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Abstract

In this paper, we are interested in the local existence for the Boussinesq equa-
tions with the slip boundary conditions. Energy method and Gerlakin ap-
proach are employed in this paper to get the main result.
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1. Introduction

The Boussinesq equations are as follows:
U +(u-V)u+Vp=rAu+06f,
6,+(u-V)6= A6, (x,t)eQx(0,t) (L1)
divu =0,

where Q is a bounded smooth domain of R®, u :(ul,uz,u3) and 6
represent density and temperature, P is the pressure function, f is the ex-
ternal force, 20,620 represent viscous coefficient and thermal conductivity
coefficient.

In this paper, the initial data is given by

(U,H)L:O :(u0’€0) (1.2)
and the boundary condition is
00

u-nf, =0, Emwﬂ, (su-n)|  =(Bu), (1.3)

Boussinesq equations are the classical model of fluid mechanics. There are a
lot of important applications in marine ecology and weather forecasting. There

are a lot of related conclusions about 2-D Boussinesq equations. Ye Zhuan [1]
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studied the Cauchy problem of the two-dimensional (2D) incompressible Bous-
sinesq equations with fractional dissipation by making use of the nonlinear low-
er bounds for the fractional Laplacian established in Constantin and Vicol.
Xiaojing Xu [2] studied the Cauchy problem of the two-dimensional (2D) in-
compressible Boussinesq equations with fractional Laplacian dissipation by the
nonlinear lower bounds for the fractional Laplacian. In this paper, we want to
study the 3-D Boussinesq equations. On the one hand, the regularity and
well-posedness of Boussinesq equations is a popular problem that people study.
Jishan fan [3] proved a regularity criterion for the 3D Boussinesq system with
partial viscosity. T. Hmidi [4] studied the global well-posedness of the Eu-
ler-Boussinesq system with the term dissipation |D| a on the temperature equa-
tion. On the other hand, the existence of Boussinesq equations is always an im-
portant problem people are interested in. Ying Liu [5] applied the Fourier de-
composition method to study the attenuation in L* of the weak existence of the
Boussinesq equations. Wei Li [6] used the homogeneous balance method and
travelling-wave transformation to acquire some exact solutions of the Boussi-
nesq equations. Xianjin Li [7] studied the global stability in L? of the Boussi-
nesq equations in three dimensional regional and unbounded regional.

However, for the initial questions and the boundary questions, the stations are
more complicated and challenging. In fact, in fluid mechanics, two boundary
conditions are considered mainly. One is the Diriclet boundary condition:

u=0,xe0Q, and another is the famous boundary condition proposed by Navier:
u-n=0,(Su-n) =-au,,xedQ (1.4)
where n is the unit outward normal on 0€2, u_ is the tangential part of u,

Su denotes the deformation tensor: Su = %(Vu + Vut) .

Now, what we need to do is the study for the local existence of the problem
(1.1) - (1.3). Usually, the followed existences are considered. First, the smooth of
the existence is so small [8] [9] [10] that the initial data and the existence are
close to a constant in  H? () , however this existence does not have singularity.
Second, the existence is the “large energy” proposed by Lions [11]. This exis-
tence has regularity but the analysis of the characteristic are more difficult and
the uniqueness and the continuous dependence can’t be solved [12] [13]. Last,
according to documents [14] [15] [16], the initial data in L (Q) is small and
the initial density is positive and bounded. For example, when the initial data is
piecewise smooth, the solutions shown in [17] satisfy the Rankine-Hugoniot
conditions in a strict point wise sense. On the other hand, these solutions have
so enough structure and regularity that the uniqueness and continuous depen-
dence theory can be proved in [18]. The well-posedness theory is nearly com-
plete in the whole space, but for the Dirichlet condition: on 0€2, the station
u=0 may have problems. However, if considering the Navier condition de-
scribed above, the global weak small-energy solutions can be proved to exist in a

half space for initial data with small energy and bounded density. David Hoff [19]
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studied the equations
{pt +div(pu)=0,

(o) () P(o), =it e prt,

where div(-) denotes divergence.
Satisfying the bounded conditions:

u-v=0,
xe,t>0 (1.6)
ulTVuo =I1Bu,

where v(X) is the unit outward normal on 0Q, TI(X) is the projection onto
the tangent plant to 0 at x, then the existence of the solutions can be given. T.
Hmidi [20] studied a fractional diffusion Boussinesq model which couples a
Navier-Stokes type equation with fractional diffusion for the velocity and a
transport equation for the temperature by establishing global well-posedness re-
sults with rough initial data.

