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Abstract

In this paper, we study the longtime behavior of solution to the initial boundary val-
ue problem for a class of strongly damped Higher-order Kirchhoff type equations:

Nonlinear Kirchhoff-Type Equation with m
Uy +(-A)" U, +“Dmu

“ (—A)m u+g (u) =f (X) At first, we prove the existence and

Strong Linear Damping. International Jour-
nal of Modern Nonlinear Theory and Appli-
cation, 5, 185-202.
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uniqueness of the solution by priori estimation and the Galerkin method. Then, we
obtain to the existence of the global attractor. At last, we consider that the estimation

of the upper bounds of Hausdorff and fractal dimensions for the global attractors are
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1. Introduction

In this paper, we are concerned with the existence of global attractor and Hausdorff and

Fractal dimensions estimation for the following nonlinear Higher-order Kirchhoff-type

equations:
Uy +(-4)" U, +||Dmu : (A)"u+g(u)= f(x),(x,t) e Qx[0,+m0), (1.1)
u(x,0)=uy(x),u (x,0)=u,(x),xeQ, (1.2)
u(x,t):O,%:O,i =1-,m-1xedQ,te(0,+x), (1.3)
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where m>1 is an integer constant, and ¢ >0 is a positive constant. Moreover, Q
is a bounded domain in R" with the smooth boundary 6Q and vis the unit outward
normal on Q. g(u) isa nonlinear function specified later.

Recently, Marina Ghisi and Massimo Gobbino [1] studied spectral gap global solutions
for degenerate Kirchhoff equations. Given a continuous function m: [0, +oo) - [0, +oo) R

they consider the Cauchy problem:

Ug (t, %)+ m(JQ|Vu (t, x)|2 dx)Au (t,x)=0,v(t,x) e Qx[0,T), (1.4)
u(0)=uy,u, (0)=uy, (1.5)

where Q c R" is an open set and Vu and Au denote the gradient and the Lapla-
cian of u with respect to the space variables. They prove that for such initial data
(Up,Uy) there exist two pairs of initial data (T,,T,),(0,,0;) for which the solution is
global, and such that u, =0, +0,,u, =0, +0,.

Yang Zhijian, Ding Pengyan and Lei Li [2] studied Longtime dynamics of the Kir-

chhoff equations with fractional damping and supercritical nonlinearity:
u, —M (||Vu||2)Au +(=A) u + f(u)=g(x),xeQt>0, (1.6)

u

a0 =0,u(%,0)=uy (x),u, (x,0)=u, (x), (1.7)
where ae[%,lj, Q is a bounded domain R, with the smooth boundary &Q,

and the nonlinearity f(u) and external force term g will be specified. The main re-
sults are focused on the relationships among the growth exponent p of the nonlinearity

f (u) and well-posedness. They show that (i) even if pis up to the supercritical range,

that is, 1< p< N+—4a+’ the well-posedness and the longtime behavior of the so-
(N—-4a)
lutions of the equation are of the characters of the parabolic equation; (ii) when

N+—4a+£ p <N—+4+, the corresponding subclass G of the limit solutions exists
(N—-4a) (N-4)

and possesses a weak global attractor.
Yang Zhijian, Ding Pengyan and Liu Zhiming [3] studied the Global attractor for the

Kirchhoff type equations with strong nonlinear damping and supercritical nonlinearity:
Uy = o (a0 ) Au, — g ([JAu* ) Au+ £ (u)=h(x) inOxR", (1.8)
u(xt)[,, =0,u(x0)=uy(x),u (x,0)=u,(x), xeQ. (1.9)

where Q isabounded domainin R" with the smooth boundary 6Q, o(s), #(s)
and f(s) are nonlinear functions, and h(x) is an external force term. They prove
that in strictly positive stiffness factors and supercritical nonlinearity case, there exists a
global finite-dimensional attractor in the natural energy space endowed with strong
topology.

Li Fucai [4] studied the global existence and blow-up of solutions for a higher-order
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nonlinear Kirchhoff-type hyperbolic equation:

q
Uy +(L2|D”‘u|2 dx) (-A)"u+ufu| =[u]"u,xeQ,t>0, (1.10)
d'u

u(x,t)=05—0|-12 m=1,xeoQ,t>0, (1.11)
u(x,0)=uy(x),u (x,0)=u,(x), (1.12)
where m>1,p,q,r>0, Q is a bounded domam R,, w1th a smooth boundary oQ
C|Jrl p+2
and a unit outer normal v. Setting E(t) ||u ||2 ” ” 2" |p+2.

