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1. Introduction

In reliability theory the main application of redundancy is to allocate a redundant spare
in a system component position in order to optimize system reliability. For instance,
see [1]-[8], among others.

There are two common types of redundancy used in reliability theory, namely active
redundancy, which stochastically leads to consider maximum of random variables and
standby redundancy, which stochastically leads to consider convolution of random va-
riables.

For a k-out-of-n system, [1] considers likelihood ratio ordering and gives sufficient
conditions to ensure that in a series system the allocation of a standby spare should go
to the weakest component while in a parallel system it should go to the strongest. Ref-

erence [2] considers the same problem with another criterion of optimality and get the
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same results. In both above papers, the component lifetimes are stochastically inde-
pendent and the observations are at system level.

Few papers attained to the case where the components are stochastically dependent.
Reference [7] analyzes redundancies for a &-out-of-n system of dependent components.
Reference [6] studies active redundancy allocation for a k-out-of-n system of dependent
components without simultaneous failures. Reference [5] works a particular form of
standby redundancy, called minimal standby redundancy, which gives the component
an additional lifetime as it had just before the failure. For the case of dependent com-
ponents, [5] observes the system at component level and uses the reverse rule of order 2
(RR2) property between compensator processes to investigate the problem of where to
allocate a spare in a k-out-of-n system.

In this paper, we intend to analyze a not identically spare standby redundancy alloca-
tion for a coherent system of dependent components without simultaneous failures, at
component level, under a coherent system signature point process representation and
prove that it is optimal to perform standby redundancy on the weakest component of a
coherent system in order to optimize system reliability.

In Section 2 we characterize a not identically spare standby redundancy through
compensator transform for dependent components. In Section 3 we resume mathemat-
ical details of signature point process representation of a coherent system and in Sec-
tion 4 we investigate the best standby redundancy allocation in a dependent compo-

nents coherent system in order to optimize system reliability.

2. Not Identically Spare Standby Operation through Compensator
Transform

We observe that each component in standby redundancy has two phases, standby and
operation under which they can fail. Depending on component failures characteristics
during these phases, standby redundancy is classified into the following three types:

1) Hot standby: Each component has the same failure rate regardless of whether it is
in standby or in operation. Since the failure rate of one component is unique and is not
affected by the other components, the hot standby redundancy consists of stochastically
independent components.

2) Warm standby: A standby component can fail, but it has smaller failure rate than
the principal component.

Failure characteristics of the component are affected by the other, and warm standby
induces dependent component failures.

3) Cold standby: Components does not fail when they are in standby. The compo-
nents have non-zero failure rates only when they are in operation. A failure of one
principal component forces a standby component to start operation and to have a
non-zero failure rate. Thus, failure characteristics of one component are affected by the
others, and the cold standby redundancy results in mutually dependent component
failures.

In what follows, we consider to observe two lifetimes 7"and S, which are finite posi-

490

K
0:52: Scientific Research Publishing



V. da Costa Bueno

tive random variables defined in a complete probability space (€, F,P) through the

family of sub -algebras (%), of # where

>0

.7{:0'{1

{S>s}? {T>s}

0<5<Q

satisfies Dellacherie’s conditions of right continuity and completeness. We assume that
P(S :T) =0, that is, the lifetimes can be dependent but simultaneous failures are
ruled out.

In our general set up and in order to simplify the notation, in this paper we assume
that relations such as &=, <, <, #, between random variables and measurable sets, al-
ways hold with probability one, which means that the term P-a.s., is suppressed.

We recall that a positive random variable 7" is a F -stopping time if, for every
t>0, {T <t}e%. The F -stopping time T'is called predictable if an increasing se-
quence (Tn )nzo , of F -stopping time, T, <T exists such that, T, TT as nTo
and a F -stopping time T'is totally inaccessible if P(T =S)=0 for all predictable
F, -stopping time S. For a mathematical basis of stochastic processes applied to relia-
bility theory see the books of [9] and [10].

