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Abstract

This paper constructs a model which is more close to the reality to describe
individual saving behavior accurately and explain the long-term growth of
economy. The model constructed in this paper is the improvement and inno-
vation of neoclassical growth models including Solow model, RCK model and
OLG model. Starting from the micro decision making of individuals and
firms, there exists balanced growth path (BGP) and capital stock in steady
state satisfies the golden rule in general equilibrium. Total saving rate equals
the elasticity of output with respect to capital. The long-term economic
growth depends on exogenous technological progress.
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1. Introduction

The most representative models in neoclassical growth theory are Solow model,
RCK model and OLG model. These models have great influence on economic
theory and practice. With the development of macroeconomic theory, research-
ers pay less and less attention to neoclassical growth theory. This paper tries to
integrate the advantages of the three famous models to establish a unified neoc-
lassical growth model.

Solow model takes technological progress as given and investigates the effects
of the division of output between consumption and investment on capital accu-
mulation and growth. The shortage of Solow model is the lack of micro founda-
tion and saving rate is exogenous given. Golden rule cannot guarantee the

maximum utility of individuals [1].
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RCK model relaxes the Solow model’s assumption that the saving rate is ex-
ogenous and fixed. RCK model is setup in dynamic general equilibrium (DGE)
framework and thus has micro foundation. Saving rate is endogenously derived
in this model. One shortage is that capital stock in steady state is less than golden
rule level and capital stock satisfying golden rule is unstable in this model. The
other is that assumption of living forever does not conform to the reality and
there are no old people also called retired people in this model [2] [3] [4].

OLG model has heterogeneous consumers in which the young and old overlap
at each period and thus it is more close to reality. The weakness of OLG model is
the possibility of dynamic inefficiencies. Capital stock in steady state may exceed
golden rule level and thus there exits Pareto improvement. Another shortage is
the simplification of lifetime to two discrete time points. Although analysis pro-
cedure is simplified, we cannot accurately describe the consumption path of in-
dividuals [5] [6].

We integrate the advantages of Solow model, RCK model and OLG model to
construct a new growth model. In the model, time is continuous and there are
newborn people at any time. Individuals live in working period and retirement
period. Starting from the micro decision making of individuals and firms, there
exists balanced growth path and capital stock in steady state satisfies the golden
rule in general equilibrium.

The paper is organized as follows. Section 2 presents the model. Section 3

analyzes the model. Section 4 gives a brief conclusion.

2. Model
2.1. Firms

There exist large numbers of firms in the economy. Firms rent capital and labor
in factor markets. Individuals purchase goods in competitive markets. The pro-

duction takes the form

Y ()= F (K(0), A)L(1) m

where technological progress is exogenous, ) =g, A(t)= A(O) -e¥,

A(t)
K F (K, AL
Define k=—, vy :L :g, k is the amount of capital per unit
AL AL AL

of effective labor and Yy is output per unit of effective labor. Then we rewrite

production function as
y=f(k) (2)

The intensive-form production function, f(k), is assumed to satisfy
f(0)=0, f'(k)>0, f"(k)<0, lim_, f'(k)=00, lim__ f'(k)=0.
In competitive market, profit maximization will yield that interest rate equals

marginal product of capital

r(t)=f'(k(t)) (3)
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wage equals marginal product of labor
ot)= 1 (K(1) k() F'(k(1) @
2.2. Individuals

Referring to Futagami and Nakajima [7], we suppose that a person is born at
time x,workto X+d and die at time X+ M. A person works between age 0
and d to earn money and purchases goods between age 0 and m.

Furthermore, we give some additional demographic assumptions. Each indi-
vidual has fixed lifespan m and that is to say, at any given time t, there exist
individuals from age 0 to m. For the overall population to be growing at rate n
and the age distribution to be well behaved, the number of people born per unit
time is growing at rate n.

Define B(t) asnewborn population at time t,
BO_, B)-s(0).e"

where n is newborn growth rate.

