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Abstract 
We study how firms’ management can make effective investment decision 
under the influence of random interest rates. We define the threshold interest 
rate value below which investment can be effectively done and above which 
investment is not optimal. We use a stochastic differential equation with al-
ternating drift to find the optimal investment policy under stochastic interest 
rate. One of our results indicated that, the optimal condition for investment 
expansion is when the interest rate is low and the profit level is high. Also, 
there exists the threshold interest rate value which forms the basis for invest-
ment decision of a company. Moreover, we revealed that it is not optimal for 
the managers to plan for firm’s business expansion when is already making 
extremely high profits. At the end we were able to confirm that business is 
generally more stable when the interest rates are lower than those when they 
are high. Since firms in emerging economies suffer most from interest rate 
fluctuations, they need more effective investment strategies. Monetary policy 
makers of such economies need to ensure low interest rates in order to pro-
mote firms’ investment and therefore boost the general economy. 
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1. Introduction 

The variation of the interest rates affects business decision about how to save 
and invest [1] [2]. Fundamentally, a rise in interest rates has a sizable negative 
effect on capital expenditures by businesses. In economic theory, the cost of cap-
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ital has an important influence on decisions to invest and, therefore, affects 
business cycles in general [3]. The market interest rate is considered to be a key 
building block in the firm’s user cost of capital, which, combined with the re-
sulting stream of expected cash flows, constitute the primary determinants of 
whether and how much to invest [4] [5] [6]. Calderón and Fuentes [7] point out 
that an increase in the country’s interest rates raises their effective labour costs. 
Labour cost is usually one of the basic considerations for business expansion. It 
is also argued by Chetty [8] that finding out how does an increase in interest 
rates affect capital investment by firms has important implications for monetary 
and fiscal policies. Studies have revealed that the impacts of interest rates on 
capital investment are more substantial in emerging market countries (EMCs) as 
compared to developed economies [2] [7] [9] [10]. This sets the benchmark as to 
why business planning in the EMCs needs to consider the fluctuations of the in-
terest rates. 

This study focuses on the problem of a company that wants to optimize the 
use of its revenue in the expansion of its investment which is highly sensitive to 
the fluctuations in the interest rate. We show how the firm’s financial managers 
can ensure maximum growth in the investment while avoiding high capital ex-
penditures caused by increase in interest rates. The maximum growth in invest-
ment is calculated as the present value of all the future investment expenditures. 
Most models on firm’s investment found in the literature do not account for the 
effect of interest rate fluctuations as one of the key determinants of the invest-
ment strategy. Our main contribution, therefore, is to consider the effect of in-
terest rate in the investment side of the model proposed by Décamps and Ville-
neuve [11], albeit in a modified and simplified presentation. 

The effect of uncertainty on firm investment attracts a lot of attention in the 
literature [12] [13] [14]. Bader and Malawi [15] investigated the impact of real 
interest rate on investment level in Jordan and found that real interest rate has a 
negative impact on investment. Bo and Sterken [12] analyzed the joint impact of 
the interest rate volatility and debt on firm investment of Dutch listed firms. 
One of their findings showed that the effect of the level of the interest rate on 
investment is significant and negative, and the level effect of the interest rate on 
investment turns to be larger for less-indebted firms than for highly indebted 
firms. Since it is logical that a less-indebted firm or especially a non-indebted 
firm is the one in a better position to use generated profit for growth in invest-
ment, then consideration of interest rate in investment is very important. Their 
study provided the cross-effect of the interest rate volatility and debt on invest-
ment. However, there misses an actual strategy which should be adopted by 
firms when high interest rates have a significant impact on investment. Our 
study fills this gap by providing a strategy that accounts for interest rates on 
firms’ investments explicitly. 

