/
o2o Resmits
0.00 Publishing

Applied Mathematics, 2016, 7, 1748-1764
http://www.scirp.org/journal/am

ISSN Online: 2152-7393

ISSN Print: 2152-7385

Rothe’s Fixed Point Theorem and the
Controllability of the Benjamin-Bona-Mahony
Equation with Impulses and Delay

Hugo Leival, Jose L. Sanchez?

1Department of Mathematics, Louisiana State University, Baton Rouge, USA

*Departamento de Matematica, Universidad de Los Andes, Caracas, Venezuela

Email: hleiva@lsu.edu, casanay085@hotmail.com

How to cite this paper: Leiva, H. and San-
chez, J.L. (2016) Rothe’s Fixed Point Theo-
rem and the Controllability of the Benja-
min-Bona-Mahony Equation with Impulses
and Delay. Applied Mathematics, 7, 1748-
1764.
http://dx.doi.org/10.4236/am.2016.715147

Received: May 7, 2016
Accepted: September 13, 2016
Published: September 16, 2016

Copyright © 2016 by authors and

Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International
License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

Abstract

For many control systems in real life, impulses and delays are intrinsic phenomena
that do not modify their controllability. So we conjecture that under certain condi-
tions the abrupt changes and delays as perturbations of a system do not destroy its
controllability. There are many practical examples of impulsive control systems with
delays, such as a chemical reactor system, a financial system with two state variables,
the amount of money in a market and the savings rate of a central bank, and the
growth of a population diffusing throughout its habitat modeled by a reaction-diffusion
equation. In this paper we apply the Rothe’s Fixed Point Theorem to prove the inte-
rior approximate controllability of the following Benjamin-Bona-Mahony (BBM)
type equation with impulses and delay

z,—aAz, -bAz =1,u(t,x)+ f (t,z(t-r,x),u(t,x)), in(0,7)xQ,
z(t,x)=0,  on (0,7)x0Q,

2(s,x)=¢(s,x), se[-r,0],xeQ,

2(t7, %) = 2(t, x)+ 1 (., 2(4, ), u(t. X)), k=123-,p,

where a>0 and b>0 areconstants, Q isadomainin R", @ isan open non-
empty subset of Q, 1 denotes the characteristic function of the set «, the dis-
tributed control U€C (0, 7L, (Q)) , @ [—r, O] xQ — R are continuous functions and
the nonlinear functions f,1, :[0, z’]>< RxR — R are smooth enough functions sa-

tisfying some additional conditions.
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1. Introduction

For many control systems in real life, impulses and delays are intrinsic phenomena that
do not modify their controllability. So we conjecture that under certain conditions the
abrupt changes and delays as perturbations of a system do not destroy its controllabili-
ty. There are many practical examples of impulsive control systems with delays, such as
a chemical reactor system, a financial system with two state variables, the amount of
money in a market and the savings rate of a central bank, and the growth of a popula-
tion diffusing throughout its habitat modeled by a reaction-diffusion equation. One
may easily visualize situations in these examples where abrupt changes such as harvest-
ing, disasters and instantaneous stocking may occur. These problems can be modeled
by impulsive differential equations with delays, and one can find information about
impulsive differential equations in Lakshmikantham [1] and Samoilenko and Perestyuk
[2].

The controllability of impulsive evolution equations has been studied recently by
several authors, but most of them study the exact controllability only. For example, D.
N. Chalishajar [3] studied the exact controllability of impulsive partial neutral func-
tional differential equations with infinite delay and S. Selvi and M. Mallika Arjunan [4]
studied the exact controllability for impulsive differential systems with finite delay. For
approximate controllability of impulsive semilinear evolution equation, Lizhen Chen
and Gang Li [5] studied the approximate controllability of impulsive differential equa-
tions with nonlocal conditions, using measure of noncompactness and Monch Fixed
Point Theorem, and assuming that the nonlinear term f (t,z) does not depend on the
control variable. Recently, in [6]-[10], the approximate controllability of semilinear
evolution equations with impulses has been studied by applying Rothe’s Fixed Point
Theorem, showing that the influence of impulses do not destroy the controllability of
some known systems like the heat equation, the wave equation, the strongly damped
wave equation. More recently, in [11] the approximate controllability of the heat equa-
tion with impulses and delay has been studied.

