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1. Introduction
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icense ( . : ) In 1859, Kirchhoff had the remarkable idea that a small hole in the side of a massive
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body of material containing a large cavity was the best experimental approximation of

the concept of total absorber: the radiation penetrating through the hole was correctly

assumed bouncing between the internal walls of the cavity with a little probability of
escaping outside. With this viewpoint, still today acknowledged [1], Planck modeled
1901 the thermodynamic equilibrium of the radiation field inside the cavity. Since any
thermodynamic system is subjected to statistical fluctuations around the equilibrium
configuration, Einstein proposed in 1909 a theoretical model about these fluctuations
working on the Planck result. The Einstein model was focused essentially on the black
body radiation assumed at the equilibrium in a cavity with perfectly reflecting walls.
This assumption arose however the difficulty of explaining the thermalization mechan-
ism of the radiation field. The second law of thermodynamics states that any system left
undisturbed for a sufficiently long time tends to the equilibrium state [2]; nevertheless
the thermalization time of photons at temperatures below 109 K is expectedly very long,
as their direct interaction is negligible compared to that with matter [3]. The fact that
the thermalization process is slightly shortened in the presence of rarefied gas particles
[4], shows that in fact the interaction of photons with matter, i.e. with the internal walls

of the cavity, is required to explain the equilibrium condition of the black body at the
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usual temperatures and times at which is tested the Planck law. The equilibrium condi-
tion is attained therefore considering partially reflecting walls of the cavity to promote
the photon-solid matter interaction mechanism via continuous absorption and reemis-
sion of radiation.

The problem of the quantum fluctuations of black body radiation is still today de-
bated for its theoretical interest [5] [6], in particular as concerns the thermalization
mechanism of the photons in the cavity. Just this is the problem: any model aimed to
describe the Planck law and its transient deviations from the equilibrium should infer
explicitly this kind of interaction, without need of postulating it separately and pur-
posely. Moreover, the fluctuation of a thermodynamic system implies in general several
non-equilibrium phenomena, e.g. local temperature gradients and configuration changes;
specifically, are expected gradients of radiation frequency and mass evaporated from
the internal surface of the cavity, whose dynamics contributes to the thermalization of
photons.

While focusing on the radiation field only seems reductive, the variety of phenomena
involved when a black body system is out of the equilibrium suggests the usefulness of a
comprehensive approach to the problem and introduces the three main motivations of
this paper:

1) To propose a model where the photon interaction with the walls of the cavity ap-
pears as a natural consequence of the theoretical approach underlying the black body
physics.

2) To highlight the thermodynamic aspects of the black body fluctuations with ref-
erence to their quantum basis, in particular the uncertainty principle.

3) To show that relativistic results are also obtainable in the frame of a unique con-
ceptual model.

After a preliminary outline of the main dynamical variables prospectively implicated
in the problem, the model is specifically addressed to introduce not only the fluctuation
but also the main physical laws expectedly useful to describe it. Despite the inherent
complexity of the problem, the exposition is organized in order to be as simple, gradual

and self-contained as possible.

2. Preliminary Considerations

Consider one free particle of mass m moving within a space range AX during a time
range At. It is in principle possible to express AX as a function of the Compton
length 4. of the particle; so define the range size in 4. units putting

h

AX=n—, n21, (1)
mc

where n is an arbitrary real number. The second position emphasizes that the range
AX  where the particle is allowed to move cannot be smaller than A, which is an in-
trinsic physical property of the particle itself through its mass m.

In principle, nothing hinders to express the numerical parameter n as the ratio ¢/v,

being v the component of velocity of the particle along Ax: is attracting the chance
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that n—1 is consistent with AX— A. whereas AX—> o for v— 0, in agreement
with the arbitrary size of Ax and value of vin a given reference system R. The formal
choice of introducing the range size in 4. units does not exclude thinking even a
photon confined in Ax during a time range At, which compels therefore defining
AX = cAt . Dividing both sides of Equation (1) by CcAt, one finds in R
AX h
cAt  mcAt’
Defining the link between time and space range sizes via ¢, in order to ensure that
any massive particle is effectively confined within Ax during At, the positions
M, 1

=¢c, v=—, V<C 2)
At At

yield
& =nE, n=", g =mc’, E=hv. (3)
v

The first equation simply rewrites &, >E as mc? =hy, , being v, =c/(vAt)>v.
Simple considerations show that these positions are physically sensible. The first eq-
uation reads indeed
hv h c

mys=—=—, hv=mczx, A==, 4)
c A c v

Le. MV is related to the wavelength A.Regard A with the physical meaning of wa-
velength of matter wave introducing a multiplicative factor y <1 necessary to express
the wavelength as a function of v instead of ¢ as it appears in the third equation. Divide

both sides of the first equation by the arbitrary number y ; one obtains
m_fv_ by

PYR :7//1! 7<1l (5)
y yc A v
sothat A’ isin effect defined by V'=yc instead of g then
h_pome v
A y
yields
h v me® & mv
—,: p:g_z’ g:—:—oy p:—. (6)
A c Yy o7 Y

In other words, the matter wave propagating at rate V<C implies A'<A in

agreement with &; > E . The result (6) is interesting because it is easy to show that

y =1-(v/c)%; )

so, through the position n=c/v, Equation (6) yield the De Broglie wave momen-
tum of the particle and contextually the relativistic expressions of energy and mo-
mentum, whereas Equations (1) and (6) imply the corpuscle/wave dual behavior of
matter.

To check this point, replace in the first Equation (6) v'=V/1', so that v?/c?> =hv'/¢
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and thus g(l—vz/cz) =¢—hv'; hence

-mc?{1-v¥/c? =L=h/~¢.

At the left hand side appears the Lagrangian L of the free particle, which correctly
results as a difference of two energies. Indeed by definition hyv'=(h/A")v = pv, so that
&= pv—L. The concept of action _[Ldt also follows by consequence. Note that in the
expressions (6) of & and p appears the ratio m/y ; admitting that this ratio is finite
even in the limit V — C if contextually m — 0, thus obtaining the undetermined form

2

0/0, one finds & =m,c* and p=my having put by definition

m, = lim(m/y). (8)
m—0
This limit holds for a photon wave, in which case Equation (6) yields £=cp. For a
massive particle instead

mv_hv_h1 A’ = Aty1-V?/c?. ©)

7 oy oAt

If mv/y isan invariant expression of momentum, then the right hand side must be
an invariant quantity as well; in effect At for v=const is the Lorentz transforma-
tion of At between inertial reference systems displacing at rate v, in either of which
the particle is at rest. Moreover it appears that y is not mere numerical factor, actually
it allows linking the cases m=0 and m=0 depending on whether v/c<1.

These conclusions are inferred regarding in particular AX as a mere range size; ie.
the kinetic properties of a free particle follow simply as a consequence of the space and
time ranges available to and compatible with its dynamical behavior. The frequency v
defines the range size

ax=S (10)
v
according to Equation (2); Ze, in agreement with the dual behavior of matter, the range
size is related via v to the wavelength of the pertinent matter wave.

Furthermore, an interesting consequence follows regarding AX as a physical con-
strain to the particle delocalization: for example one could suppose that Ax is deli-
mited by two infinite potential walls that define its boundaries, in which case the par-
ticle must be thought bouncing back and forth in a given space range without chance of
escaping. In other words, Equation (1) does not exclude that t the time At+45t the
particle could be located at AX+ X, as instead it is purposely excluded now. If so,
then AX isactually an one-dimensional cavity; thus the concept of frequency v is no
longer the reciprocal time range At™ necessary for the photon to travel Ax, rather it
is related to the bouncing rate physically implied by the boundary potential walls. This
is understandable thinking a steady photon wave with wavelength A, =2AX or mat-
ter wave with wavelength A, =2yAX of Equation (5), both additional to all wave-
lengths allowed in the cavity. So, owing to Equation (2), the lowest frequencies allowed

for photon or massive particle traveling through Ax are respectively with obvious
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notation

11 v 1lv v
Vgh:L:__, Vﬁzl_:_ﬁzﬁvgh; (11)
A 2 At Ao 2VAL
Consequently the minimum energies hv/2 and h(v/yAx)/2 regard AXx asa one-
dimensional cavity where matter particles or even photons are confined without chance

and A/

max

of escaping. Note that /4

max have been inferred in Equation (11) after hav-

ing simulated a confinement mechanism constraining any particle to move within Ax ;
it is easy to show however the possibility of reversing this path, Ze. that once admitting
the existence of the limit momentum wavelengths A, and A, itis possible to in-
fer a mechanism that constrains the motion of any particle within Ax only. This point
is highlighted just below and later in the Section 7.

