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Abstract 
A modified tracking differentiator is proposed. Firstly, a nonlinear odd expo-
nent continuous function is adopted which is only stable at one equilibrium 
point and proved the global asymptotic stability of the modified tracking dif-
ferentiator by select a Lyapunov function. Through combining of the nonli-
near and linear function properly, it can be sure that the state converges to the 
equilibrium point with high speed automatically no matter that the state was 
far away from the equilibrium point or near to it, and it can prevent the chat-
tering. Simulation results show that the modified tracking differentiator 
tracking results are superior to the classical nonlinear tracking differentiator, 
and the response of state variables tracking differentiator estimated is almost 
coincide with the real state of the variables of the given system.  
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1. Introduction 

In actual engineering, it is often necessary to extract the differential signal from a 
given signal, and it is important to obtain accurate differential signal for the 
controller design, especially for the design of modern control theory based on 
the exact mathematical model. Usually a first order inertial component or dif-
ference method is used to obtain differential signals. But when the signal con-
tains noise, the noise can be amplified when the differential signal is obtained 
with the above two methods (general noise change rate is better than the useful 
signal changes rate). In particular, a noise differential signal is obtained, and 
even the differential signal of the desired signal is drowned. In the literature 1, a 
second-order fastest switching system is used to construct a mechanism to ex-
tract the approximate differential signal, and the concept of the nonlinear track-
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ing differentiator is proposed. The general form of the nonlinear tracking diffe-
rentiator is given. The linear tracking differentiator changes the differential equ-
ation before the first-order inertia or differential method, and can better track 
the differential signal of a given signal [1]. However, the method of the literature 
1 contains the switching function, which is not conducive to the system proof 
and stability analysis [2] [3]. According to the literature 2, the exponential of the 
function of the nonlinear tracking differential in the literature 1 is expressed by 
the fractional form of the odd number of numerator and denominator, which is 
replaced by the form of the switching function. The conclusion is that the output 
signal can track the input signal point by point when the time scale tends to be 
positive. The advantage of this method is that the convergence speed is faster 
near the equilibrium point. The disadvantage is that when the system state is far 
from the equilibrium point, the convergence speed is slower, which leads to the 
serious chattering of the tracking curve in the initial stage [3] [4] [5]. In the lite-
rature 3, a full range fast nonlinear tracking differentiator is designed, which au-
tomatically converges at a faster rate when the system state is far from or near 
equilibrium. Although this design has achieved beneficial results, due to the use 
of nonsmooth fractional exponential functions near the poles of the system, the 
tracking signal has shown pronounced tremors [5] [6]. Although the tracking 
differentials designed in the literature 4 and literature 5 have reduced this tre-
mor, the designed method is prone to produce complex solutions, and its solu-
tion on the imaginary axis makes the tracer system in a critical stable state, 
which may lead to the system is unstable or the output has a greater tremor [6] 
[7] [8] [9] [10]. 

In order to improve the performance of the tracking differentiator, it is ne-
cessary to remove the complex solution of the tracer, in particular to remove the 
solution on the imaginary axis, and to satisfy the requirement that the tracking 
differentiator converge quickly [10] [11] [12] [13] [14]. This paper designs an 
improved tracking differentiator. The Lyapunov theorem is used to prove the 
stability of the improved tracer, and the theoretical analysis and simulation 
prove that it can accelerate the convergence when it is away from the equili-
brium point and close to the equilibrium point. 

2. Design of Improved Tracking Differentiator  

Assuming that for system 1S  [1] [7] 

( ) ( )
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For any given bounded integrable function ( )v t  and constant T , the solu-
tion of Equation (2) satisfies: ( ) ( )10

lim d 0
T

t
x t v t t

→∞
− =∫  (or  

( ) ( )0

0
10

lim d 0
T t

tt
x t v t t

+

+→∞
− =∫ ), ( )2lim 0

t
x t

→∞
= . Proof process see the literature 1. 