Most studies consider investment growth decision of a firm in connection 
with dividend payments and/or consumption rates [11] [13] [16] [17]. Décamps 
and Villeneuve [11], for example, study the interactions between dividend policy 
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and investment decision in a growth opportunity and under uncertainty. In par-
ticular, they consider a firm with a technology in place that has the opportunity 
to invest in a new technology that increases its profitability. The firm self-finances 
the opportunity cost on its cash reserve rather than concentrating on the col-
lected revenue as in our case. However, they do not present explicitly the optim-
al level of investment and the actual potential investment stopping times. On the 
other hand the study by Chevalier, Vath and Scotti [13] considered the problem 
of determining the optimal control on the dividend and investment policy of a 
firm. In addition, they considered the fact that the firm carries a debt obligation 
in its balance sheet. They came up with a combined singular and multiple-regime 
switching control problem whereby each regime corresponds to a level of debt 
obligation held by the firm. While they considered debt as a means to further 
investment, in our case we consider the collected revenue of a firm as main 
source of funding the investment growth. Hugonnier, Malamud and Morellec 
[18] developed a model of investment, financing, and cash management deci-
sions in which investment is lumpy and firms face capital supply uncertainty. 
They assumed that firms have to search for investors when in need of capital for 
investment and therefore it faces uncertainty regarding its ability to raise funds 
in capital markets. They showed that firms with high investment costs differ in 
their behaviors from firms with low investment costs and firms may rise outside 
funds before exhausting internal resources. Their analysis also revealed that in-
vestment and payout do not always increase with slack and that the choice be-
tween internal and external funds does not follow a strict pecking order. In our 
study we focus on internal funds, profit in particular, in which decision can be 
made whether to invest or consume. As we appreciate the impacts of interest 
rates on making investment decision, we build on such studies by providing a 
means to make more effective investment decisions. This is a requirement for 
growing firms particularly in emerging markets. 

Several facts collectively stand as the basis of our motivation to undertake this 
study. First we are motivated by the fact that there is a great discrepancy on the 
effect of interest rate between the developed and the emerging economies as ex-
plained in [2] [7] [9] [10]. Since firms operating in the emerging economies suf-
fer most from the fluctuations in the interest rates, their contribution to the 
economy will also be limited and therefore there is a necessity to make them 
plan more effectively under the same circumstance. Secondly, in such emerging 
economies business is more affected by macroeconomic shocks, therefore pro-
viding a means for firms to plan against interest rates will pave the way to com-
bat other factors such as transaction costs and exchange rates. Also the role of 
firms’ investments in transforming the economies of emerging market countries 
(EMCs) is enormously significant thus needs special attention. Moreover, it is 
argued that due to the availability of natural resources, labour and consumer 
markets in such countries, there are always opportunities for the firms to grow. 
This is why having effective strategies for the growth of firms in such contexts 
remains a necessity. 
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In our study we model investment as related to revenue rather than simply the 
cash holding of a firm because we assume that from the collected revenue the 
decision is immediately made on whether to expand investment or consume (or 
pay dividend). Such a managerial decision is made depending on the level of the 
interest rate which is assumed to be a continuous stochastic process that can 
generally be modeled as a term structure. Gibson, Lhabitant and Talay [19], and 
Huang, Sun and Chen [20] provide appealing presentations of the term structure 
models of interest rates. Akyildirim et al. [21] provide a means of applying sto-
chastic interest rates in the optimization of dividend payouts. Apart from the 
fact that their stochastic optimal control was on dividends and ours is on in-
vestment, their interest rate had only two states one for good economic state and 
the other for bad economic state. In our case we consider the interest rate that 
varies continuously and apply a stochastic discount factor in the optimization of 
investment level. This is because naturally the economy cannot have only two 
states but varies randomly in its spectrum. 

The outline of this paper is as follows. Section 2 gives model formulation, ex-
planation on threshold interest rate value and investment cost, and definition of 
the objective function. In section 3, we state the properties of the value function 
and provide proofs. We show that the value function for our objective function 
exists and it is unique and concave in both the profit and interest rate variables, 
thus can be a solution of the dynamic programming equation. In section 4, we 
carry-out numerical experiment. We provide a plot that gives the general over-
view of the value function over the interest rates and the profit levels. We 
present a numerical determination of the threshold interest rate value. We also 
give a numerical test for the sensitivity of the value function on the drift for dif-
ferent interest rates and profit levels. In section 5, we summarize the results of 
our study and make a conclusion. 