Implement to this purpose the case of a particle bouncing elastically back and forth
against either boundary wall that delimits the confinement range, Equation (11); the
momentum change of the particle reads thus Ap = 2mv/y . If the bouncing lasts a time
range At, the force acting on the wall is

Ap F:2mvc_

At YAX

pw
the subscript pw stands for “potential wall” to stress that this particular range is able
to confine any particle. It is clearly possible to express Fin Planck units via an appro-

priate multiplicative factor g; then the last result reads

¢t 2mve
G yAX

pw

which yields
_2mvG

AX . = T
qyc

pw

This is not a hypothesis “ad hoc”, as the Planck units have fundamental worth, being
based on dimensional relationships involving fundamental constants of nature. It is
immediate to describe in this respect the particular case of photon confinement taking
the limit for v—>C and m— 0, which yields m/y — m, according to Equation (8).
Putting then M =m,/q this limit corresponds to the confinement of a photon in Ax
and reads
_2MG

co 2

c

AX

(12)

which expresses the condition even for a photon to be trapped inside any AXx of such
size together with A/ by consequence of the gravitational effect of this latter. For ob-
vious reasons, the subscript pw has been replaced by that stressing the idea of A/ dri-
ven confinement.

Start eventually from the identity (1) Ax=h/mv to obtain pAx=h/y thanks to
Equations (1) and (3); being by definition y <1, one infers pAx>h whatever v#0
might be in the reference system R. Moreover, replacing p via the first Equation (6) as
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well, one also finds pAx =h/y = evAx/c?; thus h/y = evAt/c yields (c/v)h/y = eAt
in the same R. As of course /vy >1, reasoning exactly as before one finds &At > h.
Consider now the identity p=(p+p,)—p,, being p, a constant momentum
component, and note that the right hand side defines an arbitrary range Ap whose
upper and lower boundaries are p+ p, and p, respectively. Is essential the fact that
both pand p, are arbitrary and independent each other, so that the same holds for
the range size and its boundary coordinates. Regarding in an analogous way even &At,

the straightforward conclusion is
ApAX > h, AgAt > h.

Apart from the simplicity of reasoning, is remarkable the fact that the most typical
feature of the quantum physics, the Heisenberg inequalities, has been obtained from the
relativistic Equation (6).

Equation (3) and other results of this section have been inferred directly from general
considerations about the properties of the space time [7] in the frame of a unique and
comprehensive approach “ab initio”. Equation (7) will be examined further on in the
Sections 4 and 7 to clarify how these considerations are linked to the quantum

fluctuations.

3. Fluctuations

This section introduces the fluctuation of all variables previously introduced, with the
aim of finding possible links between these variations. Differentiate &, =nE to simu-
late the physical idea that both energies are subjected to fluctuate: as by definition the
dynamical variable of &, is the mass m whereas that of E is the frequency v, write

thus according to Equation (3)

dg, =NSE —%nz5v, (13)
being
de, =c?om, SE =hov. (14)

These positions relate in general 6m and Jv to JSv. Thinking specifically the
black body cavity, for example, the first Equation (14) describes the fluctuations of the
amount of mass evaporated from the internal walls of the cavity, the second Equation
(14) concerns the corresponding frequency fluctuation of the radiation field in it con-
tained. Equation (13) relates them and requires temperature fluctuation too, although
not yet explicitly concerned. To clarify this point note that the changes Js, and JE
are defined around the respective &, and E, which can be regarded as equilibrium
values. For the following purposes it is useful to calculate the average fluctuations
(0¢,) and (SE) considering arbitrary fluctuation ranges around an arbitrary refer-
ence energy value. For instance (SE) is calculated considering various ranges SE,
of values around the equilibrium value E,, and taking their mean value; if 1< j<N,
then <5 E> =N _12 j5 E; is the average fluctuation of the system matter+radiation; the
same holds indeed to define (%, ). In principle therefore (dg,) and (SE) are inde-
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pendent of the respective E,, and &, , which will be denoted in the following as £

and &, for simplicity of notation. Trivial manipulations of Equation (13) yield

Og, =N°YSE =¢SE, ¢ =n%Y (15)
where
1 6E | |de E5v
e (16)
T s oE 2n 55
In general
Y=Y(nrvev), r=2" (17)
v

emphasizes that the variables of the problem are four and that only Y depends upon
OV . Regard first Yand n® separately and introduce the mean value (Y) calculated in
arbitrary ranges of all variables except ov. Thus
111
Y)=———/||Ydvdvdm
W= wavan
defines
1.
{v)’

of course AV =V, —V, denotes an arbitrary range of velocity components with respect

k=k(5v)= (18)

to which is integrated Ydv, whereas 6V is the velocity fluctuation concurring togeth-
er with dm and Ov to define the relationship (13) between JE and Jg,. The no-
tation emphasizes that & is actually an arbitrary numerical parameter, ie. a scale factor

dependent on v only, such that for example

k6E =5 (kE), kés, =6 (ks,);
by consequence 4 is also a conversion factor such that KE and kg, can be related to
energies with different physical meaning with respect to the initial £and & .

Among the possible values of ¥, calculate Equation (15) with the specific value (Y);
hence, owing to Equations (3) and (13),

2
9B _k —kE—z, Y =(Y). (19)
0

580 e

= 1 k) /E®
<5—%>_k<F>_C—2<v>_k<g§> (20)

These equations are obtained simply averaging the ratios of Equation (19). It worth

This result yields:

emphasizing that <v2> is linked to the average temperature in the case of an ideal gas
where by definition the particles are non-interacting; this shows that vis the velocity of
matter particles evaporated from the walls of the cavity. So <v2> is related to the equi-

librium temperature of the cavity containing the black body radiation field. In this
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one-dimensional approach AXx is the distance between two matter boundary surfaces
confining m and the photon wave of frequency v, both subjected to the respective
fluctuations m and o6v. Also, ov is the obvious consequence of the expected
temperature fluctuation around the average value pertinent to <v2> .

So far the first Equation (3) is the only equation correlating £ and &;. To find a
second equation, the one linking £ and v; consider now Equation (13) that involves the

variables appearing in (17) and yields
n—zn —=¢, {=¢(E), v=v(E) (21)

It is evident that a hypothesis has been introduced regarding Yn®> of Equation (15)
as the function ¢ (E). In principle Equation (21) is not new with respect to Equation
(15); however the form of this latter was useful to infer Equation (18) and the tempera-
ture implied by Equation (20), whereas Equation (21) is now implemented thanks to its

analytical form easily integrable. The solution

E
V= ,
ZE+po

Z. :J'(g“/c)dE (22)

is the sought second equation linking £ and v; the notation emphasizes that the integra-

tion constant p, has physical dimensions of momentum. Put
§:§o+§1E+§2E2+"'1 (23)
which yields at the first order of approximation

E
e P, +§0E/C+§1E2/ZC,

if the position (23) is correct, then even this lowest order of approximation should give

p, = const’; (24)

a sensible result. The validity of Equation (24) is preliminarily proven recalling Equa-

tions (3), according which vyields

C poc é/lE
n=—="2+¢,+2—
v E %o 2
and then
£.E?

& =nNE=p,c+{,E+ ;
so, neglecting preliminarily the third addend at the right hand side, this result reads
& =E+E,, having put ¢, =1 and cp, = E,. With the integration constant p, >0,
therefore, the result is nothing else but the statement &, > E of Equation (1). Clearly
with an appropriate choice of the integration constant this inequality holds even re-
taining the ¢, term.

Before proceeding, it is useful to verify further the validity of the equations hitherto
inferred, in particular as concerns the physical meaning of the series expansion (23) of
Equation (15). A simple one-dimensional approach is still enough for the present

purposes.
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4. Check of the Preliminary Results

Recalling Equations (10) and (1), trivial manipulations show that Equation (19)
reads

SE=hov=Dvém, D= kﬂév. (25)

The first equation links om and oJv: if in particular JE is due to the change of
photon frequency in AX, then it can be nothing else but the quantum fluctuation of
the radiation field in the range; also, ov is related to the mass fluctuation rate vom
occurring at a typical length scale of the order of the Compton length A. that defines
SE through D. The free parameter 4 fits the basic physical definition A%v of diffu-
sion coefficient to the appropriate value in specific situations. Specifically, as it will be
shown below, this result also implies regarding AX as the distance separating the sur-
faces of two bodies of matter: thinking for example to the black body, m can be the
mass of a particle evaporated from the internal surface of the cavity and diffusing
throughout the cavity, whose size AX is defined as a function of n.

From Equation (25) follow interesting consequences. Rewrite

D 1
5E_E5Iog(m/vo), ’B_W' (26)

where V, is an arbitrary constant volume.

Note that (mv)ﬁ1 has physical dimensions time/mass; thus f is the particle mo-
bility, also defined as velocity/force. Moreover D/f3 has physical dimensions force x
length, i.e. pressure x volume.

The dimensional analysis suggests that D/ should be related to, and thus propor-
tional to, kgT . Putting indeed D/f oc k;T and merging the proportionality constant
with k of Equation (18), one finds concurrently three relevant results.

First the well known law pressure x volume = kT ; of course this result holds for non
interacting particles, as in the case of an ideal gas, whereas 7'is clearly linked to <v2>
previously found. With specific reference to the present model, the gas is that formed
by evaporation of matter from the internal walls of the cavity containing the Planck
radiation; <v2> is related to the temperature of gas particles in equilibrium with the
surface of the cavity.