In this paper, we consider the Boussinesq equations. Because the temperature
and the fluid are coupled together, the study becomes more difficult. The key we
solve the problem is how to deal with the temperature.

First, we define a function
W={We(H1(Q))3:W(X)-h(X):O,XeaQ} (1.7)

Definition 1.1. For a fixed time T, (u,H) is called the solutions for (1.1) - (1.3)
on [O,T] if the following holds:
1) (u,0)eC([0,T];HY(Q))NL([0.T]W? (),
(u.8)ec(oTL (@)NL ([0 T]HY (Q)).
2) For any times t,t, € [O,T],

[2], (u+(u-V)u+Vp)gdxdt = [ [ (yau+67)gpdxdt,
(2], (6+(u-V)u) gt = [ 2] (sa0) o,

for ¢,¢ Lipschitz Qx[0,T] with #,peW.

Remark: the system parameters (O and B will be assumed to satisfy the
following conditions:

1) Q isabounded opensetin R® witha C® boundary.

2) B isa C' inaneighborhood of 0Q.

Theorem 1.2. Assume the hypotheses hold, let Q 6(3,6] be fixed constant
and the (Uy,6,), p and f satisfy the following conditions:

(p, f)eC([O,T]; LZ(Q))ﬂ LZ([O,T]; L9 (Q));
(p )<L (0TJE ()
(Su-n). 8Q:(Bu)r'

Then there is a small T, >0 and a unique strong solution (U,H) to the ini-
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tial boundary value problems (1.2), (1.3) such that:
(u.0)eC([0T.;H (Q))NL ([0, T.I:w* (Q));

(u,6)eC([0.T.]; 2 (Q))NLE([0.T.]; H ().

2. The Lame Operator and the Regularity of —A Operator

In this part, we introduce the regularity of Laplace and the —A . First we assume
the condition (1.2) holds, @ and B satisfy the above hypotheses. Consider-
ing the following problem: find u:Q — R® such that:

Lu+pu=9g,xeQ
u-n=0, (2.1)
(S(u)-n) =(Bu),,xedQ

here Lu=-yAuU, fixed Fe€R,given ¢:Q — R. Then the corresponding weak
form is achieved.

Use weW to multiply by the above differential Equation (2.1), we can get:

Aﬂ(u,w):jgg - adx (2.2)
where Aﬁ ‘W xW — R is the bilinear form:
A/,(u,co)=7/(—_|'aQ Au'wds+j'QSu:Sa)dx) (2.3)

Obviously, A; is continuous on W xW if B is bounded, and we can use
trace theorem to show that A, is coercive if f is enough large depending on

7, Q, B.Inthis case, there is a bounded operator S,:L*> ->W satisfying
Aﬁ(Sﬂg,w):ng-wdx (2.4)

for all @ eW . Furthermore, because the embedding W — L* is compact, S 5
is a compact operator from L* to L’ and the symmetry condition guarantees
S, is self-adjoint.

The following lemmas are taken from document [21].

Lemma 2.1. Assume that Qc R? is abounded open set with a C* boun-
dary and that BeL”(0Q) is a symmetric matrix. For f enough large, there
is a compact self-adjoint operator S,:L?(Q)— L*(Q), whose range is con-
tained in W and for which (2.2) holds for gel*(Q) and weW . At the
same time, there is an orthogonal basis {e,}, for L* whose elements are in
W NC”(€), and which are eigenfunctions of S,

Sp@ =7y ‘o,
where y, —> .