2. Model Formulation 

Uncertainty is described by a probability space ( ), ,Ω   and a filtration 
( ) 0t t≥
  satisfying the common assumptions. Let tB  be one dimensional ( )t  

—standard Brownian motion. We consider a firm whose business generates 
profit tY  that follows a Stochastic Deferential Equation (SDE) with a drift 0α  
and volatility β  presented as 

0d d d .t tY t Bα β= +                          (1) 

The firm operates in a floppy macroeconomic environment whereby the in-
terest rate r varies randomly between the lowest possible interest rate and the 
highest possible interest rate. The dynamics of interest rates is assumed to be a 
continuous stochastic process representing the state of economy. Depending on 
the state of economy, the firm may opt to channel a portion G of the profit Y to 
further its investment which will increase the drift from 0α  to 0Gα α≥ . We 
assume that there is no alteration in the volatility β . The drift Gα  is propor-
tional to the investment cost G. The firm has to define the threshold interest rate 
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rθ  from which the firm can further its investment only when r rθ≤  otherwise 
channels its profit into other uses such as dividend payments. The investment 
cost tG  at time t which must be financed from the profit made tY  is positive 
non-decreasing right continuous and adapted to the interest rate process tr . 
The set { }: tt r rθ≤  consists of all possible stopping times τ  at which invest-
ment can be done. We therefore model the profit trend subject to investment as 
follows; 

 ( )0 0d d d d , .Gt t t t tY t B G Y yτ τα α β< ≥= + + − =             (2) 

This is a simplified version derived from the cash reserve model given by [11] 
from which we concentrate in the side of investment and consider stochastic in-
terest rate in the optimization later. 

We consider the fact that at any time t and the interest rate tr , 0 t tG Y≤ ≤  
and also the more the profit the higher is the upper limit level of optimal in-
vestment. This is represented by the following relationship 

( )( )1 e .tr r
t tG Yθ− −≤ −                        (3) 

The increment in the drift at time τ , from 0α  to Gα  depends on the ratio 
of the investment made Gτ  to the profit Yτ . In fact, the relationship between 

Gα  and 0α  is given by 

( )( ) ( )( )0 0 0

1 e
1 e .

r r
r r

G

YG
Y Y

θ τ

θ τ
ττ

τ τ

α α α α
− −

− −
−

= + ≤ + = + −          (4) 

We make an assumption that the company should make positive profit for its 
survival, otherwise it has to undergo bankruptcy. We therefore define the bank-
ruptcy time by 

{ }inf 0 : 0 .tt Y= ≥ <                        (5) 

Our aim is to study the optimal investment strategy of a firm as related to the 
variations in the interest rates. The firm wants to invest as more as it is feasible 
but is challenged by the fluctuation of the interest rates. Given as initial condi-
tions the value of the profit y and the corresponding interest rate r, we denote 
the set of all admissible investment costs and the stopping times ( ),G τ  by 

( )y . The investment costs and the stopping times constitute the control poli-
cy ( ), , 0tG tτ ≥ . Mathematically, the optimal investment problem is to maxim-
ize the value function 

( ) ( ),
0 0

, ; , d , where exp d .
ty r

t t t sH y r G G r sτ  = Λ Λ = −  ∫ ∫


       (6) 

The corresponding optimal value function is then defined as 

( )
( ) ( )

( )
,

, sup , ; ,
G y

v y r H y r G
τ

τ
∈

=


                 (7) 

and the optimal policy ( )* *,tG τ  is such that 

( ) ( )* *, ; , , .tH y r G v y rτ =                    (8) 
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3. The Value Function 

We present analytically the characterization of the optimal value function. Our 
main goal is to maximize the expected investment fund discounted under a sto-
chastic interest rate and finding the optimal stopping times for investments to be 
done. In fact the stopping times are evaluated from the threshold interest rate 
rθ  as elaborated in the previous section. 

