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Abstract

When Morris and Thorne first proposed that wormholes might be actual
physical structures suitable for interstellar travel, they needed to pay close at-
tention to certain traversability conditions such as low tidal forces, which
placed severe constraints on the wormhole geometry. Even more problemati-
cal was the need for “exotic matter” resulting from the unavoidable violation
of the null energy condition required to hold a wormhole open. The purpose
of this paper is to overcome these problems by starting with the charged
wormhole model of Kim and Lee and assuming a noncommutative-geometry
background: the violation of the null energy condition can be attributed to the
latter, while the electric charge allows the reduction of the tidal forces to ac-
ceptable levels without invoking the trivial zero-tidal-force assumption.
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1. Introduction

Wormholes are handles or tunnels in spacetime that link widely separated re-
gions of our Universe or different universes altogether. Morris and Thorne [1]
proposed the following line element for the wormhole spacetime:

dr?

1-b(r)/r

using units in which ¢=G=1. In this line element, b=b(r) is called the

ds? = —e2*"gt? + +1?(d6? +sin’ 0dg? ), (1)

shape function and ® =®(r) is called the redshift function, which must be
everywhere finite to avoid an event horizon. For the shape function we must
have b(r,)=r,, where r=r, is the radius of the throat of the wormhole. An
important requirement is the flare-out condition at the throat: b'(r,) <1, while

b(r)<r near the throat. The flare-out condition can only be met by violating
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the null energy condition

T,kk” 20 (2)

for all null vectors k“, where T, is the stress-energy tensor. Matter that vi-
olates this condition is referred to as “exotic” in Ref. [1]. In particular, for the
radial outgoing null vector (1,1, 0,0) , the violation reads Taﬂk“kﬂ =p+p, <0.
Here T'=-p(r), the energy density, and T, = p,(r), the radial pressure.
(T, = T(f = p,(r), the lateral pressure.)

In Ref. [1], Morris and Thorne also discussed the tidal forces that a traveler
would be subjected to and subsequently put the following constraint on the red-
shift function: ®'(r)<g, / (czﬂll—b(r)/ r). The feasibility of this assumption
will be discussed later.

The purpose of this paper is to revisit these requirements by starting with the
modified charged wormhole model due to Kim and Lee [2] and assuming a non-
commutative-geometry background.

Similar issues involving traversable wormholes in Lovelock gravity are dis-
cussed in Refs. [3] [4] [5], with emphasis on the energy conditions. In particular,
Ref. [5] considers higher-dimensional thin-shell wormbholes. Einstein-Gauss-
Bonnet wormholes satisfying the weak energy condition are studied in Ref. [6],
while higher-dimensional evolving wormbholes satisfying the null energy condi-
tion are discussed in Ref. [7]. Regarding the tidal constraints, it was noted in Ref.
[8] that the zero-tidal-force assumption is incompatible with quantum field

theory in classical general relativity.

2. Noncommutative Geometry

An important outcome of string theory is the realization that coordinates may
become noncommutative operators on a D -brane [9] [10]. The result is a fun-
damental discretization of spacetime due to the commutator [X", Xv] =ig"",
where 6" is an antisymmetric matrix. According to Refs. [11] [12] [13], non-
commutativity replaces point-like objects by smeared objects, thereby eliminat-
ing the divergences that normally appear in general relativity.

Applications of noncommutative geometry are numerous and varied. One of
the first was to wormholes in semi-classical gravity by Garattini and Lobo [14].
The same authors analyzed the stability of gravastars [15]. Gravitational lensing
of wormholes in noncommutative geometry was studied in Ref. [16], while the
search for higher-dimensional wormholes was proposed in Ref. [17].

It seems natural to model the smearing by means of a Gaussian distribution of
minimal length \/; instead of the Dirac delta function [12] [13] [17] [18]. A
simpler but equally effective way is to assume that the energy density of the static

and spherically symmetric and particle-like gravitational source has the form

p(r)—— M 3)

n2<r2+a)2,

(see Refs. [19] and [20]). The point is that the mass M is diffused throughout
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the region of linear dimension Ja  due to the uncertainty. It should be noted
that noncommutative geometry is an intrinsic property of spacetime and does
not depend on particular features such as curvature.