Generally, standby redundancy gives to the component an additional lifetime. In our
context the standby operation of Sby T'is defined as the improvement of Sby (T —S )+
and denoted by S, S® =S+(T-S)" where (T-S) =T-S in the set {T >S},
and is equal to 0 in the set {T <S}. We remark that, the S lifetime interpretations is
different of a parallel system lifetime, max {T,S} , which has a null failure rate up to time
min{T,S} . The lifetime S™ has the failure rate of S before its failure.

Furthermore, in relation to (6{1{S>5},0 <s< t})t>0 , and using the Doob-Meyer de-
composition, we consider the predictable compensator processes (A)tzo’ such that
1{T « — A is a zero mean uniformly integral martingale. Also, in relation to
(o-{ 7552 0<S <t})[>o, we consider the predictable compensator processes (B )120’
such that 1{Sst} —B, isazero mean uniformly integral martingale.

The compensator process is expressed in terms of conditional probability, given the
available information and generalizes the classical notion of hazard. Intuitively this
corresponds to produce whether the failure goes to occur now, on the basis of all ob-
servations available up to, but not including, the present.

The well known equivalence between distributions functions and compensator
processes follows from [11] and we have A =-InF(tAT), B =-InG(tvS).
Therefore P{T >t|F%} =e ™ and P{S>t| %} =g

In the case of independent lifetimes, the survival function of the improved lifetime by

S s
{ - >t|]—'}
=P(S>t|F)+ J' ((T—s)+>t—s|.7-j)e’BSst
=g (AR {e’* +e -1}

Therefore the F, -compensator of 1{SSR<t} is

KD
+%%, Scientific Research Publishing

491



V. da Costa Bueno

B A
S5 —Infe* +e¥ —1]= _(te7dB, +edA
B =A+B -In[et+e* -1]=A+B - A eh ]

v efdA t e®dB,

e il v
Oe™ +e™ -1 “0e™ +e> -1

In this fashion and preserving the independence case interpretation, we define, for
dependent lifetimes, the F -compensator of 1SSR<t} as the sum of the compensator

transformationsof A, A and B, B, with

B
« ot ex -1
=| ads, a,=———F—
A= e™ +e% -1

and

et —1
B = ds, _
I'BS A= e’ +e® -1

We observe that 0<a, <1 and 0< S, <1 implying A’ <A and B <B, getting
an improvement of the lifetimes.

Following this thinking, as a predictable compensator is unique we are going to find
a probability measure under which C = A"+ B, isthea J; -compensator of 1{sSR o

To proceed we consider the compensator transform

As As
A=A - f( WJ"’* A-lirem A

To prove the main Theorem of this section we are going to use the following Lemma:

Lemma 2.1 Under this section assumptions, the following process

1 As
Br {T<t} t e d
L = e’ -1 ejoeAS+eBS—1As
A et et -1

is a nonnegative F -martingale with E [LAt ] =1.
Proof We consider the F; -stopping time defined by
V, =inf{t>0:A >nor B, >n}.

It is sufficient to prove that the process

1, A
Br _ {T<tAVp}  ftaVy_ € d
L = e 1 e O ehsieBsn A
A e et -1

is abounded F -martingale.

Note that, for any F, -stopping time V <V, we can write
A5
e

v Iéﬁd eh
-1— eS+es-1 —
L, =1 [ e e _1d(Nt A)
where N, = 1{Tgt} . The procedure is easy:
Ontheset {V <T} we have
eAS eAt E)/ eAS

t
v ] dA
L/_\r} :1+IO e Oghs oBs dA =e efseBs 1

e +e® -1

Otherwise, on the set {V >T}

0
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eA
e”t +ef —1

Ar
_eIOeASJre lAS 1_ € .
e’ +ef -1

Io

Ly =1-] e e d(N,-A)

As the integrand
eAt
et +e® -1
is a F -predictable process and N, —A isa F -martingale, LAtn is a A -martingale
with E [LAtn J =1 and we get the result.

dAs
efs +eBS -1

Secondly, we consider the compensator transform
A _ ehs Bs
« gt e t e
Bi=| ——— ———— |dB,=B,—- | ————dB
' °eA5+e A= J( e’ +e® 1] P Joghye®o1
and with the same argument used to prove Lemma 2.1 we can prove Lemma 2.2:

Lemma 2.2 Under this section assumptions, the following process

Bg

1,
As {s<t} e
! ' i
By Bg -1

e’ +e
is a nonnegative  -martingale with E [LB[ ] =1.