Assume that p satisfies the condition: P+
psN 22 , for N >2m; p>0, for N <2m. (1.13)

Their main results are the two theorems:

Theorem 1. Suppose that p<r and condition (1.13) holds. Then for any initial
data (Ug,u,) e H?™(Q)NHg (Q)xHg' (Q), the solution of (1.10) - (1.12) exists glo-
bally.

Theorem 2. Suppose that p>max{r,2q} and condition (1.12) holds. Then for any
initial data (uo,ul) eH" (Q)m Ho' (Q)x Hy' (Q), the solution of (1.10) - (1.12) blows
up at finite timein L ,, norm provided that E (0)<O0.

Li Yan [5] studied The Asymptotic Behavior of Solutions for a Nonlinear Higher
Order Kirchhoff Type Equation:

Uy +(fQ|D"‘u 2dx)q (—A)m u+pu +g(u)=0, inQ=0Qx(0,+w), (1.14)
u(x,t)=0,%=0,i =12,---,m-1, onZ=Tx(0,+w), (1.15)
u(x,0)=uy(x),u (x,0)=u,(x), inxeQ, (1.16)

where Q is an open bounded set of R"(Nn>1) with smooth boundary I' and the

unit normal vector. The function g eC' satisfies the following conditions:

lim inf GS( )>0 G(s)=a(r (1.17)

[s|>o0
lim inf |g’(s)|

‘S‘*}w S

=0, (1.18)

where 0<y< +oo(n :1,2),0 <y< 2(n = 3),)/ = O(n > 4) . Furthermore, there exists
C, >0 such that
s9(5)-G()

lim inf 5 >0.

|s|—>0 S

(1.19)

At last, Li Yan studied the asymptotic behavior of solutions for problem (1.14) -
(1.16).
For the most of the scholars represented by Yang Zhijian have studied all kinds of

low order Kirchhoff equations and only a small number of scholars have studied the
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blow-up and asymptotic behavior of solutions for higher-order Kirchhoff equation. So,
in this context, we study the high-order Kirchhoff equation is very meaningful. In order
to study the high-order nonlinear Kirchhoff equation with the damping term, we bor-
row some of Li Yan’s [5] partial assumptions (2.1) - (2.3) for the nonlinear term g in
the equation. In order to prove that the lemma 1, we have improved the results from
assumptions (2.1) - (2.3) such that 0<C, <1. Then, under all assumptions, we prove
that the equation has a unique smooth solution (u,u,)e L” ((O, +00) H™ (Q)x Hy' (Q))
and obtain the solution semigroup S(t):H*"(Q)xHg (Q)—> H*"(Q)xHy (Q) has
global attractor A . Finally, we prove the equation has finite Hausdorff dimensions and
Fractal dimensions by reference to the literature [7].

For more related results we refer the reader to [6] [7] [8] [9] [10]. In order to make
these equations more normal, in section 2 and in section 3, some assumptions, nota-
tions and the main results are stated. Under these assumptions, we prove the existence
and uniqueness of solution, then we obtain the global attractors for the problems (1.1) -
(1.3). According to [6] [7] [8] [9] [10], in section 4, we consider that the global attractor
of the above mentioned problems (1.1) - (1.3) has finite Hausdorff dimensions and

fractal dimensions.

2. Preliminaries

For convenience, we denote the norm and scalar product in L2 (Q) by |||| and (., ) ;
f=f(x), L"=L"(Q), H* =H"(Q), Hy =Hy(Q), [|=]]> ], =]l -

According to [5], we present some assumptions and notations needed in the proof of

our results. For this reason, we assume nonlinear term ¢ (u) eC! (Q) satisfies that
(H,) Setting G(s)=['g(r)dr, then

G(s)

\!\minf % >0; (2.1)
(Hy) If
(s
‘I‘im sup |g (r )| =0, (2.2)
S|—00 S

where 0<r<+x(n=12),0<r<2(n=3),r=0(nx>4).
(H;) There exist constant C, >0, such that

sg(s)—ZCOG(s)

lim inf >0. (2.3)
Isl> S
(H,) There exist constant C, > 0, such that
lg(s)| < (2+[sf"), (2.4)
|g’(s)|£Cl(1+|s|’H), (2.5)

where 1< p< ;
n-2m
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For every y >0, by (H,)-(H;) and apply Poincaré inequality, there exist constants
C(7)>0, such that

D" +C()20, VueH™(Q), (2.6)

u)+y‘

(9(u).u)-C,3 (u)+7]

where J _f G dX,O <C, <1 isindependent of y.