Next, we note that the Einstein field equations G,; =8nT,, result in the fol-

lowing forms:

4)

pr(r):é{—%Jd(l—Ejg}, (5)

and

1(, b\, br-b ., @ br-b
pt(r)—g(l‘?)[q’ 2y )T 2r2(r—b)}' ©

Here p,(r) is the radial pressure and p,(r) is the lateral pressure. The
conservation law T/ =0 implies that only two of Equations (4)-(6) are inde-
pendent. So Equation (6) can be obtained from the other two. (See Ref. [21] for
further details.)

As a final comment, to make use of Equation (3), we can keep the standard
form of the Einstein field equations in the sense that the Einstein tensor retains
its original form, but the stress-energy tensor is modified [12]. It follows that the

length scale used need not be restricted to the Planck scale.

3. The Modified Kim-Lee Model

Since black holes can carry an electric charge, it is natural to assume that worm-
holes can do likewise. So it was proposed by Kim and Lee [2] that for a worm-
hole with constant electric charge Q, the Einstein field equations take on the
form
0 1 0 1
Gl +GL) =8a[ T 470 . (7)
Given that the usual form is GLOV) = 8nT!EB) R

is obtained by adding the matter term T;Elv) to the right side and the corres-

ponding back reaction term Gfllv)

the modified form in Equation (7)

to the left side. The proposed metric is

r r?

dszz—(1+?—;]dt2+(1—m+Q—zJ dr®+r°(d6” +sin” 0dg®).  (8)

Observe that whenever b =0, the wormhole becomes a Reissner-Nordstrom
black hole, and if Q =0, the spacetime reverts to a Morris-Thorne wormhole,
where the shape function b=b(r) meets the usual requirements. Kim and Lee
go on to show that the metric, Equation (8), is a self-consistent solution of the
Einstein field equations. The shape function b=b(r) of the Morris-Thorne
wormbhole is now replaced by the effective shape function

by (r)=b(r)-=, )

to be discussed later.
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To overcome certain difficulties in determining the tidal constraints, we will

use the following modified metric already introduced in Refs. [22] and [23]:

rZ

dsz:—[1+S(r)+?—detz+[1—@+Q—2J dr2+r2(d92+sin29d¢z). (10)

here S(r) is a differentiable function such that S(r)>0 and S’(r)>0. As
noted in Ref. [22], line element (10) remains a valid solution of the Einstein field

equations.

4. The Modified Kim-Lee Model in Noncommutative
Geometry

In the Kim-Lee model, Equation (8), and in the modified model, Equation (10),
total charge = [{[ p, (r)dV, (11)

where p, (r) is the charge density. Adapting this to the noncommutative-geo-
metry background, we assume that the charge density has the form
_Qa

, (12)
7t2(r2 +a)2

pq(r):

where Q? refers to the Kim-Lee model. To obtain the smeared charge Q? (r),

&% ()= [ a(ry 2 & e )

0 7’ (I’2 + a) T
Observe that QZ(r,)=0; also, seen from a large distance, QZ(r) becomes
Q.
Similarly, from Equation (4) and Equation (9), we get for the effective shape

we evaluate
2 2
Q*Ja dr’=2Q \/;(itan‘lL— r J (13)

function,
b ()
2 (14)
=4M\/; LI zr _12Q Ja LI Zr +C.
T \/E \/E rr¢a) r = \/; \/E r’+a

Since QZ(r,)=0, we obtain from b(r,)=r,,

b ()=

T

itan‘lr—o— fo J—O+C=r0 (15)

Ja Joa 2+a
and hence the constant C . Thus
2
beﬁ(r):—‘”\/l\/g itan’lL_ Zr _12Q \/; itan’lL_ zr
n \Ja Ja t*+a) v 1 \Ja Ja r*+a
——Ll'\/lx/g(itan‘1 fo fo j+r0.