Moreover

D C m
—=k,T, J0E=0u, =k.,Tlogl —|, C=— 27
8 B Hy,  H=Kg g[CJ v (27)

0 0

where C is the concentration of m in V, and C,=m,/V, is a constant. So the
former equation is the well known Einstein equation linking diffusion coefficient and
mobility.

Eventually, the third equation defines the chemical potential; this clarifies the physi-
cal meaning of JE and suggests the chance of identifying C, as the equilibrium uni-
form concentration that implies ¢ =0 in correspondence to om =0, which indicates

the end of the diffusion process.
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In effect, the diffusion equations are contextually obtainable. Dividing both sides of

Equation (25) by X, one finds

O _ou_p,om

oX OX oX
Le. this equation defines a force Facting on m. It is easy to convert force into mass flux
J, having physical dimensions of mass per unit time and surface, dividing both sides by
V,v . Recalling that by definition F =—8u/5x, this equation reads
0% 4 F

J

J=- , =—,
OX Vv

This is the well known Fick diffusion law, from which also follows the second Fick
law with the help of an appropriate continuity equation that excludes mass sinks or

sources within V, . Given a function f = f (x,t), its differential
St =(of Jox)ox +(of /ot) ot

subjected to the condition 6f =0 reads v, of /ox+0of /ot=0 with v, =5x/St; so
with vector notation Vv-Vf =—0f /ot. Putting by definition G =Vf , where Gis an ar-
bitrary vector to be specified, the result V-G - fV.v=-0f /ot yields V-G =-0f /ot
once having put V-v=0. The solenoidal character of the velocity vector excludes
sinks or sources of matter crossing from inside or outside the surface of an ideal flux
pipe around v Also, it is clearly convenient to identify the arbitrary vector G with the
flux vector Jand thus f =C.Ifso,then V-J=-0f /ot yields the component
s 2(p)_
OX\  OX ot
Le. the definition of mass flux and the one dimensional second Fick law.
Eventually, Equation (26) reads with the help of Equations (3) and (27) as fol-
lows
M sE-= kgT ﬂcSIog(m/Mo), M, = const
MO MO
Suppose now that m is the jth mass in a system constituted of a number j, of
masses, Ze. actually it is regarded here as m;. Next sum up this equation over j ie.
over all masses of the system; one finds thus

m.
SE =k, TY.M,5logMl,, M,=Ym, TII,=—
j

o .
i 0

Since by definition &logIl; =logIl; —logIl,, assuming I, independent of the
index jone finds

oE
TZKBZJ-:H] logIT; +S,, S,=-log(I1,).

This equation defines the entropy Sa function S, apart as

5—E:—S+SO, S =—k; ) I1, logIl;
j
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note that S, is not necessarily constant, simply it does not depend upon j, e.g. it can
depend on 7 or pressure and so on. So at constant 7one finds 6E —TS, =TS . These
contextual results show that the driving force of the Fick laws is the entropy increase, Ze.
the second principle of the thermodynamics.

All this is linked to the further information provided by Equation (25). Noting that
vém =& (mv)—msv , this equation yields

SE+mDSv _ 5(mv)
ov ov

; (28)

this equation relates JE to &(mv); depending on the sign of this latter, one can have
mass fluctuations corresponding to v, to which is related the energy fluctuation JSE .
If in particular mv =const, then vdm=-mdv implies hSv = Dvém . It appears that
the energy fluctuation Jv of the radiation is linked to the evaporation or deposition
rates My of matter on or from the contact wall; their relative balance determines the
increasing or decreasing amount of mass in the cavity correspondingly to the concur-
ring oscillations of ov . Eventually note that the left hand side of Equation (28) defines
the energy & =hv+mvD to which contribute not only the radiation but also the mat-
ter through its evaporation rate My . This conclusion automatically includes the inte-
raction between photon and solid matter, without excluding of course that of photons
with gas particles evaporated from the surface. Moreover the model provides thermo-
dynamic information able to describe both the equilibrium state of the system and its
transient deviation during its fluctuation.

Combine now Equations (24) and (6) to eliminate v; as h=mvA owing to Equation
(4) and thus

E=ypc=yev/c,

the result is

Ee=Cor(pe) + GE pe/2+(p,c) w, w=—=P"
cy ye
So
2
B (pC) +poC2C0n5t+M, Z=¢yy. (29)
w 2w

Put preliminarily ¢, =¢, =0, ie neglect the first and second order terms of Equa-

tion (23); this equation reduces to ¢ = ¢, and reads then

& =(p'c)2 +(m’cz)2, g=¢ / \/7 VPoconst _ Jconst . (30)

mc

Equations (29) and (30) concern both arbitrary square energies, a scale factor apart
for the three quantities characterizing the initial ¢ and p of Equation (6), and thus
are physically equivalent provided that p'=&'v'/c? ; this requires of course
eV'/p'=ev/p and implies an appropriate scale factor that converts the initial m to
m’. In effect the variables of the problem are three, i.e v, mand v, ie m whatever

the specific value of Z =Z(E) might be, the constrains of these positions are three
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as well, Ze. the factors linking the last three equations. It is worth noticing that if
m=m' for const=mc, then &?—(pc)’ =¢&>—(pc)’ = (mcz)2 by definition. Since
this conclusion holds even if referred in particular to different coordinate systems in
reciprocal constant motion, this shows that these equations represent invariant ex-
pressions of energy.

Consider now that in Equation (29)

2
¢,E"pc :éEzygzéyz

2 .
w2 57 (po) e

this term having the form p®s with ¢, <0 is a well known result of quantum grav-
ity, which solves three cosmological paradoxes [8]. In conclusion, combining the zero
order approximation of Equation (23) with Equation (6) one finds the classical expres-
sion of relativistic energy; the additional first order term accounts for the quantum
correction of the rest energy mc’ of cosmological significance. The Section 7 will
show that actually even this result is not accidental.

The fact that ¢} <0 fits the physical meaning of the literature result stimulates a
further idea. As E = (V/C)e0 according to Equation (3), Equation (23) yields at the
first order

¢= —goc +Veity = 1” V'=GoC+ VG &)

C C
in effect ¢, <0 is compatible with V' <c. The form V'=av+b suggests that vand
V' could be, at least approximately, velocity components expressed in different refer-
ence systems. Is thus attracting the idea of implementing V' to define n'=c/v’ and
then & =n'E’ in analogy with Equation (3) but in a different reference system.
Moreover admit for generality that &, and E' depend on new mass m’ and fre-
quency V'; thus, differentiating &, =n'E’ exactly as before to infer Equation (21),
one finds

wo Bl OV _V

c OF

In effect V' has no peculiarity with respect to v previously introduced; both are ar-
bitrary velocities, both fulfill the same kind of connection between &, and E. If this
reasoning is correct, then even this result must have a sensible physical meaning. The

check is again carried out solving this primed differential equation. One finds
!
Vet E'c
JE?Z +c%p
and thus
v'm'c

Since E'/c is momentum, this result reads

E'=+
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Ly = 1vEe; (31)

ie. is admissible Equation (21) with the right hand side having the form v/c instead of
the definition (23) of ¢ . In fact, this conclusion is still compatible with Equation (23)
itself simply putting ¢, =0 as a particular case in an appropriate reference system. It
is instructive to obtain this last result even through a different reasoning.

Calculate via the second Equation (6)

2 __me* oy
v 7r ooV
Split this equation putting by definition
0 0
—g:%, p=-mc? <. (32)
Ny ov

The second position, allowed in principle by dimensional reasons, allows to handle
the first equation as follows with the help of the first Equation (6)
2 N _,0p o(pv)

=PV a ae

Note that there is no reference to ov in this last result, which instead relates the
changes of pand pv to de of the energy. Assume therefore that these changes are
dueto dm and notto dv.In this case, the first Equation (6) yields

2

Vv
yi=l-—. (33)
C

This result is confirmed by the second Equation (32), which yields with the help of
the third Equation (6)

this equation reads ydy = —(V/ cz)dv and is easily integrated. The result is

V2

%72 = const/Z—%c—, (34)
being const/2 the integration constant. It appears that putting const=1 the result
coincides with that previously found, despite here has been considered the dependence
of pand ¢ on v Itis easy to realize that only the positions (32) allow a consistent cal-
culation of y in Equations (33) and (34); for instance, replacing Equation (32) with
the ydg/ov and p= (mcz/y)ay/ﬁv , in principle also possible because y is dimen-
sionless, would imply inconsistent expressions of . This conclusion agrees with the
result of Equation (31).

It appears in conclusion that the term ¢, is enough for the purposes of the present
model, while it is confirmed that the zero order term of the series (23) accounts for
“classical” relativistic results.

Implement then Equation (21) in the simplest form
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S, = £,OF. (35)

Comparing with Equation (19), ¢, is nothing else but anyone among the possible
values of k/n?. Therefore, the third equation of the problem that regards separately
(06,) and (SE) reads
X

2

(o)=1

(06,), (SE)Y=¢,(5%); (36)
the physical meaning of this equation is to consider the averages of all possible JE
and Jg, compatible with the given Fand &, ; in effect the arbitrary changes JE and
og, are independent of the respective £and &, , as already remarked.