Lemma 2.2. Assume that m>0, QcR® is abounded open set witha C™*
boundary and that Bis a C™*(6Q) mapping from a neighborhood of 3Q
into the set of 3x3 matrices, then there exists a constant C, =C()/,Q,B)
such thatif u is a solution of (2.1) in the sense of (2.2) where f# and geH"™(Q),
then ueH™?(Q) and
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"u"H”‘*Z(Q) <Cp, (||u|||_2(n) + "g"Hm(Q)) (2.5)

For the operator —A , consider the following problem: find 6:Q — R® such
that
-AG+60=07,xeQ
060
on

a0 (2.6)

oQ

where 0€R isfixed, §:Q—>R isgiven.
Use ¢eH'(Q) to multiply by the above differential equation, and integra-
tion by parts, then we get

B, (6.4) =], gdx 2.7)
where Bj:H 'xH' > R is the bilinear form:
B5(9,¢):_[QV¢9-V¢)+59(de (2.8)

Similar to the Lame operator, there exist a bounded operator T, : L (Q)—>H!

meeting
B; (Fég,¢):.fgg_-¢dx (2.9)

for all peH' and for & large enough. Parallel to Lemmas 2.1 - 2.2, we can
get the following lemmas.

Lemma 2.3. Assume that Qc R® is abounded open set with a C* boun-
dary. For y large enough, there exist a compact self-adjoint operator
r,:1*(Q)—> L*(Q), whose range is contained in H' and for which (2.9)
holds for gel? (Q) and ge H'. At the same time, there is an orthogonal ba-
sis {¢,}, for L> whose elements are in H*NC”(Q) and which are eigen-

functionsof I',, T ¢ =y, ‘o, , where y, — 0.

v

Lemma 2.4. Assume that m>0, QcR® is abounded open set witha C™*
boundary and that Bis a C™*(6Q) mapping from a neighborhood of 0Q
into the set of 3x3 matrices, then there exists a constant C, =C (Q) such
that if @ is a solution of (2.6) in the sense of (2.7) where §eH™(Q), then

0eH™?*(Q) and

||6||H m2(Q) < a("‘9"8(9) + "g”Hm(Q)) (2.10)

3. A Prior Estimates for Higher Regularity

In this part, we need the following prior estimates to prove the local existence of

the solution. Assume that the following inequalities hold:
(g, 6,2 +1C, (3.1)

sup (Ju (O + o () + I, (Ivulfs + o2l Jae+1=e, G2

where 1<C,<C;, 0<T,<T.
Remark: Cis a constant if be not added.
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3.1. Estimate for Temperature

Lemma 3.1.1. ||9||2L2 + _[; ||V6’||i2 ds<C
Proof: Multiplying the second equation of (1.1) by € and integrating over

Q , one has

1d

EEIQHZdX = [ e7n0-6—(u-V)0-6dx (3.1.1)
rg-adx<c| [ 22 od vo)d

-[Qg OOX = .[agan S_IQ( ) X

(faQaHZdS—IQ(VH)Z dX) (3.1.2)
ng(é?2 +|6| ~|V6|)dx +CJ.Q(V0)2 dx

IA

< (|ols +1vol +C, ol +o1v el
Jou-V)6-00x = [u-v 0-00¢ < . ], ],
1 1
S A VAR LR P
<c(lelIvel, +[vel:)
<c(slvels +c,lofs +Ivel)

Substituting (3.1.2) - (3.1.3) into (3.1.1), letting & small enough and using

Gronwall’s inequality:
Jellz + [,V el ds<c
Lemma 3.1.2. ||V t9||i2 + L; "‘9t"2L2 ds<C

Proof: Multiplying the second equation of (1.1) by 6, and integrating over

Q , one has

[ Odx=] &A6-6,—(u-V)6-6,dx (3.1.4)

[ er0-6dx=] g%etds—j &V 6-Vo,dx
Q oQ an Q

:li ) gaé’zds—lij S(Vé’)z dx
2 dt 2dt-e (3.1.5)
! 1
<C [, (el +lel-[vol)+ (voyax
d
<C_(Calvell: +slel: Vel
Jolu-v)8-Gax= [ u-vE-Gax<|ul. [6]. V6. o