We state the following theorem which summarizes the key features of the op-
timal value function. Important to mention these features are the uniqueness 
and concavity properties. Prior to stating the theorem we define the differential 
operator for v, by considering the stochastic interest rate r, as 

 ( ) ( ) ( ) ( ) ( )
2

2
0 2

1, : , , ,
2Gt tv y r v y r v y r v y r

y ryτ τα α β< ≥
∂ ∂ ∂

= + + −
∂ ∂∂

    (9) 

and use it in the theorem statement. 
Theorem 1. The optimal value function ( ),v v y r=  is the unique concave 

function satisfying the following conditions: [label=.] 
1. [ )( )2 0,v C∈ ∞  and ( )0, 0v r = , 

2. ( ), 1v y r
y
∂

≥
∂

 for all ,y r , 

3. For every 0y > , 0r > , 

( ) ( ), , 0.v y r rv y r− ≥                     (10) 

The formation of this theorem is analogous to the one given by [21] when 
dealing with optimal dividend policy. However, the statements in this theorem 
consider a continuous stochastic interest rate as it also appears in the third term 
of the differential operator. This leads to a different approach in the analysis 
since the value function depends on two continuous independent variables y and 
r. 

We take into account the argument that it is preferable to allocate fund from 
profit to further investment when the interest rate is below the threshold interest 
rate value rθ  over when the interest rate is above this threshold value. 

From the theorem stated above we find that the optimal value function is 
represented as the solution of the following dynamic programming equation 

( ) ( ) ( ){ }max , , , , 1 0, 0, 0yv y r rv y r v y r y r− − + = > >         (11) 

having the boundary condition ( )0, 0v r =  and initial condition ( ), 0 0v y = . 
We have used the subscript to represent a partial derivative with respect to a va-
riable. Also from this point onwards, we shall be using α̂  in the place of the 
expression  ( )0 Gt tτ τα α< ≥+  which simplifies the analysis without destroying 
the intended meaning. Actually, the fact that α̂  takes the value of either 0α  or 

Gα  at a time is dealt with numerically by the sensitivity of the value function v 
to α̂  in Section 4. 

The representation in Equation (11) is actually a Hamilton-Jacobi-Bellman 
(HJB) equation characterized by the following system of equations 
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( ) ( ), , 0, for 0, 0,v y r rv y r y r− = > >            (12) 

( ), 1, for 0, ,yv y r y r rθ= > =                    (13) 

( )0, 0.v r =                                  (14) 

It can be seen clearly that Equation (12) is a second order linear partial diffe-
rential equation (PDE) of parabolic type with initial and boundary conditions 
given by Equations (13) and (14) respectively. 

Next, we prove Theorem 1 above by considering the PDE with the initial- 
boundary conditions above. To the best of our experience, we have never come 
across an attempt to prove the existence and uniqueness of the value function by 
means of reducing the dynamic programming equation into a simple diffusion 
equation as it is done here. 

Proof. Since a simple diffusion equation has a solution, we attempt the proof 
for existence of solution for v as given in Equation (12) by transformation of the 
equation into a simple diffusion equation. This is done by the change in va-
riables. We write Equation (12) in an expanded form with subscript notation as 

21 ˆ 0, 0, 0.
2r yy yv v v rv y rβ α− + + − = > >              (15) 

Changing v to u by 
1 2
2e

r
u v=  implies 

1 1 1 1 12 2 2 2 2
2 2 2 2 2e , e e , e , e .

r r r r r

r r y y yy yyv u v r u u v u v u
− − − − −

= = − + = =  

Which after substitution simplify Equation (15) to 

21 ˆ 0, 0, 0.
2r yy yu u u y rβ α− + + = > >                (16) 

Next we transform the independent variables y, r to ˆy rη α= − , rρ =  
which leads to a simple diffusion equation under w, 

21 0, 0, 0.
2

w wρ ηηβ η ρ− + = > >                  (17) 

This can be written as 

21 0, 0, 0,
2r yyw w y rβ− = > >                   (18) 

with a complete transformation given by 

( ) ( )
( )

2

2
ˆ ˆ

2, , e .
ry r

v y r w y r
α α
β

− −

=                    (19) 

Therefore, the solution for (15) and thus for (12) exists. 
Uniqueness can now be shown from Equation (18). 
Lemma 1. The diffusion equation presented by (18) with some given initial 

and boundary conditions deduced from (13) and (14) has a unique solution. 
Proof. Suppose that 1w  and 2w  are solutions to the Equation (18), we show 

that 1 2 0x w w= − = . The function x also satisfies (18) and the boundary condi-
tions. We define the function ψ  by 
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( ) ( ) 2

0
: , d .r x y r yψ

∞
=   ∫                     (20) 

Differentiation under the integral sign leads to 

( ) ( ) ( )

