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Abstract 
 
In this paper, some new existence and uniqueness of common fixed points for four mappings are obtained, 
which do not satisfy continuity and commutation on non-normal cone metric spaces. These results improve 
and generalize several well-known comparable results in the literature. 
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1. Introduction and Preliminaries 
 
Since Huang and Zhang [1] introduced the concept of 
cone metric space, the study of common fixed points of 
mappings satisfying certain contractive conditions on 
cone metric spaces has been at the center of strong 
research activity, because it has not only important 
theoretical meaning but also wide applications. Recently, 
some authors obtained a number of meaningful consult- 
ing fixed point theorems for one or two mappings on 
cone metric spaces(see [1-3,5-8]). The aim of this paper 
is to present coincidence points results for four mappings 
without satisfying the notion of continuity and commuta- 
tion on non-normal cone metric spaces. Common fixed 
point theorems are obtained under weakly compatible 
maps. Our results generalized and unified these main 
results in [1-5]. 

We recall some definitions and properties of cone 
metric spaces in [1]. Let  be a real Banach space and 

 be a subset of , 
E

P E   denotes the zero element of 
 and int  denotes the interior of . The subset 
 is called a cone if and only if 

E
P

P P

1)  is closed, nonempty and P  P 
ax by 

, 
2) , , , , 0, ,a b x y P P   úa b
3) x P =x P x and    .  
Given a cone , we define a partial ordering P E   

with respect to  by P x y  if and only if y x P  . 
We shall write x < y if x y  and x y , while x y  
will stand for . A cone  is called normal 
if there is a number  such that for all 

 inty x 
N

P
> 0

P
,x y P , 

      .x y implies x N y     

The least positive number satisfying the above inequa- 
lity is called the normal constant of .  P

Definition 1.1. ([1]) Let X  be a nonempty set. 
Suppose that the mapping  satisfies: : X E d X

(d1)  ,d x y   for all ,x y X  and  , =d x y   
if and only if =x y ; 

(d2)    , = ,d x y d y x  for all ,x y X ; 
(d3)     d z y,, ,d x y d x z   for all , ,x y z X . 
Then  is called a cone metric on d X  and  ,X d  

is called a cone metric space. It is clear that the cone 
metric space is more general than metric space.  

Definition 1.2 ([1]) Let  ,X d  be a cone metric 
space. Then we say that  nx  is: 

1) a Cauchy sequence if for every  with c E c  , 
there is  such that for all ; N , >n m x

c
 c
E

, ,N d xn m

2) a convergent sequence if for every   with 
c  , there is  such that for all N

 x> ,m N  ,d x cm  for some fixed x  in X . 
A cone metric space X  is said to be complete if 

every Cauchy sequence in X  is convergent in X .  
Definition 1.3. ([2]) Let f  and g  be self maps of a 

set X . If  for some = =w fx gx x  in X , then x  is 
called a coincidence point of f  and g , and  is 
called a point of coincidence of 

w
f  and g .  

Definition 1.4. ([6]) The mappings , :f g X X   
are weakly compatible if, for every x X , holds 

=fgx ggx  whenever =fx gx .  
Lemma 1.5. ([2]) Let f  and g  be weakly compati- 

ble self maps of a set X . If f  and g  have a unique 
point of coincidence , then  is the uni- 
que common fixed point of 

= =xw f gx w
f  and g .  

Remark 1.6. Let  ,X d  be a cone metric space with 
a cone . If P    d x d x y, y h
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1 , , 0,x y X h  , then  , =d x y  , which implies 
that =x y .  
 
2. Main Results 
 
In this section, we give some common fixed point theo- 
rems for four mappings defined on a cone metric space. 
Normality of the cone is not assumed.  

Theorem 2.1. Let  , X d
, :J X X
 


1 2

3 4, ,

a d Ix Sx

a d Ix Ty 

 be a cone metric space. 
Suppose mappings  satisfy  , ,S I T

 d Sx Ty a

a d

,

 
    5

, , ,d Ix Jy

Jy Ty a d Jy Sx

 

 ,
 

for all x y X , where  , 4,5i 0 = 1, 2,3a i  satisfying  

 
 

4 5

1 2 3

2 ,

2 ,

max a a

a a a 

   I X

1 2

  

a a

or a

 

 S X J X
    , ,S X I X J X

3

4 5 <

a

max a 

< 1  

1.
 