<c(slall: +c;Ivel)

Substituting (3.1.5) - (3.1.6) into (3.1.4), letting & small enough and using
Gronwall’s inequality,

Vel + [Jlel: as<c

Lemma 3.1.3. ||9t||i2 +J.; ||V9t||i2 ds<C
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Proof: Differentiating the second equation of (1.1) with respect to t, multip-
lying the second equation of (1.1) by 6, and integrating over Q, one has

%%jﬂdzdx=.|'ggA6t-Ht—ut-VH-et—uVﬁtﬂtdx (3.1.7)

[ erg-0dx=] g%ads-j £(V6,) dx

<C([,,00ds~[ (V) o]

<c([,60+v6,- 9dx+||V9|| ) (3.1.8)
<c(lalf: +Ival. el +Ival:)
(

<c(jaff: +c;Ival: +slal +Ival:)

J,0.-90-00x <l 6], ol <Clule Lol

Ht =

(3.1.9)
<c(Clall: +olula ol +CoIval + <l ol

[ou-v0-0ox<|ul. o IVal. <c; el +sval: (110

Substituting (3.1.8) - (3.1.10) into (3.1.7), letting 0 and &k small enough

and using Gronwall’s inequality,

ol + [ [val. ds<c

3.2. Estimate for Velocity

Lemma 3.2.1. ||u||i2 +I; ||Vu||i2 ds<C
Proof: Multiplying the first equation of (1.1) by U and integrating over Q,

one has
1d
Sathe udx = j;fAu u+u?-vu-vp-u+0f -udx (3.2.1)
.[Q;/Au-udx=_[02;/div(8u)-udx=Zy(jﬁﬂSu~n-uds—.[QSu-Vudx) .
< C('[aQ Bu ~uds+jﬂ Su ~Vudx) < C(||u||i2 +||Vu||2L2) h
[ (u-V)u-udx=| u? -Vudx<||u||L3 Jull,.: [Vl 2
1
< ulz ||U||2 (lull +[vul,2 ) vul,.
(3.2.3)
<C(|ullz [vulz +[vulf:
<c(s|vulfz +C, Julf, +[vul}.)
[, Vb ubx-Wpl, ol <Gl olvel G20
Jot e lol, 1], ol <c(C bl +olel)  G29)

Substituting (3.2.2) - (3.2.5) into (3.2.1), letting o0 small enough and using
Gronwall’s inequality,
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Wl + (ol ds <

Lemma 3.2.2. ||Vu||i2 +_[;||ut||i2 ds<C
Proof: Multiplying the first equation of (1.1) by u, and integrating over Q,
one has

[ ufdx=[_yAu-u +u-Vu-u -Vp-u +0f -udx (3.2.6)

[ Au-udx = [ 2ydiv(Su)-udx = 2;/(](7(2 Su-n-uds-[ Su -Vutdx)

d 3.2.7)
<0 (], Bu-uds + ], Su-uc)<c &, +|wult. )
J (-9 )u-u = [, 0-Vu e <ol fu 7ol
<c(Clul +alvul) ey
[P ud- Vel ul <Colul+olvpls 629
[0 v ol 1], fule <C(C,luff +olof) G210

Substituting (3.2.7) - (3.2.10) into (3.2.6), letting J small enough and using

Gronwall’s inequality,
Vol + [l ds <c
Lemma 3.2.3. |u [} + [ [Vuf. ds<C

Proof: Differentiating the first equation of (1.1) with respect to t, multiplying
the first equation of (1.1) by u, and integrating over Q, one has

[ ugudx
“ (3.2.11)
= J'Q;/Aut U, +Uu,-Vu-u, +u-Vu, -u, —=Vp,-u, +6,f -u, +6f, -udx
[ 7Au,-udx = [ 2ydiv(Su,)-udx = 27/(.[59 Su,-n-uds—| Su,- Vutdx) ( |
3.2.12
<C (LQ Bu, -u,ds + jﬂ Su, ~Vuldx) <C (||ut I +[Vu )
L] 1
S el S e Sl ol .
<C(Co e+ 81 s + € IVl + e o)
J -5 v ol o Vel <Gl +olvufs G219
o Vo ud=[9p e Ju e < Cs iz + 8ve (32.15)
J, 0t ude-lal Il fud <C (Gl +olal) G216
Jo 01 udx =10 |-l <€ (Cs Ju i + o)l (3:2.17)