Now, we can write the main theorem:

Theorem 2.3 Under this section assumptions, the following process
l < <
L=L, Ly = (o ) (Igs)w <t} [eA +eb 1}
is a nonnegative local  -martingale with E[L, ]=1.

Proof. Using Lemma 2.1, Lemma 2.2 and the Stieltjes differentiation rule we have

t t
Ly L —1= [ Ly dlg +[ Ly dly +3 AL AL,

As by assumption A and B, are continuous with P(S=T)=0, we have
ngtALASALBs =0. Therefore L, L, is a nonnegative local  -martingale with
E [ Ly -Lg, ] =1 and the theorem is proved.

We are looking for a probability measure @, such that, under Q, C;, = A +B, be-
comes the a F -compensator of 1{55R ) with respect to this modified probability
measure.

Under certain conditions, it is possible to find Q. Indeed assume that the process L,
is uniformly integrable. Then it follows from Girsanov Theorem, see [10], a well know

result on point process martingales, that the desired measure Q is given by the Radon

Nikodyn derivative 3—3 =L, . The random variable L_ is given by

Lo L5«
e —1 VY[ e o1 Ve
Lo =l o7 7o A b e +e™ -1
e +eT -1 e™ +e" -1

et e

= B
e/’(sn) L g
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where SAT =min{S,T}.

Remark 2.4. In reference to the first paragraph of this section, in the above setting
we can identify the measure L, with warm standby in which case the component in
standby can fail before the component in operation.

In the case of cold standby redundancy, 7"does not fail before S, we can consider § <

T'and we have

es +e% -1

00

In the case where 7'and S are identically distributed, we have A =B, and the com-

pensator transform is given by

. t e 12 -2e™h

A_ZOZAS :I_'Ag Ioz A dA

which can be used to define a standby redundancy through compensator transform

when the standby component and the component in operation are stochastically de-

pendent but identically distributed as in [6].

3. Results in Signature Point Process

Due its importance we present these results in this section which appear in [12]. In our
general setup, we consider the vector (Tl,TZ,---,Tn) of n components lifetimes which
are finite and positive random variables defined in a complete probability space
(Q, F,P) with P(Ti ¢TJ—):1 for all i#j,i,j in C:{l,-‘-,n}, the index set of
components. Therefore, the lifetimes can be dependent but simultaneous failures are

ruled out.
The evolution of components in time define a marked point process given through

the failure times and the corresponding marks. We denote Ty <T <---<T, the or-
dered lifetimes T,T,,---,T, as they appear in time and by X, = {j T :TJ—} the cor-
responding marks. As a convention we set T,y =T, =--= and

X4 =X,,,="-=€ where eis a fictitious mark not in Cthe index set of the compo-
nents. The sequence (T( 0 X ) defines a marked point process.
>1
The mathematical description of our observations, the complete information level, is

given by a family of sub calgebras of, denoted by (.7'_t )t20 , where

s}

satisfies the Dellacherie conditions of right continuity and completeness.