If  and one of 
 and 

  , T X
  T X  is a complete sub- 

space of X , then the four mappings  and , ,S I T J  
have a unique point of coincidence in X . Moreover, if 

 and  ,T J ,S I  are weakly compatible, respectively, 
all of the mappings  and , ,TS I J  have a unique 
common fixed point.  

Proof. Suppose 0x  is an arbitrary point in X . Since 
, there exist 1 2    , S X J X T  X  X I ,x x X  

such that 0 1 1 . Continuing this process, 
we can define 

2= Ix= ,Tx


Sx Jx
 nx  by 

 Denote  2 1 2 2= ,n nJx Sx Ix 

2 2 1= =

   
n ny Jx

n

2n 2= Tx
Sx

1,   = 0,1,n n

2 1 2,   =

,
n ny Ix 



2,
2 2 2 1

= 0,1, 2
n n = ,Tx   

Now, we shall show that ny  is a Cauchy sequence. 
From (2.1), we know  

 
 
 
 
 

2 2 1

1 2 2 1

4 2 2 1

1 2 1 2

4 2 1 2

, =n n

n n

n n

n n

n n

d y y d

a d Ix Jx

a d Ix Tx

a d y y

a d y y

 

 

 

 

 


 


 
 

2

2 3 2 1 2 1

5

2 2 2 1

5 2 2

,

, ,

n

n n

n n

n n

Sx T

a d d Jx Tx

a d

a d y y y

d y d y y

 













 
 

2 1

2 2

2 1 2

2 1 2 3

2 2 1

,

, ,

, ,

, ,

, ,

n

n n

n n

n n

n n

x

Ix Sx a

Jx Sx

y a d

y a

 

 

 

   

, 

 

which implies that  

 2 1, , .
1 n ny 

, 

1 2 4
2

3 4

a a a
d y

a a

 
 








2 2 2 1

2 2 2

5 2 1

2 1 2 2

2 1 2 2

,

, ,

, ,

, ,

, ,

n n

n

n

n n

n n

Tx

d Ix Sx

d Jx Sx

y y

y y

 





 

    

2 1 2n nd y y

 

 
 

2 2 2 1

1 2 2 2

3 2 1

4 2 2

1 2 2 1

5 2 2 1

, =

,

n n

n n

n n

n n

n n

n n

d y y

a d Ix Jx

a d Jx Tx

a d Ix Tx

a d y y

a d y y

 

 

 

 



 

   (2.2) 

Similarly it is not difficult to show that  


  
 
  

  


1 2 2

2 1

2 1 2 2

2 3 2 2 1

,

n

n

n n

d Sx

a

a

a d a d y y

d







 

 



 

 

which implies that  

  1 3 5
2 2 2 1 2 1 2

2 5

, ,
1n n n n

a a a
d y y d y y

a a  

 


 
.   (2.3) 

Now, from (2.2) and (2.3), we deduce that  

   

 

 

1 3 5
2 2 2 1 2 1 2

2 5

1 3 5 1 2 4
2 2 1

2 5 3 4

1 3 5 1 3 51 2 4
2 1 2 2

2 5 3 4 2 5

1 3 5 1 3 51 2 4
1

2 5 3 4 2 5

, ,
1

,
1 1

,
1 1 1

1 1 1


n n n n

n n

n n

n

a a a
d y y d y y

a a

a a a a a a
d y y

a a a a

a a a a a aa a a
d y y

a a a a a a

a a a a a aa a a
d y

a a a a a a

  



 

 


 
   

 
   

    
  

     

     
          

 0, y

 

and 

   

 

1 2 4
2 3 2 2 2 2 2 1

3 4

1

1 3 51 2 4
1 0

3 4 2 5

, ,
1

, .
1 1



n n n n

n

a a a
d y y d y y

a a

a a aa a a
d y y

a a a a

   



 


 

   
       

 

Let  

1 3 51 2 4

3 4 2 5

= ,    = .  
1 1

a a aa a a
M N

a a a a

  
   

If  1 2 3 4 52max , < 1a a a a a   , then  

1 3 51 2 4

3 4 2 5

= <
1 1

a a aa a a
MN

a a a a

  
 

   
1 1 = 1.  