Lemma 1. Assume (H)-(H,) hold, and (ug,u,)e Hg' (Q)xL*(Q), f (x) e L*(Q).
Then the solution (u V) of the problem (1.1) - (1.3) satisfies
(u,v)e L°°((O +0); Hy' (Q)x L* (Q )), and

D"u +C( )20, YueH"(Q), (2.7)

2 —L2é! é +20+ q
[onu] +v" < y(0)e et (22 1)q+1 2.8)
m m 2 m_o
where V=u, +£u, 0< &< min 2 ’«/1+421 1, (2+C,) +164" -2-C,
1+24" 2 4

is the first eigenvalue of —A in H;(Q),and
1

2q+2 q

O T e L e Foagt 2 (W) 2C().
1
||f|| +25C( y1)+qg+:'—+2gc C(r)s n=2-sime>0 =550

W:mln{2/11 -2&° —28,(q+l)8}. Thus, there exists E, and t, =t,(Q)>0, such
that

||(u,v) hD (@) = ||D’“u|| +v[* By (t>1). (2.9)
Proof. We take the scalar product in L* of equation (1.1) with v=u, +&u. Then
(utt +(-A)"u, +||Dmu||2q (-A)"u+g (u),v) =(f(x).v). (2.10)

After a computation in (2.10), we have

KD
+%%, Scientific Research Publishing

(Ugv) = ;dt"v" eV +e? (), (2.11)
(8P ur) = SJouf oo ool e

m m 1 d o m 2a+ n |20+
(”D u||zq (-A) u,v): 2arL a"D ulf**? | 2 (2.13)
(g(u),v):%J(u)+g(g(u),u). (2.14)

Collecting with (2.11) - (2.14), we obtain from (2.10) that

a {"v" e[ + q+l||Dm 2 (u))—g"v"z +8%(u,v) 019

+|D’"v2 2+(9||D"‘u 2q+2+g(g(u),u):(f(x),v).
189
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Since v=u,+&u and

AN J1e4A" -1 |J(2+C,) +164" -2-C,
’ 4

1+22™" 2

equality Young’s inequality and Poincaré inequality, we deal with the terms in (2.15)

0<e&<min , by using Hélder in-

one by one as follow:

2 2
2 ez =l -5 M 2 (216)
D[ = A7 V[ . (217)
By (2.7), we can obtain
2
(g (u),u)=Cyed (u)- [Z—Z— J " 2—80(71), (2.18)
1
where y, = > 2/?1
Because of f(X)eL*(Q), we can obtain
(r00)<tiap =L 2 @19
By (2.16) - (2.19), it follows from that
i 2 m |12 L m. |[20+2 mon2 2
d ("v" o +Hforuf 2 (u)j+(2}1 w2
—e|p"uf + 26|07 + 2¢,63 (u) < 5| [ +22C (1),
&
- , A
By Young’s inequality and 0< ¢ < m 2/11 <1, we have
m 2q+2 m m. |12
q+l||D e[omuf +m>(1 g)|omu[ >0, (221)
¢[omu[ * +qe>0. (2.22)
By (2.22), we get
(221’“ -2&° —25)||v||2 —¢|pmy[’ +23||Dmu M 20,6 (u)+qe
m 2 1 m [[20+2
= (247 -2¢* - 2¢) | +g(q+l)[m”D u J
+(5 w2 _ oyl +q5)+2C25J (u) (2.23)
v Dm M1 2C,ed (u
wi v+ 20
1 m 20+
ZW("VHZ -¢ ’ +m Dy 2]+2025J (u),

where W= min {221'” —2&* -2¢,(q +1)g}.

K2
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By (2.21) and substituting (2.23) into (2.20), we receive

i(||v||2 —g| Dy’ +L||D’“u AR EPY (U)J
dt q+1 q+1
2 m. |12 1 m. [|20+2 q
+w[||v|| g|D u +—+1|D u +qu J+2C eJ(u) (2.24)
1 W
<11 +2¢C( ;/1)+qg+—qq+1

(2+C,)* +164" —2-C,
4
w=min{24" - 2¢* - 2¢,(q+1)&} > C,e. (2.25)

Since 0<e<

and 0<C, <1, we get

By (2.6) and (2.21), we have
2q+2 q
+——+2J(u)+2C(7,)
q+1 ’ (2.26)

>(1-¢)|D"u| +23 (u)+2C(,) 20,

~e[pruff + glom

g+1

where 7, :]'_Tg>0.