The key to selecting the differential tracker is to select ( ) ( )1 2,f x t x t   , which 
is set here as follows： 

( ) ( ) ( )2 1 2,x t f x t x t=                           (3) 

Equal 

( ) ( ) ( ) ( )1 1 1 2 2 2
n

nx t a x t b x t b x t= − − −                   (4) 

The following theorems are obtained: 
Theorem 2: The system 3S  

( ) ( )
( ) ( ) ( ) ( )

1 2

2 1 1 1 2 2 2
n

x t x t

x t a x t b x t b x t

=


= − − −





                 (5) 

When 1 1 20, 0, 0, 0a b b n> > > > , and n  is an odd number, the solution of 
the Formula (5) satisfies the conclusion of the system 1S  in theorem 1, and the 
system 3S  is stabilized and stabilized at ( ) ( )T T

1 2, 0,0x x = , that is ( )1lim 0
t

x t
→∞

= , 
( )2lim 0

t
x t

→∞
= . 

The proof of theorem 2 is as follows: 
Select the Lyapuvov energy function V , so ( ) ( )2 2

1 1 22 2 1V a x t x t= + + , 
because 1a  is greater than 0, then the function V  coefficient is greater than 0, 
and because ( ) ( )2 0, 1, 2ix t i≥ = , so for any state ( )T

1 2,x x  have  
( ) ( )2 2

1 1 22 2 1 0V a x t x t= + + > . 
The derivative of V  on both sides is obtained: 

( ) ( )1 2
1 2

V VV x t x t
x x
∂ ∂

= +
∂ ∂



                         (6) 

( ) ( ) ( ) ( )2 1 1 1 2 2 2
1 2

nV VV x t a x t b x t b x t
x x
∂ ∂  = + − − − ∂ ∂

              (7) 

Also because: 

( )1 1
1

V a x t
x
∂

=
∂

                           (8) 

( )2
2

V x t
x
∂

=
∂

                           (9) 

The Formula (8) and the Formula (9) are given to the Formula (7): 

( ) ( ) ( ) ( ) ( ) ( )1 1 2 2 1 1 1 2 2 2
nV a x t x t x t a x t b x t b x t = + − − − 

           (10) 

Finished: 

( ) ( )2 1
1 2 2 2

nV b x t b x t += − −                       (11) 

Because 1 2, ,b b n  are greater than 0, the function V  of the coefficient are 
less than 0, and because v is greater than 0 odd, it is x, so for any state x have v. 
That is, the system is gradual and stable, that can eventually think that x tends to 
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a certain stability does not change, then this time there must be x. Because xx, 
there xxx. 

Since 1 2, ,b b n  are greater than 0, the coefficients of function V  are less than 
0, and because n  is odd number greater than 0, there is ( ) 1

2 0nx t + ≥ , so 
( )T

1 2,x x  for any state has ( ) ( )2 1
1 2 2 2 0nV b x t b x t += − − ≤ . That is, the system is 

asymptotically stable that can eventually think that ( )1x t  tends to a certain 
stability does, then this time there must be 1 0x ≡ ， 2 1 0x x= ≡ . Because 2 0x ≡ , 
there 2 0x ≡ . 

2 0x ≡ ， 2 0x ≡  are given to the Formula (5): 

( )1 1 0a x t− =                            (12) 

Answer is:  

( )1 0x t =                             (13) 

That is, the system stability value is: 

( ) ( )T T
1 2, 0,0x x =                         (14) 

So far, theorem 2 is proved. 
According to theorem 1 and theorem 2, the form of an improved tracking dif-

ferentiator can be obtained, as shown in Equation (15): 

( ) ( )

( ) ( ) ( ) ( ) ( )
1 2

2 22
2 1 1 1 2

n

n

x t x t

x t x t
x t R a x t v t b b

R R

=
    = − − − −    

   





        (15) 

In Formula (15), 1 1 20, 0, 0, 0a b b n> > > > , n  is odd. 
For any given bounded integrable function ( )v t  and constant T , the solu-

tion of Equation (15) satisfies: ( ) ( )10
lim d 0

T

t
x t v t t

→∞
− =∫  (or  

( ) ( )0

0
10

lim d 0
T t

tt
x t v t t

+

+→∞
− =∫ ), ( )2lim 0

t
x t

→∞
= .  