T

(16)

Ja Jo ri+a

For a wormhole solution, we require that bl (r,)>0 and bl (r,) <1, the

flare-out condition mentioned earlier. To that end, we determine

Lo AV 2 12Q0a 2 AtV
bl (1) = - )z

2 2
T (r02+a) h = (r02+a) n(r02+a

2M —%QZJ (17)

0
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since Q7 (I,)=0. Looking ahead to the traversability conditions which involve
measurements in meters, we will assume that r,>1 m. So to keep bl (1)

positive, we must have

Q?<2M. (18)

Since \/; < M, it also follows that
bl (r0)<1, (19)

as required. Moreover, by (r)<r near the throat and

im,_,, 20 g

r—oo
r

so that the wormhole spacetime is asymptotically flat.

From the exoticity condition in Ref. [1], bl (r,) <1 is equivalent to the vi-
olation of the null energy condition, requiring the need for “exotic matter.” Ac-
cording to Equation (17) and Equation (19), however, this violation is simply a
consequence of the noncommutative-geometry background.

To study the effect that the tidal forces may have on the traveler, we return to

the criterion

’ g@
O(r)f —F— (20)
(<3 1-b(r)/r
mentioned in Sec. 1. At the throat of the wormhole, this condition is trivially sa-
tisfied. It is subsequently proposed in Ref. [1] that the space stations be far
enough away from the throat so that b(r)/r becomes negligible. The result is

the requirement

®' 5 (9.2x10° m) " ~(10° m) . 1)
The modified Kim-Lee model, Equation (10),
“’:1+R(r)+Q—22
yields
@(r):%m{lm(r) = Zan(T T_rziaﬂ (22)
and
o S 1) 2
v 1+R(r)+ izzQ f[ LA J B
Ja r+a

As noted earlier, R(r)>0 and R’(r)>0, but it quickly becomes apparent
that in view of Inequality (21), R(r) has to be fine-tuned so that

1o,y 12Q%a r
ER(r) o (J_ \/_ r+aj (24)

becomes negligibly small near the proposed location of the station.
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Remark. While the need for fine-tuning may not be desirable, it does not
present a serious conceptual problem here: for large r, expression (24) ap-
proaches

2 2
Lp(r)-Lo 2

—+ .
r’ nr? (I’2 +a)

So %R’zQZ /r® near the station where R(r) has the approximate form

—Qz/r2 +C, C>0; C can be chosen so that the denominator in Equation

(23) exceeds unity. As a result

qy(r)<M_

~ 2
n(r*+a)
Equation (21) and Equation (23) now yield the condition

2QVa

®'(r) < - <(10° m) " (25)

n(r* +a)
This requirement places the following constraint on the parameter « :

2
r’+a) <107
NP R 2
(20°)/x
According to Ref. [12], noncommutativity is not visible at presently accessible
energies if Ja <10 m. So according to Inequality (26), the constraint on «
is much less severe and so would in principle be observable.

5. Conclusions

While Morris and Thorne [1] had demonstrated that wormholes could be ma-
croscopic structures suitable for interstellar travel, they could not avoid certain
problems with traversability. In particular, the structures would have to be de-
signed to produce low tidal forces, while the unavoidable violation of the null
energy condition called for the use of “exotic matter.” The latter requirement is
not only difficult to meet classically, but may even be unphysical. The former
was met by assuming a constant redshift function, so that ®'=0, called the
“zero-tidal-force solution”.

To overcome these problems, this paper discusses the modified wormhole
model due to Kim and Lee in conjunction with a noncommutative-geometry
background. The violation of the null energy condition can be attributed to the
latter, thereby avoiding the need for exotic matter. The presence of Q? in the
modified Kim-Lee model allows the reduction of the tidal forces to acceptable
levels without invoking the trivial zero-tidal-force assumption, again made pos-
sible by the noncommutative-geometry background. Finally, the condition on
@' places a constraint on the value of Ja , but one that is well above the limit

of observability.
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