( ) ( )

0

2

0

d 2 , , d
d

2 , , d .
2

r

yy

r x y r x y r y
r

x y r x y r y

ψ

σ

∞

∞

=

 
=  

 

∫

∫
 

Integrating by parts in the variable y we find 

( ) ( ) ( ) ( ) 22
00

d , , 2 , d .
d y yr x y r x y r x y r y

r
ψ β

∞ ∞
 = ⋅ −  ∫         (21) 

From the boundary and initial conditions we deduce that 

( ) ( ) ( )0, , , 0 0.y yx r x r x y= ∞ = =  

Thus 

( ) ( ) 2

0

d 2 , d 0.
d yr x y r y
r
ψ

∞
 = − ≤ ∫                 (22) 

So, ( )rψ  is decreasing in r. We find that since ( )0 0ψ =  and since 
( ) 0rψ ≥  then ( ) 0rψ =  for all 0r > . Hence 0x = . 
Now, we prove the concavity of v. Different from what is common in most of 

the literature [21] [22], where the concavity of the value function is proved only 
w.r.t the variable y, we prove the concavity of v in both y and r. This is because v 
in our case varies in both variables y and r. We fix r and show that v is concave 
in y and conversely. 

Lemma 2. The solution of the PDE given in (15) is concave on both of the 
independent variables y and r. 

Proof. We first arbitrarily fix r at r  and thus Equation (15) becomes 

21 ˆ 0.
2 yy yv v rvβ α+ − =                     (23) 

This is an ODE w.r.t the variable y with the general solution 

( ) 1 2
1 2, e e ,k y k yv y r c c= +                    (24) 

where 1c , 2c  are real constants and 1k , 2k  are also real numbers given by 

( )2 2
1 2

1 ˆ ˆ 2 ,k rα α β
β

= − + +                 (25) 

( )2 2
2 2

1 ˆ ˆ 2 .k rα α β
β

= − − +                 (26) 

It is observed that 2 10k k< <  and from the boundary condition (14) we have 

1 2 0c c+ = . We consider a fixed point y  satisfying the condition given by (13) 
and find every function satisfying the Equations (12) to (14) has the form 

( ) ( )
( )

1 2
1 e e , 0 ,

,
, , .

k y k yc y y
v y r

y y v y r y y

 − < <= 
− + ≥

           (27) 

Assuming that v is 2C  at y , we use the smooth-pasting condition for sin-
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gular control to determine 1c  and y . The condition leads to 
1 2

1 1 2 2e e 1,k y k yc k c k+ =                    (28) 

1 22 2
1 1 2 2e e 0,k y k yc k c k+ =                   (29) 

from which we obtain 

( ) ( )2 2
1 2

1 2

ln ln
,

k k
y

k k
−

= −
−

                  (30) 

and from 2 10k k< < , 

1 2

1 2 1 2

12 2

2 2
1 1 2

1 1

0.

k k
k k k kk kc k k

k k

−

− −
 
 = − > 
  

             (31) 

From (25) and (26) with (30) it can be established that 0y >  is necessary 
and sufficient for ˆ 0α > . We find that the function v as presented by (27) is well 
defined if and only if ˆ 0α >  and since 0y >  we get that v is concave w.r.t the 
variable y. 

Next we also arbitrarily fix y at *y  and therefore Equation (15) becomes 

0.rv rv− − =                      (32) 

We simply solve for v and have 

( )
2

* 2, e
r

v y r
−

=                     (33) 

which is concave up. 
As the consequence of the proof of the theorem given above we have the fol-

lowing corollary about the value function. 
Corollary 1. Consider the maximization problem of the value function 
( ), ; ,H y r G τ  over all strategies ( ),G τ  in the admissible set ( )y . Then the 

concave solution v to the HJB Equation (11) with the drift ˆ 0α >  given by (27) 
under fixed r where the constants y  and 1c  are as found in (30) and (31), and 
that appears as (33) under fixed y, is the optimal value function. 