The approximate controllability of the linear part of the Benjamin-Bona-Mahony
(BBM) equation was proved in [12]. This result was used to study the controllability of
the nonlinear BBM equations in [13], which could serve as a basis for studying the BBM
equation under the influence of impulses and delays

7, —aAz, —bAz =1,u(t,x)+ f (t,z(t-r,x),u(t,x)), in(0,7)xQ,
z(t,x)=0,  on (0,7)x0Q,

z(s,x)=4(s,x), se[-r,0],xeQ,
z(tk*,x)zz(tk’,x)+Ik(tk,z(tk,x),u(tk,x)), k=123",p,

(1

where a>0 and b>0 are constants, Q isa domainin R", » isan open non-
empty subset of 3, 1 denotes the characteristic function of the set w, the distri-
buted control UeC (0, 7;L, (Q)) , @ [—r,O]xQ — R are continuous functions. Here
r>0 is the delay and the nonlinear functions f,I, :[O,T]XRXR — R are smooth
enough and satisfy
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|f(t,z,u)|sao|z|a°+b0|u|ﬁ°+co, uzeR. )

I (t.z,u) <a|z™ +b, luf* +c., k=123, p, uzeR 3)

%s% <1, %gﬁk <1,k=0123--,p,

and
z(tk,x):z(tk*,x): limz(t,x), z(tk’,x): limz(t,x).

ot ot

One natural space to work evolution equations with delay and impulses is the Banach

space
PC([-r,7];2)={z:3=[-r,r] > Z:2eC(3,2),32(y ). 2(t ) and 2(t,, ) = 2(t; )}
where Z=L,(Q) and J'=[—I’,z’]\{t1,t2,~--,tp},endowed with the norm
[21= sup [2(t.);

2|, = ,/J'Q"z(x)"Z dx, VzeZ =1,(Q).

We shall denote by C'the space of continuous functions:

C={g:[-r,0] > L,(Q)=Z:4 is continuous },

with

endowed with the norm

[#]= sup [¢(s)], o) and #(s)(x)=4(s:), xeQ.

Definition 1.1. (Approximate Controllability) 7he system (1) is said to be ap-
proximately controllable on [0,7] ifforevery $€C and 7' eZ=U=1L,(Q), £>0
there exists UeC (0, ;U ) such that the mild solution 1 (t) of (1) corresponding to u

verifies:
2(0)=¢(0) and |z(r)-z|, <e.

where

||z (7)- 21"Z = (J'Q|z(r, X)-z" (x)|2 dx)]/2

As a consequence of this result we obtain the interior approximate controllability of
the semilinear heat equation by putting a=0 and b=1.
We also study the approximate controllability of the corresponding linear system

{zt —aAz, —bAz=1,u(t,x), in(0,7)xQ,

2(t)=0,  on (0,7)xa @

by applying the classical Unique Continuation Principle for Elliptic Equations (see
[14]) and the following lemma.
Lemma 1.1. (see Lemma 3.14 from [15], p. 62) Let {aj}_ . and {,Bi jri=1 2,--.,m}
j2 '

be sequences of real numbers such that. o, > a, > ay---. Then

=1
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ie“%_i -0, vte[0,7], i=12,m
=

if and only if
B =0 i=12,---,m;j=12,---,00,

The approximate controllability of the system (1) follows from the approximate con-
trollability of (4), the compactness of the semigroup generated by the associated linear
operator, the conditions (2) and (3) satisfied by the nonlinear term f,I, and the fol-
lowing results:

Proposition 1.1. Let (X ,Z,,u) be a measure space with y(X ) <o and 1£Q<r<ow,
Then L, (,u) cl, (,u) and

r-q
[ty <a(X)|[t],. f el (a). (5)

Theorem 1.1. (Roth€'s Fixed Theorem, [16]-[18]) Let E be a Banach space and
B — E be a closed convex subset such that the zero of E is contained in the interior of
B. Consider ®:B — E be a continuous mapping with

a) @ is compact.

b) ®(0B)cB (0B, where 0B denotes the boundary of B.

Then there is a point X" € B such that
o (x) =x.