.E:J{l Xi:j,lﬁiﬁn,jeC,0<SSt},

Intuitively, at each time t the observer knows if the event {T(i) <t X = j} have ei-
ther occurred or not and if it had, he knows exactly the value T(i) and the mark X;.
We consider, conveniently, the lifetimes T(i)’ j defined by the failure event
{T(i), X = j} with their sub-distribution function, suitable standardized

R (=P (T, <t.X, = j).
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The behavior of the point process P(T <t|3J,), as the information flows conti-
nuously in time is given by the following theorem:

Theorem 3.1 Let T,,T,,---,T, be the component lifetimes of a coherent system with
lifetime 7. Then,

P(T Stlﬁ)zz::lzr;:ll{'r:'r(k Zk—l T =Ty} {Tao< }

Tk)a=t

Proof. From the total probability rule we have
P= (T <t| St) = ZL P ({T < t} N {T =T I3, ) = Z::l E |:1{TT(k)}1{T(k)<l} | St:l

As T'and T(k) are J; -stopping time and it is well known that the event
{T :T(k)} € }}(k) where

J’T

T

:{Ae\s CAN{T, <t}e3t,Vt20},

we conclude that {T =Tk }ﬂ{Tk < t} is 3, - measurable. Therefore
(T <t|‘5) Zk =1 l: k { k)<t :l Zk =1 T T k)<t}

The above decomposition allows us to define the signature process at component

level.

T=To0.1}

Definition 3.2 The vector [1 A<k, j< nj is defined as the marked point

signature process of the system @.

Remark 3.3 We note that the above representation can be set in two way. We would
prefer the one which preserves the component index because, by example, we could talk
about the reliability importance of component ; for the system reliability at the &-th
failure.

Also, as P(Ti =T, ) =0 forall i, j,the collection {{T =T

(k)vj},lsksn,ls j sn}

form a partition of Q and "' 11T ] =1. Therefore
(k).

P(T>t|~7:) Zk 1211 = Zklzjl [1=T0.1) T(K)’Jst}

Ll {77001 { 1{T<K)J<t}}

- Zk 12 j=1 —T

Remark 3.4 Using Remark 3.3 we can calculate the system reliability as

P(T>t)=E[P(T>t|%)]=E |:Zk_12j_ll{-|—_1—(k)j}l{T(K)VJN}:l
Sy ({T T} N{Tys > t})

If the component lifetimes are continuous, independent and identically distributed

m (KW‘}

we have,

P(T>t)= ip( ) (T(k)>t),

k=1
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recovering the classical result as in [13].

Remark 3.5 The marked N, ((l) j):l{T(i ) is a F -sub-martingale, that is,
Ti,; is A -measurable, integrable, an E{JNt (1), )1 ]—;} >N, ((i),j) for all
0<s<t.

Follows that, from Doob-Meyer decomposition, there exists an unique F, predictable
process, (A ((i), j))t> , A ((i), j) =0, called the % -compensator of N, ((i), j) , such
that Mt((i), j): Ntf(i), j)—A((I), j) is a zero mean uniformly integrable F
-martingale. We assume that (A ((i), j))t>0 are absolutely continuous F; -compensators
processes and that T(i)’.

i
The F -compensator of 1{Tgt} where 7'is the system lifetime is set in the following

are totally inaccessible F, -stopping times.

theorem:
Theorem 3.6 Let T,,T,,---, T, , be the component lifetimes of a coherent system with
lifetime 7. Then, under the above hypothesis and notation, the F -sub-martingale

<
P(T <t| }:), has the 5 -compensator

n n t A
szol{T:T(k) }dAS ((k)' J)'
k=1 j=1 g
Proof. We consider the process
1 ,$)=1 .
100, (W) 7100, (W)

It is left continuous and F, -predictable. Therefore
t

1 s)dM, ((k), ]

.[o {T:T(k)vj}( ) S(( ) J)

isa J -martingale. As a finite sum of , -martingalesisa J; -martingale

B kzi;jzi;ﬁl{T_T(k)-J}st ((k)' J)_ kzn_;jzn_;ﬁl{nnk),j}d& ((k)v J)

isa J -martingale. As the compensator is unique we get the result.