Substituting (3.2.12)-(3.2.17) into (3.2.11), letting 6 and k small enough

and using Gronwall’s inequality,

Juffz + [ Ivufz ds <c
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3.3. Elliptic Estimates for Velocity and Temperature

Lemma 3.3.1. ||V6’||H1 <

Proof: According to the second equation of (11), we have —40 =% (V)7
then use the elliptic regularity: C
[el < (|6, ~(u-v)e],. +lel.) < (Jei +Ive-ul.- +[el.:)
[Vol <6l <C (Il +IV0-ul. +]el.: )
<C(lafe +lul.- Ivél. +[el.:) <
Lemma 33.2. [ V[, ds<C
Proof: According to the second equation of (1.1), we have ~A0 =%~ (U™Y)7.
then use the elliptic regularity: C
[0z < C (-6 ~(u-¥)0].q +l6ls ) < C(lerhs +IV0-uls +]els)

Both sides of the above inequality multiply by itself, then
el <C (161 +1ve-ulfs +[elf:)

[V 0Fss <loliee <C(laffs +IV0-ulls +10l:)
<C (6 +lull V0L +[elf,

And integrating over (0.1)’ we have

oIV 0l ds < [, (0 + . [V 01 +6lfs )ds <c

Lemma 3.3.3. ||Vu||H1 <C
Proof: According to the first equation of (1.1), we have

Au=- —M —E or , then use the elliptic regularity:
4 4 v
Julle =€ (v = (u-¥)u=Vp+ 0], +[ul.:)

<CJulz +I(u-)ul. +I9ple +10f[e + ol )

[vultl= ol <€ (ludle +Ju-)uls +19Pe 05 +ulle)

<C(Ju +||U||L3 IIVU||H1 +[Velle Hi . [ole +]ul2)

(IIu o+l ol 190l 101 11, el +IIUIILzJ

<C

Lemma 3.3.4. L: ||Vu||;/1,q ds<C
Proof: According to the first equation of (1.1), we have

u-Vju
—Au=-—L —u —E or , then use the elliptic regularity:

v v yor
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[ulyes <C(JFu~(u-v)u=vp+0f |, +ul,s)
<CJlufls + (- V)ule + VPl +10 s +[uls )
Both sides of the above inequality multiply by itself, then

ol <C (e =109l +vefs +Jo 1 + ol

wia =

VU <ol en =l + 0 9)uf +9F +1ot s+l
<C(lucli + 1l VUl +I9PIEs + 171 D01 + ol
And integrating over (O,t) , we have -[; ||Vu||:vl,q ds<C.

4. The Local Existence of the Solution of
Boussinesq Equations

First, we consider the following linearized system:

U +(v-V)u+Vp=sAu+0f,
6, +(u-V)0=en0, (x,t)eQx(0,t) (4.1)
divu =0,

Lemma 4.1. Let O be a bounded domain in R® with smooth boundary,

when 3<(<6,wehave (uy6,)eH"(Q). Assume that
ve*([0,T];H? ()N L ([0, TIw* (@),
vel*([0,T]; )N ([0.T] HY)
with the boundary conditions:

v-nl_ =0, (Sv'n)r|aQ =(Bv)r

oQ
Then there is a unique strong solution (u, 9) meeting (1.1) - (1.3) such tat
(u.0)eC([0T]H? ()N ([0.TEW>(Q));
(u.8)eC([0T]*(Q))NL([0.T];H (@) (4.2)
Proof: It follows from Theorem 4 in chapter 5.9 [22], then we obtain
veC([0o,T];HY).
Next, Gerlakin approach is applied to prove the local existence of the solution
of Equation (4.1).