In conclusion, to the four variables appearing in (17) correspond three Equations (3),
(21) and (36); the free parameter & introduced in (18) is a freedom degree of the prob-
lem as a function of which are in principle determinable various £, mand v; ie. n.

These results have been hitherto obtained without specific reference to the black
body cavity and even regardless of the Planck formula. The next section concerns just
this topic.

5. The Black Body

To specify the previous results in the case of radiation in a black body cavity of arbi-

trary volume V] it is useful to consider first the Planck law. Noting that this law reads

3
A
\ v exp(hv/ksT)—-1

v

Ppy = 4mh

let us examine the three factors that define p, .

The degeneracy factor 2 of the Bose statistical distribution of photons with the same
energy corresponds to the orthogonal polarizations of light [9], to which is due the
usual elliptic polarization of a light beam of frequency v.

The factor 4m suggests an integration over a solid angle dQ . The physical meaning
of this statement is clarified below. It is anticipated here that the integral concerns the
random impacts of photons on various points of the internal surface of the cavity be-
cause of multiple reflections; accordingly any element of this surface thermalizes the
radiation trapped inside V.

The notation N, /V, of the number density of photons with frequency v empha-
sizes that just the wavelength c/v defines the volume V, enclosing a cluster of V,
photons with the same frequency Vv, whereas instead the true volume V of the cavity is
seemingly irrelevant; it is replaced by the local volume defined by the cluster of photons
themselves, supposed of course non-interacting at the usual temperatures at which is
modeled and tested the black body radiation law. Also this crucial point is concerned
below.

With these hints, is really easy to infer the Planck result even in the present physical
frame only.

First of all, N, is found implementing once more Equations (26) and (27). Integrate

Equation (26) with the help of Equation (27) between two arbitrary energies & and & ;
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one finds (&-¢])/k,T =log(C/C,). It is possible to write C=C, £C,, because in
principle C can be greater or lower than the constant C_ of interest for the present
reasoning; then this last equation reads C,/C, =(C,/C, )exp(A&'/kyT)+1. Of course
C,=m,/V, and C,=m,/V, are referred to the same arbitrary volume V,

,; more-
over the masses m, and m, are proportional to the respective numbers N, and
N, of particles, as they refer to a unique material or kind of particle. Hence one finds

with these positions

N =¢, & =&, —kgTlog(C,/C,) (37)

! s—¢
exp o1+l
[ I(BT J

Note that &, has the same form of x of Equation (27) a constant ¢, apart, Le. it

is chemical potential. This result is nothing else but the well known statistical distribu-
tion of bosons and fermions as a function of the energy; their occupancy numbers of
quantum states are inferable in general from the respective profiles as a function of
temperature for either sign, instead of being postulated “a priori”.

This point does not need further comments. Here, with the minus sign and putting
A& = hv, one calculates the Planck equation.

The number density N,/V, is calculated via a variable volume V, dependent
upon the wavelengths allowed in the cavity compatibly with the fixed real volume V.

Let the cavity contain N, photons of frequency v that define the energy density
n=n(v,T) in the physical volume V,; then

3
n=¥n =3 v ~(2], (9)

v, ' 1%

where clearly v is in general anyone of the v, frequencies allowed in the cavity. In
this equation, the wavelength is regarded as measure unit to express the size of each V, ,
which in this way results consistent by definition with the existence of standing waves.

Moreover the obvious condition

V=3V, (39)

14

is fulfilled because V has not yet been specified. Whatever V 'might be, the sum over the
various V can be replaced by that over an arbitrary real number 2 via the position
v=ny,, being v, =c/Ax the lowest frequency allowed in a cavity of size Ax. If the
various Vv are very close each other, then 1 can be regarded as a continuous variable; if
s0, the sum can be replaced by an integral between n, =1, in order to include v, , and
an arbitrary n_, >1.

In this case one would find V =V, (1—n;§x

) / 2; the notation emphasizes that re-
placing sum with integral implies a numerical approximation. Despite this result fulfills
the obvious requirements of increasing and finite V' for n,, — o, one would expect
V >V, : by definition, indeed, V, is the volume (c/v, )3 pertinent to the lowest fre-
quency only. Moreover if n_, would be plain real number, the limit n_, -1 would

yield V — 0; so the energy #V inside the cavity should vanish, unless admitting
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n — . These inconsistencies, not merely numerical but physical, can be due to noth-
ing else but to the low values of n contributing to the sum badly approximated by the
integration; indeed it is true that n_, — oo behaves in fact like a continuous variable.
In effect the contribution of the low values of n is underestimated by the integration.
Examine therefore the chance that n can take integer values only: in this case one finds
V >V, even for the lowest n =2, whereas V =¢(3)~1.202v, for n  —>o.
Also, Vremains anyway finite because 22 cannot longer approach arbitrarily to 1.

It is known in effect that the steady wavelengths A, allowed within a range AXx

must fulfill the condition
AX=n4,, (40)

with n integer; in other words, the electric field of an electromagnetic wave must vanish
at the boundaries of its physical volume of confinement, correspondingly to wave nodes
at the boundaries.

The seemingly innocuous position (39) implies thus the energy quantization in the
cavity. Equations (2) and (3) yield indeed
hc  hc hy
& i

n
’

ie. hv,=E and hv, =2E andsoonforall A

., allowed in the cavity once regarding

AX as its size. If the photons are assumed non-interacting at the usual 7 of interest for
the black body physics, the sum (38) consists of independent terms. Considering one of
these terms, 77, , and differentiating it, one finds at the first order

LA\ PR/ YL (41)
Vv v aT

v

1,
thus

N
on, =h| —~-+ 42
n, (V v (42)

v

a(mm)jéwha(vww»ﬂ_

ov or

To highlight the physical meaning of the differentials 6v and 6T , implement this
equation to calculate the energy density per unit range oV, iLe.

:%Zhﬁmva(Nva)ma(VN“NV)ﬂ. (43)
ov \Y ov oT ov

4

All frequencies allowed in the cavity contribute to 7 according to Equation (41),
whereas Equation (43) selects some frequencies in the range ov:ie. p is an energy
density per unit frequency range. All addends share the number density N,/V of a
cluster of photons with the same frequency; regard thus this ratio as characteristic
property of the cluster. Consider now that the thermal equilibrium inside the cavity
requires the exchange of energy between the various V, existing in the cavity. Since
however the photons of each cluster have been assumed non-interacting, this exchange
cannot be that between different clusters; hence the thermalizing interaction can be

nothing else but that with the cavity surface enclosing all photon clusters and possibly
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with the gas matter evaporated from the walls of the cavity. This fact suggests that the

equation
p'=[pdQ (44)

defines the radiation energy density per unit frequency p’ at the thermal equilibrium
with the whole internal surface of the cavity; the corresponding p=dp’/dQ
represents instead the local interaction of each cluster of photons per unit solid angle,
ie. with any elementary surface element ds = Ar?dQ. In effect the integral represents
by definition the sum of all local interactions pdQ of the photon cluster with ele-
mentary elements S of internal surface of the cavity; this supports the idea of
regarding p asalocal quantity and p’ asan average global quantity. In other words,
the integral corresponds to and represents the cumulative effect of all internal reflec-
tions of each photon cluster consistent with the physical model of black body cavity.
This is equivalent to say that p concerns the local thermal equilibrium of the photon
cluster with one arbitrary surface element dS only, p’ represents the complete
thermal equilibrium after interaction of the cluster with the whole surface of the cavity.
So p and p’ differ numerically because of the amount of corresponding energy
density exchanged between radiation and surface.

If Equation (44) leads to the correct formulation of the Planck law, then it also
proofs indirectly that the photon thermalization mechanism occurs at the surface of
the cavity.

The integration of Ide is immediate admitting that the interaction process is iso-
tropic, Ze. the energy exchange occurs uniformly for all frequencies and that any al-
lowed v is not appreciably perturbed by the small energy loss; being the radiation
field at the equilibrium uniformly distributed inside the cavity, there is no dependence
of v upon the arbitrary direction along which is defined 2. So the result of the in-
tegration is simply p’=4mnp . Equation (43) yields therefore the following energy den-
sity per unit frequency thermalized by all possible paths of the v-th cluster of photons
in the cavity:

o(N o(vN
p' = 4nh N, + 4mhy ( V/VV)+41rh (v V/Vv)é—r. (45)
Vv, ov oT ov
Noting that
O(vN,V,) _o(wN,M,)av _N,av  O(N.V,)av
Ll ov.aT VvV, aT ov oT’
Equation (45) reads then
o(N

p'=4zh N, +47thvw(l+a—vﬂ +4mh N, Qﬂ (46)

Vv, ov oT ov vV, oT ov

This expression can be considerably simplified because

3
N, _ NC?—
v exp(hv/kgT)-1

4
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has a maximum as a function of v, which suggests N, /dV, =0 for an appropriate
value V' of the v -th frequency. In this case the second addend of Equation (45) va-
nishes for this particular value v =v". Hence, replacing N, =2 in Equation (37) to
account for the light polarization states with the same v in the Bose function and cal-

culating Equation (46) with v =v", the resultat T =const is simply

*3
47thv—3 *2 oW, M)
¢’ exp(h’/k,T)-1  0Ov

Pr = =0. (47)

V=V

Therefore, the plain Planck law corresponds to the particular set of frequencies that,
among the ones allowed in the cavity, maximize the number density of photons with a
given energy at a fixed 7.