4. Standby Redundancy in a Coherent System of Dependent
Components

We are concerned with the problem of where to allocate a spare component using
standby redundancy in a coherent system in order to optimize system reliability im-
provement. We let T =®(T) be the lifetime of a coherent system with component
lifetimes T :(Tl’TZ"”'Tn)’ F’(Ti =Tj)=0, for all i# j,1<i, j<n under the hypo-
thesis and notation of Section 3. Furthermore, let T' = (ID(TI,---,TH,Ti +8S, M,---,Tn)
be the systems lifetime resulting from an standby redundancy operation of component 7
through a spare with lifetime S, not identically distributed as T;.In particular we count

this system failure through N =1

<t

a counting process with F -compensator
A,1<i<n.To compare the systems lifetime resulting from redundancy operations we

are going to compare the component point processes compensators through cumula-
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tive hazard order as in [14]

Definition 4.1 Consider two point processes, N; corresponding to the component
lifetimes vector T defined in a complete probability space (€, F,R ) and Ng, in re-
lation to the component lifetimes vector § possibly defined on a different probability

space, with corresponding continuous compensator processes

'A\ (n) = Ano,tl,m,tn,1 on [Tn—llTn[;
Bt(m):B on [Sm—l'sm[;

150,81+ Sm-1.

which are, P almost surely, continuous in # If for all t>max{t,,,s,,} and
n<m,A(n)<B(m) forall 0=s;<s <---<s,,,0=t; <t <---<t_, and

$ <t,0<i<n-1, we say that §is smaller than T'in the cumulative hazard order, de-
notedby S<"T.

Also, we are going to use the following result from [15].

Theorem 4.2 Consider two point processes, N; corresponding to the component
lifetimes vector T defined in a complete probability space (Q,F,P) and Ng, cor-
responding to the component lifetimes vector S possibly defined on a different proba-
bility space. If §is smaller than 7'in cumulative hazard order, S <" T, then

Er, [w(Nr) < Eq [w(Ns)]

for all decreasing real and right continuous function with left hand limits 1, which im-
plies N; <% Nq.

4.1. Minimal Standby Redundancy in a Coherent System of Dependent
Components

In this first subsection we resume the results from [5] intending to present a generaliza-
tion of the main theorem from a 4-out-of-n system to coherent systems. Intuitively, a
minimal standby redundancy gives to the component an additional lifetime as it had
just before the failure.

In a random environment where the component i is affected by the behavior of
other components, [5] find a compensator approach for minimal standby redundancy
considering the Girsanov’s theorem argument where the component compensators

process A (i) of N, (i) istransformed through
B, (i) = [ (1) dA (i),

with as(i):Lm and o (j)=1 for j=i.

1+ A (i)

The result is: under the measure Q defined by the Radon Nikodin derivative
3—2 = A, (i), B(i) isthe component compensator transform of N, (i),1<i<n.

Observe that

B&i)zﬁ%d&(i)z A (i) ~In(L+A (i),
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and, in the absolutely continuous case, where A (i)=—-InP(T, >t|%), [11], we can

recover, in the independence case, the classical expression
P(T,+5>1) =F ()-F (1) N 1),

Recovering our setting, let T = (D(T T T +S T, --,Tn), the system lifetime
resulting from an minimal standby redundancy operation of the lifetime T,, of com-
ponent i We count_ this system failure through N/ :1{Tig} a counting process with
F, -compensator A, 1<i<n.

Theorem 4.1.1 Let be let T =®(T) be the lifetime of a coherent system with com-
ponent lifetimes T =(T,,T,,---,T,), P(Ti :TJ—)=0, for all i+ j,1<i,j<n. Under a
minimal standby redundancy operation, the hypothesis and notation of Section 3, if
A(i)=A(j)l<si<j<n,then N{<"N//l<i<j<n.

Proof From Theorem 3.6 we have to compare system’s compensators expectation

values on the form

A kzniljz_l; T Tk)] ((k)’ j)+gl{TT(k)vi}A((k)’i)_‘—gjill{TT(k)’j}A((k)’ J)

for 1<i<n where the notation A ((k), J) means the restriction of /-\(j), to the

interval T, ,, T, ]. Clearly, it is sufficient to prove for i=1 and j=2

=3t (A=A WD)+ 3 38 A(K).d)

S [A(®).2)-In(+A (k) 2)]

n

[ ((k )'1)};%

=Tk).2

o -In(l+A ) —In(1+ A ((k).2)) & A((k).2)= A((k).2).