Combining with (2.25) and (2.26), formula (2.24) into

i 2 2 1 m. ||24+2 q
dt("V" +—q+1|D u +—q+l+2J (u)+2C(y2)J
2 m. 112 m. ||2a+2 q
+ng[||v|| —5|D u +ﬂ|D u +qT+2J (u)+2C(72)J (2.27)

i2||f|| +25C( )/1)+qg+%+2£C C(7,).

m. ||29+2 q

Weset y(t)=|v[" ¢| +ﬁ+2J(u)+2C(;/2).Then,(2.27)

is simplified as

ay(t)+C2€y(t)Sé, (2.28)

where C :giZ"f”2 +26C(y,)+qe +%+28020(72).

From conclusion (2.26), we know y(t)>0. So, by Gronwall’s inequality, we obtain

C
t)<y(0)e * +——, 2.29
y(t)<y(0)e Y (229)
2 2 2q+2 q
where y(0)=]u, +&u, | —5| | +ﬂ+2J (Uy)+2C(7,).
., att
By generalized Young’s inequality, we have "Dmu"2 < m"Dmu BT L ﬁ
Then, we get
2q+2 2 o294
[puf ™ > 2%t oy ~2 @ A (2:30)
(q+1) q+1
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By (2.26) and (2.30), we have

20+2

y(O) = - e|o"u]

+2J(u)+%+20(;/2)
> V[ +(1- g"D"‘u” 2‘1*1—1)||Dmu||2

q +2q+1
A I 123 (u)+2¢(r,)

a+1 q (2.31)
2 g+l ( _ q2+2q+1)i '
> v +(2* ~1)[D"u[" +(1-2 el
zmln{ 1,24 — }(||v||2+ D"u 2)+(1—2q2*2q“)i
g+1
_ (||v||2 +||Dmu||2)+(1_zq2+2q+1)i.
g+1
Combining with (2.29) and (2.31),we obtain
m. |12 2 —Coe (S 2 +2q+ q
||D u” +|v|" < y(0)e " +C_2,9+(2q 29 1—l)m, (2.32)
Then,
~ q°+2q+1 q
fim e =[P+ < o +(2" 1)q+1 (2.33)
So, there exist E, and t, =t,(Q)>0, such that
m 2
(N oz =[O VP < Eov (t>1). (2.34)

Lemma 2. In addition to the assumptions of Lemma 1, (H,) - (H,) hold. If (H;):
f(x)eHg (Q),and (Uy,u;) e H? (Q)xHg' (Q). Then the solution (u,v) of the pro-
blems (1.1) - (1.3) satisfies (u,v)eL” ((0,+oo); H2"(Q)xH{' (Q)) ,and
o[ +c,
@e‘”‘lt I S (2.35)
T o T

2 2
||D2mu +|[D™| <

where (-A)"v=(-A)"u +e&(-A)"u, A4 is the first eigenvalue of —A in Hg(Q),
and z(0)= ||D"‘ul +gD"‘u0||2 +( “ —g)"DZ"‘uo"2 , o= min{ﬂ{“ —2¢-2¢%, M} ,

D"u,

T =min {1, inf ”Dmu"2q —g} . Thus, there exists E, and t, =t,(Q)>0, such that

[0 on g =[O [0 < B (E51). (2.36)
Proof Taking I’-inner product by (-A)"v=(-A)"u, +&(-A)"u in (1.1), we have
(un #(=A)" u 40" (-A) u+ g (u).(-a)" v) =(1(0).(-a)"v). (2.37)

After a computation in (2.37) one by one, as follow

(un,(—A)m v) 2dt"DmV" —e[o™ +¢ (D’“u D)
idp R (2.38)
“Zal” Y 2 of - lpr
4

K2
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O B e L g LT (2:39)
(Jo"ul® (-a)"u.(-a)"v)

D? (2.40)

("Dmu"zq p®mu ” ) " u|| d <lp™y 2q|D2mu 2
2dt 2 dt
By Young’s inequality, we get
2 am, |I?
(9(v).(-8)"v)2~[a (w)o™v 2—"g(§ J —|Dzv 240