Actually, however, no physical reason requires v=v" and 7 really constant; nev-
ertheless, the analytical form of the first addend of Equation (46) is identical to that of
pp in Equation (47). This suggests that pp, is still given in general by the first ad-
dend of Equation (46) even though calculated with a frequency v #v" and thus
without the constrain on 7 that annul the other terms; these terms account therefore
for the frequency and temperature fluctuations with respect to the zero order term
represented by the Planck function. This conclusion clarifies that v and oT
represent just the frequency and temperature fluctuations of the cavity.

In the present model it appears therefore that:

e The interaction between degenerate photon clusters and internal walls of the cavity
is responsible for the thermalization mechanism.
o The fluctuations are inferred contextually to the Planck law itself.

To emphasize these points, it is necessary now to link these fluctuations with Equa-
tions (19) and (20). As expected, the fluctuation is given by temperature and frequency
deviations of p’' with respect to the mere equilibrium Planck term; simple considera-
tions show indeed that the fluctuation terms can have in principle positive or negative
sign.

Now it is possible to tackle the problem of describing the cavity for v #v" and
oT #0, ie when both frequency and temperature are allowed to fluctuate.

6. Black Body Fluctuation

The result (25) and Equation (44) imply the involvement of the material constituting
the wall of the cavity to reach the condition of thermodynamic equilibrium of photons
therein confined. In particular JE appears related to ém and &(mv), iLe to the
material evaporating from the internal surface of the shell and present in the cavity to-
gether with the radiation field. This is confirmed by the mean square velocity <v2> of
matter particles present in gas phase in the cavity contextually inferred. It is known
from the elementary kinetic theory of gases that <v2> is related to kT . Even though
the photons are admitted non-interacting, their thermalization process occurs by inte-
raction both with the internal wall of the cavity and with the amount of matter expec-

tedly evaporated and trapped in the cavity together with the radiation itself; clearly the
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gas phase is at the thermal equilibrium with the cavity wall.
For sake of clarity, collect together Equations (3), (27) and (25); one finds

D:hh_vzzm_Dzwsz_T. (48)
n mc k k kv

These equations evidence in particular

Kok e kR ok, (49)
n n
whereas Equation (19) reads
oE
KE® =g2 —. 50
€o 5, (50)
Since khas been defined as a mean value in Equation (18), let then be
k=q <n2>,
being g an arbitrary constant. Then, Equation (36) yields
Q<n2> _ (SE)
n® (&)
Since Equation (49) reads
2
= kT,
& q<n2> B
so that merging these equations one finds
<5go>
= kT,
€ <5E> B (51)
the result obtained via Equation (50) is
08, >2 2 OE <5€ > 2 OE
2)E? = (2%, kT =L (kT :
atn’) (sEY* (kT) (kT &(5,)/(SE)) (5E)( oT) 5 (ksT)
Therefore
2 2 _ <5$0> 2 5E
9(n*) & = (§E>( oT) 5(kyT)
yields
5¢,)  OE
U? = (1T ) A2 . U2 =(n?)E%; 2
(T ot s, Ut =(i) =
hence
(U?)=(ksT)’ (9%,) (9F) =(keT )’ (95) g =22 (53)

As (656) =0 <gé> , this is just the famous Einstein equation [10]. To find this result,
Einstein quoted the energy of a sub-volume enclosed by a large volume, both concur-

ring to the total volume of the cavity and exchanging energy. Here the role of the
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smaller volume is proportional to &,, whose fluctuation is the source function of the
Einstein model of a closed system. Actually this appears in Equation (44), because the
photons are thermalized just impacting against the wall of the cavity, which is therefore
the effective source of the photon energy. So it appears clearly that the fluctuations are
controlled by the matter constituting the walls of the cavity; this conclusion has been in
effect assumed in the paper [5]. If in fact g, =0, then <U2>=O: Le. the average
energy is controlled by the matter at the walls of the cavity. Consistently U? is also
related itself to the radiation field EZ, as it appears in Equation (52). Clearly it is rea-

sonable to put here
SE=h (v - )

Replacing Equations (51) into (53), one finds

SE) .
U?)=(kgT < , 0E=v-v. 54
< > (B)goé‘(kBT) v-v (54)

According to the previous considerations, <U 2> =0 for v =v"; this confirms that
the left hand side of Equation (54) is a fluctuation energy. Equation (51) yields then the

relationship between frequency and temperature fluctuations

(SE)=(5(keT))=5(keT) ie. (ov) =kFB(5T>. (55)
7. Discussion

The fluctuations are likely the most typical manifestation of the probabilistic character
of the quantum world, while also being the most striking evidence of the quantum un-
certainty. Nevertheless, elementary and straightforward considerations have shown that
the equations describing the fluctuations are also compliant with relativistic corollaries:
both have been concurrently inferred from Equation (1) in a unique theoretical frame.
Despite the deterministic character of the relativity, the results so far outlined emphas-
ize this seemingly surprising connection. Actually a similar conclusion was already
found also in [7] implementing an operative definition of space time, ie. introducing
ab initio the quantity hG/c? as a basic postulate to be handled subsequently likewise
any fundamental physical law.

First of all, the present model plugs the problem of the black body radiation and its
fluctuations in a wide context of physical laws having prospective interest for the
non-equilibrium physics. The quantum basis of the Fick law is important because vari-
ous physical properties, e.g. the heat and electrical conductivities, have analogous form;
here, in particular, the diffusion equations are in principle necessary to account for the
unstable concentration gradients reasonably expected in gas phase due to random con-
centration fluctuations of the matter evaporated from the internal surface of the cavity.
In effect the dynamics of matter particles that diffuse from the walls of the cavity con-
tributes to the thermalization process; in this respect, the model introduces concur-

rently even the free energy and entropy concepts useful to infer the Clausius-Clapeyron
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equation governing the vapor pressure and thus the amount of matter in gas phase fill-
ing the cavity together with the radiation. In view of that, the Planck law has been in-
ferred in order to involve since the beginning the solid matter confining the photons
and even their energy quantization and statistical distribution law. The interaction of
photons with matter appears in fact essential to justify the thermalization mechanism.
Strictly speaking, the radiation with wavelength larger than the finite size cavity should
not be consistent with the standard approach to the Planck law; here however this
problem is bypassed since the cavity volume V'is not predetermined, rather it is deter-
mined by the radiation wavelengths themselves via the terms (39). Thus it is by defini-
tion compliant with the arbitrary size Ax defining the allowed frequencies according
to Equations (1), (2) and (38). For these reasons, is reductive the model [10] focused on
the radiation field in the cavity only.

The black body radiation field and its fluctuations have been contextually inferred
merging two separate paths: the one from Equations (14) to (20) is apparently inde-
pendent on that leading from Equation (45) to Equation (53). The former series of equ-
ations does not refer specifically to the black body radiation, it introduces relationships
between changes of dynamical variables that hold in general. The latter series of equa-
tions describes specifically the black body radiation under the boundary condition of
Equation (20), which also implies Equations (21) to (24); this second path links the
frequency and mass fluctuations, in agreement with Equations (4) to (9). Then, Equa-
tion (36) introduces the thermal equilibrium of Equation (50) leading to Equation
(53).

Yet other significant results are also easily inferable from the previous considerations
of the Section 4.

For example, combining Equations (26) and (27) with Equation (28) one finds at

constant 7°

D5(mv)_ BD _ kT _ Slog B

=¥ —k,T .

v ov f° B ov v

The equation DS(mv)=—k;TSlog B is easily integrated; calling f, the integra-
tion constant, the solution
[Ds (mv)

=log -1
T og /3 - log £,

yields

5 {MJ

KeT

Owing to the first Equation (27) put then

D/ksT _exp{_Iw(mv)

= . D, =Bk.T,
D, /kgT keT J b = Fke

being D, a constant diffusion coefficient corresponding to the integration constant
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S, - The conclusion is

D=D, exp[—%], U,y = [D&(mv)

This Arrhenius-like equation is a well known property of the diffusion coefficient,
whose quantum origin introduces the activation energy as a consequence.

Other important equations of processes activated by the temperature follow this kind
of dependence upon KT .

A further significant result is obtained from Equation (6), assuming that the mo-
mentum p is time dependent variable. This compels regarding the wavelength 1 as
time variable itself, as in effect it is possible because no restrictive hypothesis has been
introduced about p and thus about A in Equations (2) and (4). Deriving thus

p=h/A with respect to time in the reference system R previously introduced to define
At and AXx of Equation (2), one finds

h . . . Y
p=——2A, hi=mci.A, A=—-. 56
P A2 % OAt (56)

It is possible to expand in series A around an arbitrary constant value 1, e.g.