If  1 2 3 4 52max , < 1a a a a a   , then  

1 3 51 2 4

3 4 2 5

1 3 5 1 2 4

3 4 2 5

=
1 1

= <
1 1

a a aa a a
MN

a a a a

a a a a a a

a a a a

 

1 1 = 1.

 


   

   
 

   

 

Now, for any , we have  >n m

 
    

     

 



   

     

2 1 2 1

2 1 2 2 2 1 2 2 2 1

1

1 0
= 1 =

1

1 0

1 0

,

, , ,

,

,
1 1

= 1 , .
1


n m

n n n n m m

n n
i i

i m i m

m m

m

d y y

d y y d y y d y y

MN N MN d y y

MN N MN
d y y

MN MN

N MN
M d y y

MN

 

  







   

   
 
 
  
   




 



 

In analogous way, we gain  

       2 2 1 1 0, 1
1

m

n m

N MN
d y y M d y y

MN  


, ,  
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1

2 2 1 0, 1
1

m

n m

MN
d y y N d y y

MN



 


,  

and  

       
1

2 1 2 1 0, 1
1

m

n m

MN
d y y N d y y

MN



  


, .  

Thus, for   > > 0n m

 

         

 

1

1 0

1 0

,

max 1 , 1 ,
1 1

= , ,

n m

m m

m

d y y

MN N MN
N M d

MN MN

d y y


y y

   
  




 

where 0m 
c

 as . m 
For each   , choose > 0  such that c x int P  , 

where , . ., x i e x c . For this  , we can choose a 
natural number 1  such that N  1 0, <md y y 

>

 for 
. Thus, we get  0>m N

   1 0 0, , ,   >n m md y y d y y c for all n m N .  

Therefore  ny  is a Cauchy sequence in  ,X d . 
Suppose  J X  is complete, there exists  q J X  
such that 2 . So we can 
find a  such that 

2 2y S
X

1= =   n n nx Jx q as n  
=


p Jp q S X

   q S X J X 
n 

. (If  is com- 
plete, there exists , then the conclu- 
sions remain the same.) Letting , and by 



2 2 1= ,n nSx Jx q   as , we can choose a natural n 

number  such that 1N    3 4
2

1
,

4
n

a a c
d y q

 
 and 

   3 4
2 2 1n ny 

1
,

2


a a c
d y

 


,

,n

n

.

 for 1n . Now we show N

show that . By (2.1), we have  =Tp q

     
     
    

     
     
   
   

2 2

1 2 2 2 2 3

4 2 5 2 2

1 2 1 2 2 1 2 3

4 2 1 5 2 2

1 2 1 2 2

2 2 1 2 3

4 2 1

, , ,

, ,

, ,

= , , ,

, , ,

, ,

, ,

,

n n

n n n

n n

n n n

n n

n n n

n n

n

d Tp q d Sx Tp d Sx q

a d Ix Jp a d Ix Sx a d Jp Tp

a d Ix Tp a d Jp Sx d Sx q

a d y q a d y y a d q Tp

a d y Tp a d q y d y q

a d y y d y q

a d y y a d q Tp

a d y

 









 

  

  

 

  

   
 

      
   

2 2

5 2

, ,

1 , .

n n

n

y d y q d q Tp

a d q y

   
 

 

Taking , we get  n 

       
  

3 4 1 2 4 2 1 2

1 4 5 2

1 , ,

1 ,

n n

n

a a d q Tp a a a d y y

a a a d y q

    

   
 

Then, we get  , =d q Tp q Jp . 

   =q Tp T X I X 

2 2

c c
c , i.e. 