Next to estimate ||g(u)||2 in (2.41). By (H,): |g(s)| <C (1+|s|p) and Young’s in-

equality, we have

Jow)f = f,c2 (x+l") o

< jﬂ(cf +2C2|ul" +C? |U|2p)dx (2.42)
<. (2c?+2c:2|u|2")
<27 |0]+2C7 |ull

and Embeding Theorem, then H{' (Q) — L**(Q). So there exists

n
By 1<p<
t P n-2m

K >0, such that ||u||L2p(Q)SK||Dm . |D"u

into
o () <c:(p.c..K.|). (2.43)
Collecting with (2.43), from (2.41) we have
D2m 2
(ot arv)z-S- o

By f(x)eHy (Q) and Young’s inequality, we obtain

((x).(-a)"v)=(D"1 (x),D") ||Dmf||2 2 Iomy (2.45)
Integrating (2.38) - (2.40), (2.44) - (2.45), from (2.37) entails
%[ o™y +(|oru[* _g)||Dzmu||j+| D™~ (22 +2¢) D™
d 2q 2q g’ 2 1 2 (2.46)
*(‘a oy R —EJ"DZ”‘UH < Lo +c.
2 2
i i V" < | D?™v| . So, (2.46) turns into
Slon +(om - & )omaf [« (47 - 2267 )
(2.47)
+£_i D"l + 2¢ Dy - 267 - J DZ"‘u” = |om [ +c,
dt A
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2
First, we take proper &, such that A" —2&-2¢° >0 and |[D"u f_e>0 by Lam-
ma 1. Then, we assume that there exists M >0, such that M —2¢>0 and
m |29 dj~m (20 m |29 , & L
0<M ( D"l -¢|< Tt D"u| +2¢||D"u|| -2¢ —F. Then, formula is simplified
to
mofee  doypm e , &
(M -2¢)|D"u " +—|D"u| <Mg-2¢" ——. (2.48)
dt A
By Gronwall’s inequality, we get
2
Meg—2g" - g—m
2 2
s <|omul < ||Dmuo|| Tel +—ﬂl_ (2.49)
M -2¢

29
On account of Lemma 1, we know “D”‘u” is bounded. So the hypothesis is true.

Namely, we prove that there are M > 0, makes

2 ra

0< M( D"l —g)s—% D"u| + 26 |D"u[* ~ 267 - £ (2.50)
Substituting (2.50) into (2.47), we receive
gllon oo [ ezt
#M (Jorff* -&)|oeuf s€i2||omf||2 ic,.
Taking ¢, =min {Z,lm -2e-2¢%, M} , then
%Z(t)+alz(t)ﬁgi2 D" f[ +C,, (2.52)
where z(t)= "DmV"2 + ("Dmu”zq - g)"Dzmu"Z . By Gronwall’s inequality, we have
Lot +c,
z(t)<z(0)e ™ +ET’ (2.53)
1
where z(0)= ||Dmu1 +5Dmu0||2 +(||D”‘u0|2q —g)||D2’“u0||2.
Let T = min{l,inf D"u > —g}, so we get
t>0
1 2
—|D"f C
[onf +omuf < 2Qear , 217 1T @50
T o T
Then
1y amel?
- 2 om. |12 m 12 87 +0,
tILrE!”(uv) HE (@) | D*"u +||D v" ST. (2.55)
So, there exists E, and t, =t,(©)>0, such that
(. v) }2—|2m(Q)xHom(Q) :||D2mu||2 +||D”‘v||2 <E, (t>t). (2.56)

%%
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3. Global Attractor

3.1. The Existence and Uniqueness of Solution

Theorem 3.1. Assume (H,) - (H,) hold, and (Uy,U;) e H*™ (Q)xHy' (Q),
f (X) eH/ (Q) , V=U, +¢&uU. So Equation (1.1) exists a unique smooth solution

(u(xt),v(xt)) e L ((0,+00); H?™ () x HY' (). (3.1)

Proof. By the Galerkin method, Lemma 1 and Lemma 2, we can easily obtain the ex-
istence of Solutions. Next, we prove the uniqueness of Solutions in detail.