A=l +Ya,(2-4), (57)
i

being a; appropriate coefficients. Implement Equation (40) to express again length
AX as a function of wavelength A ; here, however, A4 is the momentum wavelength
of Equation (5). To highlight the physical meaning of the series expansion, retain pre-
liminarily the constant term only and consider two chances of rewriting the first Equa-
tion (56). Eliminate & from Equation (56), replacing it via the Planck mass m,, = \/M

and fine structure constant « = e?/Ac;; so, being by definition
h = 21m3 G /c = 2ne?/ac, (58)

Equation (56) reads at the zero order of approximation of the series expansion accord-

ing to Equation (40)
2, . n°m? 2/, 1 ne?
p=Fr-2ogi M _ 26 1N A na (59)
c AX C a AX

Since Fis actually the component of a force along AX, which can have both signs,

consider for brevity of notation its absolute value only. This expression reads then
mlm” _ ele”
A AP

e'=en’, /—Zn% , e"=en", /—ZM‘;',
aC aC

m' = mpln/ 271:1(; , m" = mp|n" 27'[24(;,, nn" j«é/i(;, — n2ﬂ'10.
\} C V ¢

As nand /A, are arbitrary, likewise the primed and double primed quantities, these

|F|~G (60)

having put
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approximate definitions of force correspond to the Newton and Coulomb interactions
between arbitrary masses and steady charges, which have thus analogous form. In effect,
at this level of approximation, neither term of the equality (60) depends on v. The only
term that could introduce charge velocity is A,; yet no reason requires assuming

o . 1S consistent with stationary

4 (V). In lack of specific hypotheses, therefore, A
charges. In the case of gravity force, it is well known that the Newton law is generalized
by the general relativity; it is reasonable therefore to expect that the terms of series ex-
pansions, here neglected preliminarily, account for the necessary relativistic corrections
of the plain Newton law. To demonstrate this statement, calculate via Equation (56) the
A, ; the
subscript emphasizes that A, concerns the radial distance of m” from m’. As by de-
finition F=-0U / 04, , Equations (56) and (57) yield

Ay - P -
h2e-T, r:hjlr;aj(z—zo) 224, (61)

potential energy U generated by the mass m defining p at any point AX, =n

r

U=-
,
Whatever the value of I' might be, depending on the series coefficients a;, is re-
markable the fact that the potential here inferred differs from the Newtonian form just
because of the presence of terms neglected in the classical Equations (59) and (60). It is
well known that the perihelion precession of orbiting bodies is correctly calculated in
the general relativity by potential terms additional to the mere —Gm/r , which how-
ever cannot be justified in the plain Newton model [11]. Here, in effect, additional
terms appear as a natural consequence of A of Equation (56): there is no reason to
assume that A be equal to the constant /i, only, being instead reasonably expecta-
ble a more general form like that of Equation (57). Actually it is easy to show that U
cannot be equal uniquely to the first addend; owing to Equation (60) one would infer
indeed

! "

_m'm” ¢
m2, 2mn,

. AX=nA, (62)

in the mere Newtonian approximation of Equation (59). If so, however, the ratios
m’/m,, and m’/m,  in principle arbitrary likewise n,, could admit A, >c, which is
however impossible. So a correction term, Ze. I, is necessary to define Uby compar-
ing Equations (56) and (61). This conclusion confirms therefore that the terms of the
sum (57), neglected for simplicity in Equation (60), are in fact essential to agree with
the finite light speed and have thus relativistic valence.

It is possible to show the validity of these conclusions, which should hold for the
Coulomb law as well, by demonstrating how to find well known results of the general
relativity as a consequence of Equation (19).

To this purpose it is necessary to generalize what Sm actually means in Jg, = c*Sm.
The previous considerations about the black body cavity have emphasized that om
concerns the material evaporated from the internal walls of the cavity; as the tempera-
ture fluctuation modifies the vapor pressure of the cavity material, om refers to the

change of amount of material evaporating from or condensing on the internal wall of
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the cavity according to the Clausius-Clapeyron equation. However the mass fluctuation
can have a more general meaning, directly related to the concept of energy quantum
fluctuation ¢ itself; e.g. it is possible in principle that &, +d¢ = (m + 5m)C2 . Of
course this effect is reasonably negligible in the case of a black body cavity, owing to the
small om related to the usual cavity temperature and its fluctuations. Yet the follow-
ing examples aim to show that 6m=(m’+m")—m is conceptually significant in prin-
ciple, even though |5m| ~ 0. If such a mass fluctuation is indeed allowed to occur, then
it is significant to investigate the behavior of the transient formation of m’ and m’
related to om. Expectedly, this brings to the classical Kepler problem, where either
mass orbits in the gravity field of the other; so, let us regard for example m'=m, and
m"=my , where the subscripts stand for orbiting and gravity field. It is known that the
general relativity predicts in this respect two effects, the perihelion precession of m’
around M" and the emission of gravitational waves. Since these effects are concomi-
tant, being both features of any orbiting system, the following discussion aims to ex-
amine jointly both of them.

Consider first just Equation (19) used to calculate the quantum fluctuations and note
that the ratio at right hand side can be rewritten defining & such that kE® = (FPIAr)Z:
Le., likewise as done to infer Equations (12) and (59), the definition of Planck force is
again implemented here to introduce G into the present problem. So, thanks to the ar-
bitrary numerical factor &, the energy JVKE is rewritten in order to introduce the ar-
bitrary displacement Ar too. Equation (19) reads thus
m'G

G _1é _
c?Ar’

9eq _ g2
SE k E? ¢

(63)

Introduce now at the right hand side the further mass m’; the last equation turns

into

Se, _(mm'G Y
SE \m'c’Ar)

This result becomes next more familiar via a formal and elementary manipulation.
Eliminate Ar introducing the modulus of classical angular momentum |M | =wm'v, Ar
of m', being Vv, the average orbital velocity of the mobile mass m’ and w the num-

erical coefficient taking into account the vector nature of M and v, ; this allows con-

or ;
sidering at the right hand side the modulus of Ar xV,, . Eliminating thus M'Ar at the
right hand side, the last formula reads

%y _ 2 (m’m”Gvor

2
S Y ) M =wm'v, Ar, w<1
c

Eventually, recalling that v, =c/n,, according to the initial definition (3), this equ-
ation reads

1 g _ [m'm”G

2 2
W

=0 ., n_>1 @*=—-<1.
0% SE cM J or 2

or

At the left hand side, the energies appear through a numerical coefficient times a ra-
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tio of the respective fluctuations. Consider now the case where this factor is <1. Of
course, nothing requires just this condition, which however is in principle possible and
deserves attention for the related consequence of the initial Equation (63): this particu-
lar case is interesting because the left hand side can be regarded as a square probability
I1%. Hence, it is appropriate to identify TT° with the product of two probabilities, that
of angular displacement Jp/2n and that concerning the related tangential velocity
component of M'; clearly the velocity component of v, corresponding just to the
advancement direction Jd¢ in any point along the orbit has probability 1/3, because
the independent local components of V,, are three. If so, then &c,/6°GE takes the
meaning compatible with a known formula of the general relativity: indeed, regarding
the right hand side of the last result in a probabilistic way as

’ " 2
szﬁlz(mmG) , (64)
2n 3 cM

one recognizes the well known formula of the perihelion precession. This identifica-
tion needs however a detailed justification and explanation: helps to this purpose a
further result related to the energy loss via gravitational waves, still implied by Equa-
tion (63).

It is known that an isolated orbiting system irradiates energy all around in the space;
the energy loss causes the orbit shrinking closer and closer towards the central mass.
The starting input to demonstrate this effect in the present context is still Equation (19),
rewritten identically via Equation (35) as follows
K’

gk2=k'§0E2, & =k"¢g,, kszZ; (65)

i.e. k, whatever its specific value might be, has been split into k' and k" suitable to
obtain a new value of energy &, from the early &,. This is in principle possible be-
cause the values of these latter are both arbitrary. The fact that E =hc/(c/v)=hc/Ar,

in agreement with the position (10), suggests assuming k'¢, in order that

! " 2 ! " 2
kfgoEz:(Gm] , k,:i(emj :
Ar <o hc

moreover if k”ocgq/m", being g arbitrary proportionality constant, then

1 m'q \’ 1 mq Y’
&2 =(qc)’, k’:—( —qj — K"k, k:—(G 9 j
AN AN

Hence the first Equation (65) reads

(G m'm"jz _ (qc)z,

Ar

where the right hand side is constant. Integrating now both sides over the solid angle
dQ, one finds

"

' 2
I(G mm ] dQ = const.
Ar
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The square energy at the right hand side is constant; since it consists of fundamental
constants only, thanks to the position assumed for k", it is reasonable to put
const = hW,, , being W,, the Planck power. Moreover, if the space around the orbiting
system is homogeneous and isotropic, so that the orbiting system irradiates energy un-
iformly to all directions, one finds

m'm”

47'!:{;';r = hWP| v Ea = -G T (66)

At this point the quantum uncertainty is of valuable help; it requires that Ar and
the momentum component Ap,, fulfill the condition nh=Ap, Ar. In the present
case, introducing the reduced mass u of the orbiting system, the resulting uncertainty
equations read

47n
UAPAT =~ g2 Ap = AR = L. (67)

nh . OAr m'm”
Ar? 1 Ar = 1 /u - , PR
Wi, Ar OAt m'+m

Replacing in Equation (66) / from the second equation, one infers Af = 4zng?, /1MW, Ar

Le.