4. Numerical Results and Discussion 

Under this section, we illustrate how the value function varies in relation to the 
interest rates and the profit levels. We mainly consider the PDE as it appears in 
(12) and (15). We begin by providing a three dimensional plot that gives a gen-
eral outlook of the dependence of the value function on the interest rates and the 
profit levels. The next two figures show how the value function varies over the 
interest rates at different profit levels and how it varies over the profit values at 
different interest rates. The former will be helpful in estimating the threshold 
interest rate rθ  which is in fact the point where the value function is the same 
for high and low profit levels. The last two illustrations are about sensitivity of 
the value function to the generalized profitability α  for different values of in-
terest rate and profit levels. The parameter values for profitability and volatility 
have been adopted from the study by [23] and the interest rates are the results of 
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estimation. 
In Figure 1 we generally observe that the value function increases as the in-

terest rate decreases and also it increases as the profit level increases. This auto-
matically suggests that the favourable time to invest is when the interest rate is 
low and the profit level is high, a fact which is detailed in Figure 2. 

In Figure 2, we find that the value function drops exponentially as the interest 
rate increases when the profit level is high whereas a moderate increase is 

 

 
Figure 1. General overview of the value function over the interest rate and profit level 
with α = 1.5 and β = 1.5. 
 

 
Figure 2. Variation of the value function over interest rate r for different levels of profit y. 
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experienced as to the increase in interest rate when the profit level is low. At the 
middle level of profit there is a moderate increase followed by a moderate drop. 
The curve for high profit and the curve for low profit cross each other at the 
point with 0.18r ≈ , this gives the threshold interest rate 18%rθ = . Since it is a 
contradiction to further investment under low profit, we consider the high prof-
its which give higher value function when the interest rate r rθ< . 

By inspection, Figure 3 establishes the fact that the value function has signifi-
cantly high values when the interest rate is low and the profit level is high. 
However, at extreme high profit values the value function starts to drop which 
means theoretically that it is not appropriate to consider business growth when 
profit is at extreme. 

Both Figure 4 and Figure 5 portray that the value function v is more sensitive 
to the parameter α when the interest rates are high and less sensitive when the 
interest rates are low, regardless of the profit levels. This indicates that business 
is more stable when the interest rates are low than when the interest rates are 
high. In addition, we learn from Figure 4 that at some points having high prof-
itability combined with high levels of profit is not suitable to expand investment 
as compared to relatively low profitability. 

5. Conclusion, Recommendation and Possible Extensions 

In this work, we have set up a strategy for a company that wants to maximize its 
investment under the context of randomly fluctuating interest rates. We consi-
dered a company that operates in a floppy economy, such as that of developing 
countries, and generates profit which can be modeled by a SDE. The company 
has to identify the threshold interest rate value, above which investment is not a 
feasible decision. 

 

 
Figure 3. Variation of the value function over profit level y for different interest rates r. 
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Figure 4. Sensitivity of the value function w.r.t profitability α under the interest rates r. 
 

 
Figure 5. Sensitivity of the value function w.r.t profitability α under the profit levels y. 
 

From this study, we find mainly four results which we explain in summary. 
First we find that the value function increases as the interest rate decreases and it 
also increases as the profit level increases. This is to say that the interest rate and 
the profit level have opposing influence in the maximization policy on invest-
ment. The second and vital result of this study is the existence of a threshold 
value for the interest rate rθ  for a given firm which can stand as the basis for 
making interest rate based investment decision. For the parameters we have, 
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such a threshold interest rate is about 18%. Monetary policy makers may make 
sure that the interest rates are well standardized to be below this value in order 
to promote investment by firms in emerging market countries. Thirdly we find 
that it is not advisable for companies to plan for expansion of their business 
when are already making extremely high profits from the business they are un-
dertaking. Possibly a good advice for such companies is to plan for investing on 
other kinds of business as they enjoy higher profits from the existing business. 
Lastly we revealed that business is more stable when the interest rates are low 
than when the interest rates are high. Though this can be obvious in economic 
terms, we explicitly presented here in relation to the investment decision of 
firms, so that the decision making on investment considers the role of interest 
rate to be of major concern. 

As a consequence of this study, a combined optimal dividend and investment 
policy under stochastic interest rate can be studied. In such a study, the attention 
can be in the maximization of dividend payments and accumulating some fund 
for investment or conversely. As an extension to this study, it can also be possi-
ble to find the optimal time for accessing loan for investment under stochastic 
interest rates. 
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