At the same time, as 

= =Tp

, ther
ex

e 
ists u  in X  such that =Iu q . From (2.1),  

   
    
   

   

1 2 3

4 5

2 5

,

, ,

, ,

= , .

d q

a d Iu Jp a d Iu Su a d Jp Tp

a d Iu Tp a d Jp Su

a a d Su q

  

 



 

= ,Su d Su Tp

,

Hence, from Remark 1.6, we know  Therefore, 

Next if we assume

=Su q .
= = , = =Jp q Su Iu q . Tp

  I X  is complete, there exists 
 I X  such that 

2 2 2 1n nx 

q

2 1ny 

u X
= =Ix T as n   q  . So we can find a 

  such that =Iu q . (If  T X  is complete, there 
exists    X

n c
q T X  , then onclusions remain 

the sam hoose a natural number 2N  

such that  

I  the c
.) Then, we cae

 2 51
, 

a a c
d y q

 
 and 2 1 4n

   2 5
2 1 2

1
,

2
n n

a a c
d y y

 
 for . Now we 

show that . By (2.1), w  

2n N

=Su q e get 

     
   
   
   

     
     
   
 

2 1 2 1

1 2 1 2

3 2 1 2 1 4 2 1

5 2 1 2 1

1 2 2 3 2 2 1

4 2 1 5 2 2 1

1 2 1 2 1 2

2 3

, ,

, ,

, ,

, ,

= , , ,

, ,

, ,

,

n n

n

n n n

n n

n n

n n n

n n n

q d q

a d Iu Jx a d Iu Su

a d Jx Tx a d Iu Tx

a d Jx Su d Tx q

a d y q a d q Su a d y y

a d q y a d y Su d y q

a d y q d y y

a d q Su a d y

 



  

 



 

 

 

 

 

 

 

  

   
   
   

     

2 1 2

4 2 1

5 2 2 1 2 1

,

1 ,

, ,

n n

n

n n n

y

a d q y

a d y y d y q d q Su





 

 

,d Su Su Tx d Tx

,

n

, .    

 

Letting , by Lemma 1.6 we get  n 

       
   

2 5 1 3 5 2 1 2

1 4 5 2 11 , .

n n

n

a d y

a a a d y q







   
 

1 ,a Su q a a a d y    ,

Thus, we have  , =
2 2

 c c
d q Su c , i.e. 

   Su J X= q S X  ists p X, then there ex   such 
that =Jp q . In the sam

q . 
e method we can obtain 

=Tp
 also 

Finally, we show that  and T J , S  and I  have a 
unique point of coinciden  in ce X . Assume there exists 
another point z X  such that = =Jx z , then  Tx

       
     

1 2

3 4 5

,

, , ,

d Su Jx a d

a d Jx Tx a d Iu Tx a d Jx Su



  
 

, = , ,d q z Tx a d Iu Iu Su

,
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which gives  

, ,

. That 
is to say, 

     1 4 5,d q z a a a d q z    

thus  , =d q z ,  . .,  = = = = =i e Tx Tp Jx Jp q z
q  is a unique point of coincidence in X  of 

T  and J . Similarly, we also have q  is a unique
oincidence of S  and 

 point 
of c I  by induction. So, 
according to Lemma 1.5, q  is the unique com on 

ed point of  ,T J  and 
m

fix ,S I . T erefore, q  is the 
unique com- mon fix  point  the four mappings 

, ,T J S  and 

h
ed  of

I . The proof of e theorem is completed.  
As a variant of Theorem we get the following 

Corollary.  
ollary 2.2. Let  ,

 th
 2.1, 

Cor X d  be a cone metric space. 
Suppose mappings , , , :S I T J X X  satisfy  

   
  

1 2, , ( , )

, , ,

m n m m

n n n m

d S x T y a d I a d I x S x

a d J y T y d J y S

 

 
(2.4) 

 3 4 5

m n

m n

x J y

a d I x T y a x 
for all ,x y X , where  0 = 1, 2,3,4,5ia i   
satisfying  

 
 

1 4 5

1 2 3 4 5

2max , < 1  

  2max , < 1.

a a a a

r a a a a a



  
2 3a

o

 
 

If  and one f        , S X J X T X I X 
     , ,I X J X  and 

 o
S X  T X  
space of 

is a com lete sub- p
X , then the four mappings , ,S I T  and J  

have a unique point of coincidence in X . Moreover, if 
,T J  and    ,S I  are weakly compatible, respectively, 

all of the mappings , ,S I T  and J  have a unique 
common fixed point.  