2
AF = 4mn ? [G Lm”) =4nnSG—:m’m”(m'+m"). (68)
LCCAr Ar C°Ar

With the minus sign and n =1, this expression is nothing else but the well known
Einstein result of orbit contraction contextual to the emission of gravitational waves:
indeed 4n approximates well the numerical value 64/5 of his original formula. This
means that the possible time evolution of the orbiting system described by this energy
equation is due to the integer n which can take different discrete values at various times;
correspondingly, the orbiting system changes energy and orbital distance from the cen-
tral mass as well simply according to n. This quantum behavior already found in [12] is
not surprising, since the starting point of the present reasoning was the quantum law
governing the energy fluctuations. The related energy change &, of the orbiting sys-
tem is immediately calculated. It is enough to note in this respect that

AF o SAr T oAt

where Fis force. Simply considering the elementary positions

mm’  uw’Ar?

e, =-G =2 = F = uwAr,
Ar Ar 2 H
one finds
2 3 6 4
. & HO AT 4anG® 2 @ Ar
&, =ArZAL = ———m'm’"(m'+m")=2anG ,
ar Ar 2 card ( ) o

A (69
W :(m +m )G'

Ar?
The second equation is well known in the elementary Kepler problem identifying
Ar with the major semi-axis of the elliptic orbit. This result shows that the orbit size is

subjected to change, concurrently to its angular displacement previously introduced;
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indeed Equation (69) concerns in particular the perihelion distance. Once again ap-
pears the Einstein formula for n=1 and without minus sign. The explanation of these
two results and their connection with Equation (64) is really simple.

Here Aég,, with n=1 represents the energy gap Enr(n=2) ~ Ear(n-y) related to the
jump of M’ between orbits where Ar=Ar(n=1) to Ar=Ar(n=2), or in general
to any Ar=Ar(n>1), during the time range SAt ; of course this latter is not a diffe-
rential df physically meaningless, but a finite time change of At necessary for any
physical process to occur. This quantum point of view leading to Equations (68) and
(69) is coherent with Equation (19) leading to the fluctuation Equation (53). The quan-
tum standpoint also explains the lack of explicit minus sign in both Equations (68) and
(69). In the Einstein result the orbital motion progressively decays towards distances
closer and closer around the central gravitational mass with gradual energy loss only;
accordingly, any orbiting system is destined to merge soon or later its bodies into a
unique celestial body. In the present model instead Equation (68) is the distance gap
between two contiguous orbits allowed with An=1, ie. m' can in principle decay or
be excited towards a lower or higher n-th orbits. This also means that two gravitational
systems can even exchange “resonant” energy, e.g. by exchanging gravitons, likewise as
two atoms of the same kind do by exchanging photons if either of them is in any elec-
tron excited state and the other in the fundamental state. It is also evident the analogy
with the electrons that do not fall on the nucleus, but occupy stable quantum levels. So
the lack of minus sign means that the formulas concern the amount of quantum energy
exchanged regardless of whether this energy is released or absorbed by a given orbital
system.

Consider now any point of the ellipse at a given time At and at later time At';e.g.
this point could be, but not necessarily must be, the perihelion. Equation (68) of Ar
shows that this point moves radially from its initial position, as it is evident in the mo-
mentum/position uncertainty Equation (67) implementing radial conjugate dynamical
variables. Equation (64) accounts instead for the tangential motion of M’ in any given
point along to the orbit: of course nothing, apart from the algebraic elaboration of the
formulas, compels tangential displacement only or radial displacement only of the orbit
of m’. So, as previously emphasized, Equation (64) on the one hand and Equations (68)
and (69) on the other hand simply complete each other in describing the dynamics of a
unique phenomenon, Ze. the radial and tangential displacements of M’ along its orbit
that rotates and deforms as a function of time; this is coherent with the fundamental
idea of deformation of the space time in the presence of a gravitational mass m". This
is in effect the physical meaning of A in Equation (56), being 1 linked to AX via
Equations (2) and (4). Note that m" and m" can be exchanged while leaving identic-
al the results: as nothing distinguishes the specific role of either of them from a physical
point of view, one concludes that the concepts of gravitational and inertial mass are
physically indistinguishable.

The idea of introducing Planck units is fruitful and general, as it is confirmed also in

the following reasoning.
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Rewrite &, =nhv as
& =hv,, v,=vc/v
thanks to Equation (3). So, owing to Equation (21), Equations (19) and (15) yield
o _1e v

&

SE kE2 ki

while being owing to Equation (21)
2y n—anﬂ—n(l A 5vj,

c OoE

SE c SE

whence

2
m =0 oy vk, (70)

Since ¢ E/ 5(v/c) has physical dimensions of an energy, it is possible to put

L FAX' = Fa AX

5(v/c) 2
where F, =c*/G is the Planck force; being AXx' and Ax arbitrary lengths, the
energy at the left hand side can be certainly expressed as FAX' and in turn this latter
as FpAX/2. These positions merely implement the general definitions of force and
energy. The reason of having introduced the factor 1/2 appears soon after replacing in

Equation (70); one finds

Note that v, =v, for m=0 and for AX— o0, ie. in the absence of gravity field;
also, owing to Equation (12), v, <v, implies AX,/Ax<1. Just this is the reason of
having introduced the factor 1/2: to describe the red shift of a photon moving away
from a gravitational mass, the photon must be outside the boundary of its confinement
radius (12) of n3 ie, the previous limits hold outside the “event horizon” of m, other-

wise the photon could not freely escape to infinity. In conclusion the last equation reads

Is really significant the fact that also this result of the general relativity is obtained
implementing Equations (19) and (18), from which have been obtained Equation (50)
and then the black body fluctuation Equation (53). A wider landscape of results of the
general relativity is inferred via an “ab initio” theoretical model in [7].

On the one hand, the result (60) highlights the quantum origin of the gravity force,
simply inferable admitting time dependence of De Broglie momentum wavelength. In

this respect Equation (59) prospects an interesting consequence as it yields

1Ga 1 e 1 2mj n*

ca_ &2 , 71
Ae Amy, A ¢ AX 71
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So, owing to Equation (58), Equation (71) reduces to the trivial identity of two reci-
procal surfaces A admitting the equality Ge/e =e/m2 = const; this equality is reason-
able, being mere consequence of the definitions of fine structure constant and Planck
mass. Nonetheless, being e =4.8x10"" esu and m, =2.18x10° g in the cgs sys-
tem where G =6.67x10° cm®-g™-s7?, one finds

G—OZ:LZ:1cm3/2/g3/2~s. (72)
e mp

The fact that both ratios are almost exactly equal to 1 is not trivial: in general one
would expect simply Ga/e =e/m? = const, with const equal to a generic numerical
value; the fact that const=1 shows that G and e are linked directly, not via a propor-
tionality constant whose physical meaning should be specifically explained. Equation
(72) reveals thus the direct correlation between e and G via «, ie between gravita-
tional and electromagnetic interaction.

On the other hand, despite the simplicity of approach, the compliance of the present
model with the relativity, already emphasized by the corollaries of the Section 4, does
not appear accidental. This point is elucidated next by four relevant examples.

1) According to Equation (2) cAt—Ax=0, whence CAt—AX'=S with the arbi-
trary length s#0 for AX'# AX.Hence in analogy with Equation (1) CAt—n'A. =s,
being n’'=c/V'. Also, it is possible to write

, h mc®At? —n’hAt
CAt-n'—=s=—"—
mc mCAt

By dimensional reasons, it is also possible to put n'hAt =m/?, being ¢ an arbitrary
length. So, let us show that are definable two invariant equations linked by a square in-

terval of size /,,: from
(cAt)® — % = scAt
one expects both

(cAt) — 2 =2 = AX® — (%, scAt=/2

inv inv?

as in effect it is true. Indeed it is possible to express ¢ as ¢ =(AX, with g arbitrary
constant; this result reads (CAt)2 - = (l— qz)sz . On the one hand, the right hand
sides defines (CAt)2 —7* in the same reference system of AX, i.e. it trivially concerns
a smaller range. On the other hand, however, (CAt)2 —¢* is not necessarily related to
AX via the proportionality constant 1-q° only; being arbitrary by definition, it can
be regarded in general as any AX', ie. AX in another reference system mowing with
respect to that of Ax. Hence, the left hand side is an invariant; it also holds therefore
for sAt. Recalling Equation (9), the time and space invariants with v =const read
thus

At = Aty1-v?/c?, A =B (73)

1-v?/c?
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2) Let v, be the average velocity component with which one massive particle moves
in the range AX and let the particle energy be subjected to fluctuations, during which
its velocity component changes to the value V,. Assume therefore that the particle can
move in AX at average rates V, or V,, both arbitrary and allowed to occur during
the time range Ax/c of Equation (2) because of an unforeseeable fluctuation; the only
constrain is that, according to Equation (1), m#0 requires v, <c and Vv, <C.