It is necessary to make the following 3 points for the improved tracking diffe-
rentiator shown in Equation (15): 

1) For Equation (15), when ( ) ( )1e x t v t= −  is large, the acceleration signal 
( )1x t  (or ( )2x t ) will be larger, so that the system can be faster to track ( )v t ,  

to meet ( ) ( )0

0
10

lim d 0
T t

tt
x t v t t

+

+→∞
− =∫ . At this time, 

( ) ( )2 2
1 2

n

n

x t x t
b b

R R
< , 

( )2
2

n

n

x t
b

R
  

plays a major role in making ( ) ( )T T
1 2, 0,0x v x− → , accelerating the ( )v t  

process. 
2) When ( ) ( )1e x t v t= −  is small, that is, when ( )1x t  is close to ( )v t , the 
( )1x t  changes slowly, that is, the slope becomes smaller, the acceleration signal 
( )1x t  (or ( )2x t ) becomes smaller, and then the acceleration is still needed as 

much as possible, so that the system can track the ( )v t  at a relatively fast 
speed, and meet ( ) ( )0

0
10

lim d 0
T t

tt
x t v t t

+

+→∞
− =∫ . 

At this time, just ( ) ( )1 2 2 2
n nb x t R b x t R> , 

(At this time ( ) ( )T T
1 2, 0,0x v x− → , ( )2 2

n nb x t R  slope close to the x-axis), 
( )2 2b x t R  play a major role. 
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As a result of the synthesis (1) (2), the improved tracking differential is de-
signed so that the state quantity can accelerate convergence when it is away from 
the equilibrium point and near the equilibrium point. 

3) If: ( ) ( ) ( ) ( )1 1 2 1 1 2 2 2
m nf a x t a x t b x t b x t= − − − − , is it possible to ensure that 

the formula 15 in ( ) ( )1e x t v t= −  larger, in addition to relying on ( )2 2
n nb x t R  

but also rely on non-linear link ( )2 1
ma x t−  accelerated tracking ( )v t  process, 

the system can be faster to track ( )v t , to meet ( ) ( )0

0
10

lim d 0
T t

tt
x t v t t

+

+→∞
− =∫ ? The 

answer is negligible. From the theoretical calculation we can see that ( )T
1 2,x x   

is convergent to ( )T0,0 , but also converges to ( ) ( ) T1 1
1 2 ,0ma a − − 

 (where  

1 2, ,a a m  is greater than 0 and m  is positive odd, then ( ) ( )1 1
1 2

ma a −−  is a 
complex solution, which is located on the imaginary axis, resulting in critical 
stability of the tracer system, If we prove that the optional Lyapuvov energy 
function V , ( ) ( ) ( ) ( )2 1 2

1 1 2 1 22 1 2mV a x t a x t m x t+= + + + , can prove that the 
two solutions converged by the system are ( )1 0x t = , ( ) ( ) ( )1 1

1 1 2
mx t a a −= − , 

detailed proof ). 

3. Improved Tracking Differentiator Simulation  

In the simulation, the improved tracking differential is compared with the clas-
sical nonlinear differential splitter designed in literature 1. The parameters for 
the non-linear tracking differentiator are set as follows: The TD setting of ADRC 
[1]: r = 12, d = 0.05. 

The parameters for the improved tracking differentiator are set as follows: R = 
5, a = 5, 1 2 1b b= = , n = 3. 

The simulation results show that the improved tracking differentiator has sta-
ble tracking effect, and the chattering is small in Figure 1 and Figure 2. At the 
same time, the tracking of the differential signal value is larger, in line with the 
step signal changes in the moment, the rate of change is extremely high. It can be 
seen from Figure 3 that when the differential signal of sinusoidal signal is esti-
mated, the improved tracking differentiator is better than the TD-ADRC. 
 

 
Figure 1. Comparison of the effects of two tracking differentiator tracking input values. 
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Figure 2. Comparison of the effects of two differentiator tracer estimation differential sig-
nals. 
 

 
Figure 3. Comparison of Sine differential signal. 

4. Conclusion 

The improved tracking differentiator designed in this paper is a stable system in 
the sense of Lyapunov, which has global stability and fast convergence. Through 
simulation, comparison and verification, it is proved that the improved tracking 
differentiator has good tracking effect, and it has simple form and no chattering 
when tracking. It is a better tracking differentiator. 
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