Assume U,V are two solutions of the problems (1.1) - (1.3), let w=u-v, then
W(X, 0) =W, (X) =0,w, (X, O) =W (X) =0 and the two equations subtract and obtain

"yl (-a)" “(-a)veg(u)-g(v)=0.  (32)

By multiplying (3.2) by w,, we get

W, +(-A)" u—|[D"v

(0" o (o 0= o v 0 0. @

() =5 G4
((—A)m Wt,Wt): "Dth”z , (3.5)
( Dy (-A)"u —||D"‘v||Zq (-A)" v,vvt)
-(lon” e i {[oruf Jom] ()" ww)
_1dypm, * _gllomu* o™y .
24t q '
+( Dy —||Dmv||2q)((—A)rn v, Wt).
Exploiting (3.4) - (3.6), we receive
Sl ol [oof 2o
- a0 o o) oy vm) e
~2(g(u)-g(v).w,).
In (3.7), according to Lemma 1 and Lemma 2, such that
o] o ([0 o -+
< 2q[ D™ 1||D"‘W||2 +4q||D"u +6'(||Dmv||— D"u )2q_1 A" [w,
(3.8)
<C,(q)[D"w e 5(0.0) Al
e e
where 0<6<1,C,(q)>0 and C,(q,0)>0 are constants.
195
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By (H,), we obtain
~2(g(u)=9(v).w)
=-2(g (9u+(1 O)v)w,w,)

<2]g’(6u+(1-0)v)w||w
1
<2(J.cra+{ou+ (-0 ax ) fw]w] (39)

il
d

<C,Cq (8, p, M)W | +C,Cs (6, p, 4, m)

<2C, (1+ H(|49u -0

<2C,C, (0, p, A4, m)

where C;=C,(6,p,4,m)>0 isconstant.

From the above, we have

2q

il 41" of) o

ﬂs[Cqu__i__+cc)mw"
For (3.10), because [D"u[" is bounded. Then, there exists & >0, such that
D"u[™" > £ . So, we have

el + ool o

s(cdm)+fﬂ§£9+quywwz

+[c4 (a), G (0.9)  CC, ]

g 2 g

)
where C, = min{C4 (q)+%e’q)+clceyc4 () 4 Cs (Ze'q) 4 CCs
& &

(3.11)

2q
D"u

2
D"w

<C, (Jwff + oo

}. By using Gron-

wall’s inequality for (3.11), we obtain

< Jw (0)]" +[D"u(0)

2
=0. That shows that

2q

oqqupm“

O ) =0 12

Hence , we can get "Wt "2 +|D
2

Jw|* =0, oyl (3.13)
That is
w(xt)=0. (3.14)
Therefore
u=\v. (3.15)

So we get the uniqueness of the solution.
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3.2. Global Attractor

Theorem 3.2. [10] Let £ be a Banach space, and {S (t)} (t=0) are the semigroup op-
erator on F. S(t): E—> E,S(t+2') = S(t)S(r)(Vt,r > 0),3(0) =1, where 7 is a unit
operator.Set S(t) satisfy the follow conditions:

1) S(t) is uniformly bounded, namely VR > 0,||u||E <R, it exists a constant C(R),
so that

Is(t)u]. <C(R) (te[0,+)); (3.16)

2) It exists a bounded absorbing set B,  E, namely, VB c E, it exists a constant
ty > so that

S(t)Bc=B, (t=ty); (3.17)

where B, and B are bounded sets.

3) When t>0, S(t) is a completely continuous operator. Therefore, the semi-
group operator S(t) exists a compact global attractor A.

Theorem 3.3. Under the assume of Lemma 1, Lemma 2 and Theorem 3.1, equa-

tions have global attractor

A=o(B,)=US(t)B,, (3.18)

20t>7
iZWXng" =||u||2H2"‘ +"V"|240m <R+ R1} » By

is the bounded absorbing set of H*"xH" and satisfies
1) S(t)A=A1t>0;
2) tIimdiSt(S(t)B,A)ZO,here BCHszH(;n and it is a bounded set,

dist(S(t)B,.A) = s;ug)(lygf‘ns (t)x—y|

where By ={(u,v) e H*" (Q)xHJ (Q):](uv)

—0,t > . (3.19)

H2MxHE! )
Proof. Under the conditions of Theorem 3.1, it exists the solution semigroup S(t),
S(t): H"xH - H*"xH]', here E= Hzm(Q)x H(;"(Q).
(1) From Lemma 1 to Lemma 2, we can get that VB c H?" (Q)x Hy' (Q) is a
bounded set that includes in the ball {||(u,v)| Lom < R} ,
xHg

IS (6)(usvo)| = Jullizn + Mg <]uo]

2

»242”” + Vo igﬂ +C

HZMxHE

(3.20)
<R*+C,(t20,(uy,v,) € B).