Define therefore

m=t-Y oot pomemy,
c n, ¢

the notations emphasize the probabilities IT; and II, that m, delocalized within Ax, tra-
vels just with either velocity before and after the fluctuation. Moreover, I1=V,/c+V,/c
emphasizes that anyway the particle moves, ie. both velocity components are allowed
to the particle; this is another way to state that fluctuation in fact occurred. But of
course II is effectively definable provided that v,/c+V,/c<1 too, which allows re-
garding IT as pertinent probability that both II; and II, are possible for the particle in
AX . This is the first boundary condition of the present problem. Since this reasoning in
R must hold likewise in any other reference system R', it is possible to describe the

situation for the range size AX', ie.

I =(1+q)IT, H:i+i, H’:i+i, (74)

noon noon
where again ¢ is an arbitrary constant. Let the primed and unprimed velocity compo-
nents be defined in R"and R thinking that in general AX' shifts with arbitrary rate
with respect to Ax . Of course still holds in R’the boundary condition v;/c+v,/c<1
in order that the energy fluctuation be regarded in an analogous way in both reference
systems. This is the second boundary condition of the problem. Clearly the factor ¢ > 0
represents the link between primed and unprimed quantities, Ze. it determines the
transformation law of velocity components in R and R’: in fact the form (74) ensures
that if T1<1, then anyway IT'<1 as well. In principle the boundary conditions are
unsatisfied simply summing Vv, and V,, ie. calculating II, +1I1,; yet the actual form
of the sum of velocity components depends on the choice of ¢. Note in this respect that

it is reasonable to put
q=ILIT,;

this position ensures that both v, and V,, whatever they might be before and after the
energy fluctuation, are in fact allowed in R and R’. In other words, the positions just
introduced regard the ratios v;/c and v,/c as probabilities of states with and with-
out fluctuation accessible to the particle, and thus in fact occurring, regardless of the
choice of reference system. The first Equation (74) reads therefore
. IT
TLeILI,

so that

KD
+%%, Scientific Research Publishing

1697



S. Tosto

v, +V,
V,V.

1 1%2

-'_Ci2

" r
V' =V +v, =

In this way Vv, +V, <C is always consistent with the probabilistic meaning of
IT, +11,.

This is the well known composition rule of the velocity components along the direc-
tion of motion of two reference system reciprocally displacing. The probabilistic
meaning of a relevant relativistic property also appears here, already emphasized in
demonstrating the perihelion precession [7]. This explains why even the relativistic re-
sult is compatible with the quantum approach.

3) It is easy at this point to highlight further the physical meaning of the length
2mG/c? . Consider the first Equation (11) and calculate the photon energy E" = hv{"
putting once more hv" = mc?/n, in strict analogy with the first Equation (3); so, in par-
ticular, h/2At=mc?/n too. The left hand side introduces the idea of frequency 1/2At
of a photon necessarily confined within a range AX, via the position A =2Ax,;
this implies indeed a steady wavelength actually consisting of two half-wavelengths
spreading at rate ¢ throughout Ax . Of course, Equation (3) holds also for the partic-
ular photon frequency v/ related to such wavelength. Replacing once more 4 via the
Planck length, h=2xnl2¢®/G one finds

olie® me> 2m

1 w= 1
2G n At
then, dividing both sides of @nl?c® =2mGc? by c*, the result is

nol, _ ol :EZ 2mG ~ Ax

c v Ar ¢ o OAT=V.

Hence, 2mG/c® of Equation (12) appears again here through the length /=12 /Ar .
The circular frequency @ shows that the photon cannot escape from the gravitational
field of m, the photon can only “orbit” around m at the black hole distance ¢ from the
center of gravity. Obviously, this conclusion could be inferred for the second Equation
(11) too. The interest to quote here a result already found is that of rising an interesting
question: what happens if the photon transits a a distance AX > Ax, from m greater
than that compelling its confinement? The most intuitive answer is that the photon
should be simply deviated from its asymptotic straight propagation because of the
presence of gravity field of m, which reasonably deforms the surrounding space time.

Let be therefore according to Equation (12)
2MG 1

= 75
C*AX,, 75)
and write then identically
AX, _2mG . (76)
AX  C*Ax

Defining an angle ¢ via the arc Js of circumference of radius Ax such that
¢ = 55/ AX, the left hand side becomes (AX,/5s)¢. Implement once more a probabil-
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istic approach, noting that Ax,, <AX is compatible with Ax,/8s<1. Is in particular
interesting the case where Ax,/ds=I1=1/2:indeed &5 can be defined for a photon
coming from minus infinity, approaches m and proceeds towards infinity after being
deviated by the gravitational field of m; however this case is physically indistinguishable
from that where the photon comes from infinity and proceeds towards minus infinity
after an identical deviation. In other words &S must be such that IT =11, . ,
whereas of course I1__ . +I1,_ ,  =1: ie the photons is anyway deviated wherever
it comes from or proceeds to. Since however either chance only actually happens and
has probability IT=1/2, the previous result reads
4mG
v

This is the well known formula of the light beam bending in a gravitational field,
since the angle defining the arc of circumference is equal to that between the tangents
to the circumference at the boundaries of the arc, which yield the sought path devia-
tion.

4) Note eventually that c*At? — Ax* = /2

. defines an invariant interval ¢, what-
ever At and Ax might be. Of course this invariance property of the range size ¢,
holds even if one considers in particular according to Equation (73)

2
c? (Atwll—vz/c2 )2 S .
J1-v2/c?

as in this case both addends at the left hand side remain themselves identically un-
changed in two different inertial reference systems in reciprocal constant motion. This
expression does not consider the mass of a particle possibly present in the space time.
Consider now Equation (75) and introduce an arbitrary distance Ax > AX_,, Z.e. outside
the confinement range, and consider the gravity field of M at an arbitrary point outside
its event horizon; then Equation (12) yields

2MG

Vi AX

=1, AX>AX,, Vy <C,

being v,, thelocal velocity defined by MG just at a distance Ax . Hence
2MG Vv,

c’Ax  c?

<1. (77)

Replacing v/c with v, /c, Equation (77) yields according to Equation (73)

2

2 ) AX o2
c (At,/l— 2MG/c Ax) | =in.
J1-2MG/c?Ax
Simple considerations show that the right hand side reduces to the form s° — Sr’dQ?
in spherical coordinates; this is thus nothing else but the metric of the general relativity
formulated by Schwarzschild. However this last result shows a crucial difference from
the Einstein metrics: the latter assumes that the boundary of the ranges therein appear-

ing are exactly knowable as in the classical physics, the former are instead uncertainty
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ranges that by definition satisfy the Heisenberg principle [7]. On the one hand this
formal analogy explains why the formulas of the general relativity are also found via
quantum approach; on the other hand their conceptual difference from the classical
physics explains the difficulty of bridging relativistic and quantum ideas. However, the
present reasoning shows that the link between quantum and relativistic physics exists
indeed and is easily identifiable with the help of elementary considerations. Just this
remarkable circumstance allows bridging quantum physics and relativity, despite the
Einstein space time metrics is essentially classical physics extraordinarily enriched by
the key concepts of four-dimensionality and covariancy of physical laws. In lack of a
radically alternative way to infer the relativistic formulas, the mere attempt of modify-
ing or perturbing the standard formulation of the general relativity to bridge determi-
nistic metrics and probabilistic character of the non-real and non-local quantum world,

would be difficult or even self-contradicting.

8. Conclusions

Starting from elementary considerations, the present model is allowed to describe the
fluctuations in a wider theoretical context that includes even relativistic implications.
No “ad hoc” hypothesis has been necessary to infer relativistic results, which deserve a
few final remarks. The first one emphasizes that in the present context they have been
obtained regardless of any preliminary consideration about the covariancy of the phys-
ical laws and even about the metrics describing the space time deformation in the
presence of matter; actually, instead, the hidden probabilistic meaning of the most
famous results of the general relativity is easily acknowledgeable. The second one
stresses an open point left by Equation (56) and omitted for brevity taking the absolute
value of Fin Equation (60), ie. that the space time deformation inherent the time de-
pendence of A could imply in principle contraction or expansion of the range Ax
and thus both signs of A ; hence, the signs of F correspond not only to attractive or
repulsive interaction of the charges € and €", well known, but also to different
chances of gravity force. This point, also remarked in [7] [12], opens a critical problem
about the existence of the anti-gravity. This conclusion deserves detailed investigation,
too long and complex to be exposed in a short conclusion.

A final remark deserves attention. With little effort and elementary mathematical
formalism, Einstein could anticipate himself as done here the most significant discove-
ries of his general relativity: i.e., as side corollaries of Equation (54) describing the black
body fluctuation. Unfortunately his paper [10], despite its great historical relevance,
was too purposely focused on the new born Planck physics. May be, the reluctance of
Einstein to accept the weird quantum ideas has been the main conceptual obstacle to
his opening towards the possible implications of the quantum fluctuations. It is sur-
prising that great intuitions like the photon and the far reaching model of specific heat
of solids settled eventually with the mere “hidden variables” of the EPR paradox. The
present paper confirms indeed that there is no conceptual gap between quantum and

relativistic ideas, as the conceptual foundations of both theories are actually rooted in
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the quantum concept of space time uncertainty [13].
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