0, 1].

In what follows C and ¢ with or without index is uni-
versal positive number.

Theorem. Suppose that the conditions 1) and 2) are
satisfied. Then for arbitrary & >0 one has
) i +ﬁC exp{ C3h’1g2}

logN ¢
@)

00— _[w -1]d
7 (x) ok J . } @, ().

It is evident that

P (max

0<x<1

" (0] >

Also there is C such that

£ () < Cmax[ljﬁ_: ,Jhlognj ?)

with probability equal to 1. The following assertion is
proved by Komlosh et al. [14].

Lemma 1. There exist a probabilistic space (Q,F,P)
where it is possible to define version of the Fn* (t) and
the sequence of Brownian bridge B, (t) such that for all
X.

max
0<x<1

P(sup [Ft)-t]-nB, (t)‘>c 10gn+xj<c e
0<t<l

Lemma 2. Let 1<i<N. 0< j<N-1For all | and
J such that

~ |log0,3
where « >0, one has
max E. J(X)| .
Also for any ie{l,2,---,N} and xe[x_,, X ]the fol-
lowing holds
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Z

-1

|E, ;(0[<16.

Iy
o

the following Lemma 3 is proved in the book of Lam-

perty [15].
Lemma 3. Let X,,X,,
normal distributed r.v.s then

°([x.| =0yfoen)) -

3. Proofs of the Main Results

- be a sequence of standard

The proof of Lemma 2 is simple and hence it is omitted.
The proof of the main theorem. We have

&2 00 <™ [ oy 0T 00 | {|w )

jw (X, y)dF(y)‘

+|[Wy (x,y)d [Yn(F(y))—Bn(F(y))]‘}-

Hence

max §<2>(x)| <vhCy e, ()] +h 2C max|Y t)-B, )|

because inf On (X)=C;>0. From Lemma 1 and 3 it
follows thatas n — oo

sup|Y, (t)— B, (t)| = o(lf/g,”] and o, (1) =0(,/logn)
0<t<1 n

with probability equal to 1. The relation (2) follows.
Let xe[%_;,%]. Then

7’ (%)= 3,(¥) + 3,(X)

where

3,00 =[ 0 (OVRF GO | 'ZE,j(x)

Xj+1

[ [NTO) =T |da, (v)

500 =[ou 0T | S E 0
j=i

T [T -y do,

for i=N wesuppose >\ '-=0. Set
I

=26, VT -1 (x) [ (%)= (x,)]

J2(X)

_Z EIJ(X)[W \/7} J+1 (XJ' )]
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where Y| and Y are denoted a summation over all
e{l,2,--,N} and je{0,1,---,i-1} satisfying the
inequalities
L L (3)
and
2 logN

“)

respectively. Integrating by part we find

13,00]< ng/ﬁt(giﬂa)n ®)| +C9h_% [|J;(x)| +|Jf(x)|] .5

Put

* wn X-+ —a)n X. _ .

& = ( Jl\)/ﬁ ( J), §N=Og_13N){1§j .
Since (3)
X_Xj=(X_Xi*1)+(xif1_xj)ﬁh+i_j_l< 210gN

N Nllog0,3]

According to conditions a), b), also Lagrange’s mean-
value theorem and form the last inequality we have

AN

MSE o

|E,J(x)||x X. | &,

— log N —
SC9%21|EL](X)|§N
i

where X; <X <X . Here we take into account X—X; <
2log N

N |10g0 3|

From lemma 2 we obtain X' |EI J(x)| <16. Combining

above-mentioned we obtain

1

h23! %) log N

&y - (6)

max max

I<i<N X SX<X

<Gy

Similarly J;(x) we have
97 00| < z§|Ei,j(x>|%su13JTx)‘N :

By virtue of lemma 2 when (4) is fulfilled the following
is true

|E,J(x)| N7 XXl

As aresult we have

1

h 202(x) <Cnie:N ™

max max

I<i<N X SX<X
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Reasoning alike presented at p. 410 of Cramér [16] we

find
E :m_loglogN+ln4n_ log&/2 +0( 1 ]
log N
®)

2\/2logN \/210gN

where & is arandom variable with pdf
X N-1
i (1__j it xe[ON],
9(x) = N
0 if xe[0,N].
It is known (see, (29.2) of Skorohod [17]) that for ar-
bitrary £>0

2

P(sup|wn (t)l >£)£2P(sup o, (t)>g): 1 J‘eing.

0<t<h 0<t<h h\/2 &

Use this, (5)-(8) and Chebishev’s inequality to get
£ h Jh C,,é&*
30> Ej <C, @+ C, —x exp{—%}

)

P (max

0<x<1

By same way we can find that

/ 2
P(max|‘]2(x)| >£j <C; L+C,6—hxexp _C”_g
0<x<1 2 lOgN & h

(10)

The inequality (1) follows from (9) and (10). The proof of
Theorem is completed.

The theorem allows to approximate the distribution of
r.v. & Dby distribution of the maximum of Gaussian
process 77, (X) .
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