Assume that {¢, };n and {a)l };n respectively representing the eigenvectors of
the operator —A and the operator L are smooth functions.

V™ =spanid, gy ) > W =span{e, @, @,

for a positive constant m fixed, let
On (1) =2 an (1), U, (t)=2 b5 (D (43)

We hope that the coefficients a;, (t),b}, (t) satisfy:
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[, U@+ Vi VU Ui + VP U@, OX = [ 7AU Uy, + 6, Uy 0,0

tm~m

(4.4)
[ Ot +UnV 00X = | A6, 10X

Thus we seek functions (U,,6,) that satisfy the “projection” (4.4) of prob-
lem (4.1) onto the finite dimensional subspace spanned by ({wl }T A4 };ﬂ ) .

It follows from Theorem 1 in chapter 7 [22], then we obtain that for vm,
there exists unique (U,,d,) satisfying Equation (4.4).

5. The Proof of Theme 1.2

Similar to the prior estimates in part 3, we have
500 (Jon (O ot O ) (V0 #5200 [ Jot 2,

where C has no connection with m, then we have

(Up, 0, ) > (u,0) in L (0,T;H)

m?¥m

m?~m

(Ups O )2 (u,0) in L*(0,T;W )
(U )= (1, 6) in L”(0,T; H?)
(8,Uy, 0,8, ) —% 5 (u,,6,) in LZ(O,T;HI)

It follows from Theorem 3 in chapter 7 [22], let m — oo then we obtain that
(u, 9) is the solution of (4.1).
The proof of Lemma 4.1 is completed.

Next, the iteration method is used to prove the local existence of the solution
of Boussinesq equations.
Construct approximate solutions of Boussinesq equations that meet the initial
and boundary problems (1.2) - (1.3).
1) define u®=0,
2) assume that k >1, define v=u*?,
uy +(u“‘1~V)uk +Vp* =AU + 604 £,
O +(u* V)0 =end", (x,t) e Qx(0,t) (5.1)
divu* =0,

Initial conditions:

(u¥, 6" )L:O =(ul, &) (5.2)
Boundary conditions:
uk-nm=0, a;: =afd, (Suk.n)r m:(Buk)r (5.3)

Q
According to Lemma 4.1, we can know that the problems (5.1) - (5.3) exist the

local solutions (u" , Hk) . Furthermore, according to the prior estimates, we get
T. Kk
12 ) * J.o ("Vut

where C has no connection with K.

iz +||V2uk||2Lq )dt+ls C, (5.4)

k
H2 +||ut

o (v

0<t<T,
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According to Aubin-Lions lemma, one has
(U ,65) > (u,0) inL"(0,T.; HY)
(uo)el” (0T H*(Q))NL ([0 T.J;w* (@)
(U.6)e " ([0, T.]; ()N ([0.T.]; H ()

Last, we show the continuity of u and & over time.

Jw)d = s f((w). v )

0<t<T«

<supf [7AU +U, -VU+U-Vu +Vp, +6,f +60f]|w|dx

0<t<T«
< sup C(Jufle IVl + 7l s+l €1+ 1ol ol

ARl Va9l )+ 0 J, vawas

where W™ denotes the dual space of W . It follows from Theorem 3 in chapter
5.9 [22], then we obtain U, €C (O,T*; LZ). Then according to the elliptic regular-
ity, we have VZuel” (0 Ta LZ)
ol = s (@).)
< sup [ [eA6, +u,-VO+u-VE|p|dx

ol

< sup C{(lullz [V lis +[vel: fuls el

lelyr=t

+ |V Vel )+ SUP J1o VOl

lelh=2
where (HI(Q))* denotes the dual space of H'(Q) . This can show
(Ht )t e l? (O,T*;(Hl(Q))*). So we have 6, € L2 (O,T*; Hl(Q)). Similar to the
proof of the continuity of u,, it is easy to know 6, €C (O,T*; Lz). Then accord-

ing to the elliptic regularity, we have V9 eC (O,T*; LZ) .

Above all, we complete the proof of the Theorem 1.2.
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