This shows that S(t)(t>0) is uniformly boundedin H*"(Q)xH{ (Q).
(2) Furthermore, for any (Up,Vy)eH"(Q)xHg' (Q), when t>max{t,t}, we
have
"S (t)(UO’VO )| i
So we get B; is the bounded absorbing set.
(3) Since E, =H"(Q)xH{ (Q)—>E,=H>"(Q)xL*(Q) is compact embedded,

which means that the bounded set in E, is the compact set in E;, so the semigroup

= lullien + IV < Ro+ R (3.21)

HzmxH(')n

operator S(t) exists a compact global attractor A.
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4. The Estimates of the Upper Bounds of Hausdorff and Fractal
Dimensions for the Global Attractor

We rewrite the problems (1.1) - (1.3):

m |29
U, + A" +[|A2uf  A"u+g(u)=f(x) inQxR", (4.1)
u(x,0)=uy(x);u (x,0)=u;(x), xeQ, (4.2)
u(xt) 0 =0,%=0(i =1,---,m-1), inoQxR". (4.3)

Let Au=-Au, where Q is a bounded domain in R" with smooth boundary
0Q, g is positive constant, and m is positive integer. The linearized equations of the

above equations as follows:

U, +AU =FU, (4.4)
U, =¢,U, (0)=¢. (4.5)

Let U, e Hy (Q) , U (t) is the solution of problems (4.4) - (4.5). We can prove that the
problems (4.4) - (4.5) have a unique solution U e L* (O,T, Hy' (Q)),UI el” (O,T, L2 (Q))
The equation (4.4) is the linearized equation by the Equation (4.17). Define the
mapping Ls(t), :Ls(t), ¢ =U(t), here u(t)=s(t)u,,let @y =(ug,u),

(702(/)04-{5,(}={U0+§,Ul+§},let "(/’o"E0 <R, ;OHEO <R, EOZH(T(Q)XLZ(Q)’

S(1)gs =0 (t)={u(t).u (1)}, S(t)e, ={o(t). 2 (1)}

Lemma 4.1 [6] Assume His a Hilbert space, E, isa compact set of A.

S(t):E, > H isa continuous mapping, satisfy the follow conditions.
1) S(t)E,=E;,t>0;
2)If S (t) is Fréchet differentiable, it exists is a bounded linear differential operator
L(t.p,) e C(R";L(Ey,Ey)), vt >0, that is
[s (V)2 -8 () -L(tan)(uv);
> ©—0,{&,¢}—>0.
It <31,

The proof of lemma 4.1 see ref. [6] is omitted here. According to Lemma 4.1, we can
get the following theorem :

Theorem 4.1. [6] [7] Let A is the global attractor that we obtain in section 3.In
that case, A has finite Hausdorff dimensions and Fractal dimensions in
H (Q)x Y (Q) sthatis d, (A4)=E.d; (A) s%“.

Proof. Firstly, we rewrite the equations (4.1), (4.2) into the first order abstract evolu-
tion equations in E,.

Let ¥ =Rp={uu +eu}, let R :{u,u}—>{u,u +eu}, is an isomorphic map-
ping. Solet A is the global attractor of {S (t)} ,then R._A isalso the global attractor
of {Sg (t)} , and they have the same dimensions. Then W satisfies as follows:

K2
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Y +AY+T(Y)=f, (4.6)
P (0) = {Up, Uy +2U,) ', (4.7)
where ¥ = {u,ut +5U}T , g(‘P) = {0, g (u)}T f= {0, f (X)}T ,

el -1

A=l P : (4.8)
A2ull A" —eA" +£%1 A" —¢l

Y o=F(¥)=f-A¥-7(¥), (4.9)
R=FR(¥) (4.10)
P+A, P+g[( )P =0, (4.11)

where P ={U,U, +8U} 0. (W)

written in the following form:
P(0)=w,0={& () €E,.
We take ne N, then consider the corresponding n solutions:

(p: PP,
Equations (4.10) - (4. 11) So there is

IR (t) AP, (t) A AR (

{O gt u } The initial condition (4.5) can be

(4.12)

PP eEO) of the initial values: (a):a)l,a)z,m,a)n;a)j eEO) in the

Is TrR (. (£)¥0)Qn(7) from
w(7)=S,(7)¥,,weget S (z’) {Ug vy =uy + Uy} = {u(z),v(z) =u, (r)+eu(z)},

w(r)= {u (7). v (r) =y, (7)+eu(r )} , here u is the solution of problems (4.1)-(4.3); A
represents the outer product, 7r reprsents the trace, Q,(7)=Q, (7, ¥y @, @5, -, @,)