The final result follows from Theorem 4.2

4.2. Standby Redundancy in a Coherent System of Dependent
Components

In what follows we consider an unique spare with lifetime S, as in Section 2, with com-
pensator processes (Bt )120 , such that l{sgt} —B, is a zero mean uniformly integral
martingale, to be allocated between the components, in order to optimize system relia-
bility:

Theorem 4.2.1 Let be let T =®(T) be the lifetime of a coherent system with
component lifetimes T =(T,,T,,---,T,), P(Ti =Tj)=0, for all i j,1<i,j<n. Un-
der standby redundancy and the hypothesis and notation of Section 3, if
A(i)=A(j).1<i<j<n,then N/<"N/1<i<j<n.

Proof. Follows, from Section 2, that the standby redundancy through compensator
transform of the component /by a spare with compensator B, is

A
BS" =A =B, jt—e ZB e df* A +B —In[e" +e* 1.
es+e
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Clearly, it is sufficient to prove for i=1 and j=2.

A= 2k (A0 D+ B (e et )| e 5n | A((0))
: kZ:'l{T:T(m} [A () 1” ! él{TJ(k),Z} [A ((k).2)+B, ~In (eA‘((k)'z) +e™ —1)J
- i%l{vﬁm} A ((k)’ J) = A’

o -In(1+A((k).1))<=In(1+ A ((k).2)) & A((K).1)= A((k).2).

The final result follows from Theorem 4.2.

As by hypothesis, A (i)>A(]j),1<i<j<n we are considering component i
weaker than component ;in the sense that the hazard process for failure of component
Iis larger than the hazard process for failure of component j, its also implies that T, is
stochastically less than T,. Therefore, under Theorem 4.2.1 we understand that, at
component level, it is optimal to perform active redundancy allocation on the weakest
component of a coherent system of continuous dependent components with no simul-
taneous failures.

We can, also consider two spares with lifetimes S, and §,, 1{Slst} with A
-compensator B (1) and lg ., with 7 -compensator B(2), to be allocated be-
tween the components, in order to optimize system reliability. The following corollary
can be easily proved using the same argument of Theorem 4.2.1.

Corollary 4.2. Let be let T =®(T) be the lifetime of a coherent system with com-
ponent lifetimes T =(T,,T,,---,T,), P(Ti =T, ) =0, for all i# j1<i,j<n. Under
standby redundancy and the hypothesis and notation of Section 3, if
A(i)2A(j)1<i<j<n and B (1)=B/(2),then N{<¥ N} 1<i<j<n,where

T =0T, T, T, +S T T,)-

5. Conclusions

An efficient method to optimize the reliability of a coherent system is to add redun-
dancy components to the system. Therefore it is very significant to know about the al-
location which best optimizes system reliability.

In the last decade, many researchers devoted themselves to this topic, in general ana-
lyzing k-out-of-n systems and following a natural and classical approach: considering
that the components lifetimes were stochastically independent and to observing the

system at its level through
R =0l 0<s<t]

Few papers attempt to the case where the components are stochastically dependent
without simultaneous failures. [5] and [6] consider stochastically dependent compo-

nents lifetime and observe the complete information at components’ level

F=o{ly..0<s<ti<i<n|
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getting results for k-out-of-n systems.

With recent results in signature theory and its extension to a signature point process,
we generalize results from 4-out-of-n to coherent systems, particularly for minimal
standby redundancy and standby redundancy.

It is also important to note the characterization of standby operation results with not
identically spare. The discussion about this new approach and the classical one can be
set comparing results of P(T >t|%) with P(T >t|R,). We conclude that, at
component level, it is optimal to perform active redundancy allocation on the weakest
component of a coherent system of continuous dependent components with no simul-
taneous failures when using the hazard rate ordering between the components life-

times.
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