Proof. It follows from Theorem 2.1, that the four 
mappings , ,m m nS I T  and nJ  have a unique common 
fixed point q . Now,    1= = =m m mSq   S S q S q S Sq
and    1= = =m m mIq I I q I q I Iq  implies that Sq  
and Iq  are d poin f d malso fixe ts or mS  an I . Hence, 

= =Sq Iq q ng  
= =Tq

Re ark 2.3. Compared with corresponding results in 
e [4, Theorem 2.8 and Corollary 2.9], Theo- 
w that our hy

. By usi
q .  

 ame method, we havethe s
Jq
m

the literatur
rem 

es metric spaces, which improve and 

ge

2.1 sho potheses are greatly weaker 
than those conditions. On the one hand, we ensure the 
existence and uniqueness of a common fixed point of four 
mappings without continuity and commutation; on the 
other hand, they are special cases of Theorem 2.1 and 
Corollary 2.2 with 4 5=a a . Hence, Theorem 2.1 present 
a more general format of common fixed point for four 
mappings without continuity and commutation on non- 
normal cone metric spaces, which extends the main 
results in [4].  

Now we use Theorem 2.1 to obtain a series of new 
common fixed point theorems for four mappings in 
non-normal con

neralize several known results in [1-3].  
Corollary 2.4. Let  ,X d  be a cone metric space. 

Suppose mappings , , , :S I T J X X  satisfy  

       
  

, , , ,

,

d Sx Ty d Ix Jy d Ix Sx d Jy Ty

d Ix Ty d

 



  

 
(2.5) 

, ,Jy Sx

  


,x y X ,for all  where , , 0     and 
12 2 <    . If        T X I X , S X J X  and 

one of      X  and , , J  T X  is a comS X I
e of 

X plete 
subspac X ,then the ings  four mapp , ,S I T  and J  
have a unique point of n  coincidence i X . Moreover, if 
 ,T J  and    ,S I

pi
are patibweakly com le, respectively, 

all of the map ngs , ,S I T  and J  have ue com- 
mon fixed point.  

of. Let 2 3 4 5, = = , = =a a a a

 a uniq

Pro  1 =a     in Theo- 
rem 2.1.  

Corollary 2.5. Let  ,X d  
, , , :S I T J

be a cone metric space. 
Su gs satisfyppose mappin   X X  

      d  , , , , ,Sx Ty d Ix Jy Ix Sx d Jy Ty    (2.6) 

for all ,

d

x y X , where 0 ,    and 2 < 1 . If  
       I X  , J X TS X X  and one of 
     S X X  and , ,I X J

 
 T X  is a complete sub- 

space of X , then the four m ings  app , ,S I T  and J  
ence in have a nt of coiunique poi ncid X . Moreover, if 

 ,T J  and    ,S I
appings 

are wea mpatible, respectively, 
all of the m , ,S I T  and 

kly co
J  have ue com- 

mon fixed point.  
ollary 2 Let 

 a uniq

Cor .6.  ,X d  be a cone metric space. 
Suppose mappings :S I J X X  satisfy  , , ,T

     kd Ix Sx ld Jy Ty   , ,d Sx , ,Ty   (2.7) 

for all ,x y X ,  and k lwhere  , 0,1k l < 1 . If 
       I X  and one of , J X TS X X 
     , ,I X J

 
S X X  and  T X  is a complete sub- 
space of X , then the four m s ,S I  apping ,T  and J  

ence in have a nt of coiunique poi ncid X . Moreover, if 
 ,T J  and  ,S I

appings 
 are wea mpatible, respectively, 

all of the m , ,S I T  and 
kly co

J  have ue com- 
mon fixed point.  

of. Let 4 5 2 3= = 0,  = ,  =a a a k a l  in Theo- 
rem 2.1, the conclusi  true. 