=lonw, Ao,

An ’ e
Eo

is an orthogonal projection from the space E, =VxH to the subspace spanned by

{R(2).P(2). R}

For a given time r, let ¢j (z’) = {é:j (z’),gj (‘r)} j=12,---,n. {¢J (T)}jzl,z,u-,n is the
standard orthogonal basis of the space Q, (r)E0 =span[ R, (z),P, (7). R, (7)].
From the above, we have
T (7))@, ()= (R (7)) Qs ()3 (7). (),
r: (4.13)
-3 (R(¥()4,(0)4,(0),

0

where (-, . is the inner productin E,.Then ({5,;},{@7,5})E =(§,E)+(§,§T);

(F.(%)6,8,), =-(A98)), ~(s,(v IR

(Ag¢j,¢j)=elléjllz+(ez—1)(51,41){ ‘SJ(A"‘@’?J'>+(A"‘€wéj)—e||:i||2

m
Azu

2‘9"51"2 +(e” ‘1)(5i'§i)+/1j[
za(Je [+l ),

m |2
A2y _g](gj,gj)mj||§j||2—g||gj||2 (4.14)

KD
+%%, Scientific Research Publishing

199



Y.L. Gaoetal.

where

m

Azu

m

A2u

b

Now, suppose that {U,,u;} € A, according to theorem 3.3, A is a bounded absorb-
ingsetin E,. W¥(t)= {u(t),ul (t)+gu(t)} eE,u(t)e D(A);D(A)={ueV,AueHj}.
Then thereisa $e[0,1] to make the mapping ¢, :D(A)— p(),’H). At the same
time, there are the following results:
R, = sup |Af<oo;
{f,é’}EA
u:ll)j&)|gt (W9 <7 <0
|Auj<Rp
where "gI (U)é;.¢; " meets: ||g, (U)&;.<; " < r||§j

obtained:

zg{l_gu{g_ ZqH z(z,._g)+[1_52+[g_

a:=min )
2 2

(4.15)

- " . Comprehensive above can be

S

|

2
S

(R(0)pss),, <-allal +il )+l
2
<=5l el )5l
"fj ”2 +||§’j ”2 =||¢j "i =1, due to {¢J— (T)}jzlz---n is a standard orthogonal basis in
Q. (T)Eo . So ’ o

S5 (¥ () ()4 2), <-Fo bl 1)
Almost to all t, making
%"51 < Ti’ljsl- (4.18)
So
THF (#(0))-Q, (r) s~ B LS 419

Let us assume that {Uy,u,} € A, is equivalent to W, = {uy,u, +&U,} € R,.A. Then

t
TrE (S Y, ) d
qn(t): sup  sup .[0 1( 8(7) 0) QH(T) ’ =121,
YoeR. A weEy tO (420)

Jofey <t

q, =limsupg, (t).

According to (4.19), (4.20), so

na r?ut
)<l S g
% (1) 2 +2a§1 !

o (4.21)
<t =Y
h="7 ZaJZ:; !
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Therefore, the Lyapunov exponent of A (or R,.A) is uniformly bounded.
na r’g
S A S ——F— Y AT 4.22
1y Hn S= Zaé ; (4.22)

From what has been discussed above, it exists n>1, a and r are constants, then

2/15‘1 < ;— (4.23)
g <M 1_r_zn: L ona (4.24)
2 2 o 12
r2d pret .
( ) 2az s ,1_12 (4.25)
i=1l

Q)

1<j<n-1 q |

1
g (4.26)

According to the reference [6] [7], we 1mmed1ately to the Hausdorff dimension and

fractal dimension are respectively d, (\A)<— d f(A)<s—

5. Conclusion

In this paper, we prove that the higher-order nonlinear Kirchhoff equation with linear
damping in L* ((0 +00); H?™ (Q)x H{' (Q )) has a unique smooth solution (u,u, ). Fur-
ther, we obtain the solution semigroup S(t):H*"(Q)xHg (Q)— H*"(Q)xH (Q)
has global attractor .A. Finally, we prove the equation has finite Hausdorff dimensions
and Fractal dimensions in L” ((O +00); H 2m (Q)xHy (Q)) .
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