Total population at time t is described as

t) .[ B e™dx = Br(10) (em _en(t—m)) %)
N 5(0) (n e" ))
SoR " (6)
N (t) (o) ( i )
Total labor in economy is
B(0
= J.:,d B(O) .e™dx = ¥(em _ en(t—d)) @
. @(n ent_n_en(t—d))
o - (8)
L(t) B(O) (ent en(t—d))
n
Total old people or retired people in economy are
O(t) - :: B (0) .e™dx = @(e"("d) _ en(t—m)) ©)
o0 B(0) ( (tim))
" =n (10)

We have

-ty (11)
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B(0) (g _ gott-a)
I(t)=1-o(t) = L((t))z Bno)( )zi

N (t T(em_en(t-m))

(12)

where I(t) denotes proportion of the workforce, o(t) denotes elderly popu-
lation proportion.
In the economy, each person has constant relative risk averse (CRRA) utility

function as follows

t)(l—B)

u(C(x,t))z%

,0>0 (13)

where C(x,t) denotes one’s consumption and ¢ denotes the constant coeffi-
cient of relative risk aversion.
Asset per effective labor is accumulated as

a(xt)=o(t)+(r(t)-g)a(xt)—c(xt) (14)

o(t),x<t<x+d
w(xt)= (15)
0,x+d <t<x+m
a(x,x)=a(x,x+m)=0 (16)
Each person maximizes his whole life utility
(1-0)
X+m C ,t
max [“"ern SOy (17)
x 1-60
(1-9)
< max A( 0)(17'9) e j g loato —C(X' ) dt (18)
x 1-0
c(x t)(l'o)
< max I:er e_(p_g(l—ﬂ))t ) dt (19)

1-6
Combine (14)(15)(16)(19) and use optimal control method, we can derive

¢(x,t) r(t)-p-0g

c(xt) ) (20)
j:+d w(v)e™dv
C(X‘ X) - J-x+m eP(X'V)_R(X'V)dV (21)
x+d —R(x,v)
w(v)e dv
C(X,t) — jx ( ) . P(X,t) (22)

J‘“m eP(x,v)—R(x,v)dV

X

where P(x,v):jxvr(t)_+09dt, R(x,v):j:(r(t)—g)dt.

2.3. Equilibrium

At any given time t, there exist individuals from age 0 to m. Aggregate con-

sumption at time t is given by

o (D)=[" B(x)c(xt)dx=]" B(0)e™c(xt)dx (23)
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Capital per effective labor is accumulated as

6= 100~ k) +1) 2

We have k=0 when economy is in equilibrium. Interest rate and wage are

both constant. We can yield that

_ w(;_g_¢j@wrw_g{4r%%”%_:%
[emr]”” —1]<g—r>(“”;gg—nj(l—e"d)

where r=f'(k), w=f(k)-kf'(k). Parameters {p,0,d,m,n,g} are ex-
ogenous.

=k(g+n) (25)

3. BGP and Steady State

Using numerical simulation method (assume Cobb-Douglas function of produc-
tion), we can solve Equation (25) and yield k;, k,.From Figure 1, k; is un-
stable and Kk, is stable. So capital per effective labor on balanced growth path is
k, .

Furthermore, we can derive that

f(k)=1'(k,)=g+n (26)

This is the important finding of this paper. Capital stock in steady state is only
related to (g+n) and production function, but has nothing to do with
{p,0,d,m} . More importantly, capital stock satisfies the golden rule and the
economy can achieve the highest efficiency.

Total saving rate is given by

Figure 1. Equilibrium solution to capital per effective labor. Note: short dash line denotes
left of Equation (25) and solid line denotes right of Equation (25).
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g A ® ()
AOLO () L 10
i

s=—0p (28)

So total saving rate equals the elasticity of output with respect to capital.
On balanced growth path, capital per effective labor keeps unchanged. We
have
Y_K_AL

++h
Y K A L k

From this, long-term economic growth depends on the newborn growth rate

=g+n (29)

and the rate of technological progress.

Capital per capita and output per capita are given by

-nd
K_ALk_ p 1ze™ v ALf () _ af ()
N N 1-e™ N N

1_ e—nd
’ 1_ e—nm

(30)
In the long term, output per capita depends only on technological progress.

4. Conclusions

This paper establishes a unified neoclassical growth model which can integrate
the advantages of the three representative neoclassical growth models including
Solow model, RCK model and OLG model to describe individual saving beha-
vior accurately and explain the long-term growth of economy. Starting from the
micro decision making of individuals and firms, there exists balanced growth
path and capital stock in steady state satisfies the golden rule in general equili-
brium. Total saving rate equals the elasticity of output with respect to capital.
For further study, we will introduce government into the model and examine
the impact of taxation policy. Another direction of exploration is to make tech-

nological progress endogenously.
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