Corollary 2.7. 

 a uniq

Pro

Let 

 1 =a
ons are  

 ,X d  
, , , :S I T J

be a cone metric space. 
Su gs satisfyppose mappin   X X  

     , , , ,d Sx Ty Ty ld Jy Sx      (2.8) 

for all ,

kd Ix

x y X ,  and k lwhere  , 0,1k l < 1 . If 
       I X  and one of , J X TS X X 
     S X X  and , ,I X J

 
 T X  is a complete sub- 

space of X , then the four m s ,S I  apping ,T  and J  
ence in have a nt of coiunique poi ncid X . Moreover, if 

 ,T J  and    ,S I are wea mpatible, respectively, kly co

Copyright © 2011 SciRes.                                                                                  AM 
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aall of the m ppings , ,S I T  and J  have que com  
mon fixed point.  

ollary ([4]) Let 

 a uni -

Cor 2.8.  ,X d  be a cone metric 
space. Suppose mapp , , , :S I T X X  satisfy  

d S
ings 

 x Ty 
J

, ,Ix  ,kd Jy  

for all ,x y X , where k   . If 0,1
       , S X J X T X I  X  and one of 
   S X X , ,I X J  and  T X  is a complete sub- 

space of X , then  ,T J  and ,S I  have a unique 
point of coincidence in X . Moreover, if  ,T J  and 
 ,S I ly  are weak

S
c i
d 
ompat spectively, all of the 

mappings , ,I T  an
ble, re

J  

lla
is a nor

have a u e common fixed 
point.  

ark 2.9. Compared to Theorem 2.1 and Corollary 
2.2-2.8 in [ r Coro ry 2.2, 2.4-2.8 do not require 
that cond

n

cone

iqu

Rem
3], ou

ition mal ”. Moreover, when 
w

“ P  
e further restrict = = xI J I  in Corollary 2.4, which 

xI  is the identity map on X , we get Theorem 2.1 in [3], 
and we get Corollary 2.2-2.8 in [3] when we even define 

=S T  in Corollary .8. Hence, Corollary 2.2, 
4-2.8 improve and ge eralize Theorem 2.1 and 

Corollary 2.2-2.8 in [3].  
ollary 2.10. Let 

2.2, 2.
n
5-2

2.

Cor  ,X d  be a cone metric space. 
Suppose mappings , :f g X X  satisfy  

      
  

, , , ,

,

fx fy d gx gy gx fx d gy fy

d fx

 



  

   
(2.9) 

, ,gy

d d

d

  
gx fy

for all ,x y X , where , , 0     and 
12 2 <    . If the range of g  contains the range 

of f  and  g X  or  f X  is a complete subspace of 
X , then f  and g  ha  point ofve a unique  coincidence 

in X . Moreover, if f  and g  are weakly compatible, 
f  d an g  ha  uniqu mon fixed point.  

P f. Let =S T f nd = =
ve 

o
a
=

e 
 a
com

ro I J g  in Corollary 
2.4.  

Corollary .11. Let  , 2  X d  be a cone metric space. 
Suppose mappings , :f g X X  sa tisfy  

     
     3 4 5, , , ,a d fy gy a y a d gy fx  

for all ,

1 2, ,d fx fy gy a ,a d fx gx

f

d gx

d gx


  (2.10) 

x y X , where  0a 

 
=i 1, 2,3,4,5i

 
 and 

. If 
5

=1
< 1ii

a f X g X  and  g X  or  f X  

is a complete subspace of X , then f  and g  have a
oint of 

 
unique p coincidence in X . Moreover, if f  and 
g  are compatible, weakly f  and g  ha

mon fi point
gi l

ve
xed 

 a unique 
com .  

Proof. In (2.10) interchan ng the ro es of x  and y , 
and adding the new inequality to .10), yield (2.9 ith  ) w(2

2 3 4 5
1= ,  = ,  =

2

a a a a
a  

 
.  

2
Remark 2.12. We note that in our Corolla  2.10 and 

Corollary 2.11 

ry

 g X  or  f X  is complete, and the 
results rema e same, w eorem 2.1 in [5] 
requires that 

in th hile Th
 g X  is co  addition, Theorem 

2.
 i  [

mplete. In
1 in [5] and Theorem 2.1 in [3] generalize the corre- 

sponding results n 1-2]. Therefore, above all, our 
results improve and unify all of these main results in 
[1-5].  

Remark 2.13. In Theorem 2.1 we do not require 
mappings , ,S T I  and J  to be compact or continuous. 
Moreover, we delete the condition “ P  is a normal 
cone” in this papers. In addition, when we choose 

 = , = 0,R PE   in the above theorems and corollaries, 
similar con ns will be gained in simple metric 
spaces.  
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