2. Abstract Formulation of the Problem

In this section we choose a Hilbert space where system (1) can be written as an abstract
differential equation with impulses and delay; to this end, we consider the following
notations:

Let Z=L1*(Q)=L*(QR) and consider the linear unbounded operator
A:D(A)cZ »>Z definedby Ap=-Ag¢, where

D(A)=H?(R)NH;(QR).
The operator A has the following very well known properties (see N. I. Akhiezer and

I. M. Glazman [19]): the spectrum of A consists of eigenvalues

O0<A <A <<y <-+ with 4; - oo, (6)

each one with finite multiplicity y; equal to the dimension of the corresponding ei-
genspace. Therefore:

a) There exists a complete orthonormal set {¢j'k} of eigenvectors of A.

b) Forall z€ D(A) we have
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Azzz’liz<z’¢ivk>¢1vk =2 A4z (7)
j=1 k=1 j=1
where (-, > is the inner product in Zand
4
Ejz= Z<Z’¢j,k>¢j,k' (8)
k=1
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So, {E j} is a family of complete orthogonal projections in Zand

Z=;Ej2, zeZ. (9)

c) —A generates the analytic semigroup {e’At} given by
Az =Ze’l"tEjz. (10)
j=1

Consequently, the system (1) can be written as abstract differential equations with

impulses and delay in Z
2'+aAz’ +bAz=1,u(t)+ f°(t,z,u), zeZ, te(07],
2(s)=¢(s), se[-r.,0], (11)
2(t;)=2(t )+ 15 (4o z(t) u(t)). k=12,3,,p,

where U eC([O,r];U), U=Z, B,:U—>Z, Bu=1,u is a bounded linear oper-
ator, ZteC([—r,O];Z) is defined by Zt(S)=Z(t+S),—I’SSSO and the functions
l¢:[0,7]xZxU > Z, °:[0,7]xCxU —Z are defined by

i (tz,u)(x) =1 (tz(x)u(x)), fo(tgu)(x)=f(t.g(-rx),u(x)),
VxeQ,k=12--,p.

On the other hand, from conditions (2) and (3) we get the following estimates.
Proposition 2.1. Under the conditions (2)(3) the functions f°,17, k=12, p,
defined above satisty Vu,z2€Z=1,(Q) and $eC:

fe(tgu)], <&
I (tzu)f, < kIIZII“*+bIIUII”k+ck, k=123,p. (13)

Since (I +aA):a(A—[—

then the operator:

0 +B, Jul® +¢, (12)

® |

] I ] and 1 e p(A) (p(A) is the resolvent set of A),
a

| +aA:D(A)>Z (14)
is invertible with bounded inverse
(1+aA)":Z > D(A), (15)

Therefore, the systems (11) and its linear part can be written as follows, for
zeZ,te(0, z’]

(s)=¢(s), se[-r.0], (16)
2(t7)=2(t )+ 15 (b 2(t).u(t ) k=123, p.

' +b(1 +aA) " Az=(1+aA) 'L u(t),zeZ,te(0,7], a”)
_ 0

Moreover, (1+aA) and (I+ z’:lA)f1 can be written in terms of the eigenvalues of A:

1752 0‘ , Scientific Research Publishing
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©

(1+aA)z =Y (1+a4)E;z (18)
j=1
(1+aA) Zz;haﬂj |z (19)

Therefore, if we put B =(l +61A)_l and F(t,gu)=(1+ EIA)_1 f¢(t,¢,u), systems
(16) and (17) can be written in the form:
2'+bBAz =BB,u(t)+F(t,z,u),
2(s)=¢(s), se[-r.,0], (20)
z(t)=2(t )+ 15 (t. 2(t).u(t,)), k=123, p.

z'+bBAz =BB,u(t),ze Z,t(0,7],
: (21)
2(0)=2°,
and the functions Fdefined above satisfy:
|F(tgu)], <o ()2 +bo Jul +&- (22)

Now, we formulate two simple propositions.
Proposition 2.2. ([12]) The operators bBA and T(t)=e™" are given by the fol-

lowing expressions
< bA,
bBAz =Y —1-E z 23
,Z:;l+ CY I 23
0 7blj t
_bBAt 1+ad;
T(t)z=e Z:Ze T E;z (24)

Moreover, the following estimate holds

||T (t)|| <e™ t>0, (25)

where

_ bz | _ bA
ﬂ_'jrl{{uazj}_uaﬂl' (26)

Observe that, due to the above notation, systems (20)-(21) can be written as follows

7'=—Az+BB,u(t)+F(t,z,u),
z2(s)=¢(s), se[-r,0], (27)
z(tk*):z(tk‘)+If(tk,z(tk),u(tk)), k=123 p.

{z’=—Az+BBmu(t), zeZ,te(0,7],

2(0)=z2". 28)

where A =DbBA.

3. Preliminaries on Controllability of the Linear Equation

In this section we prove the interior controllability of the linear system (28). To this
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end, notice that for an arbitrary z°€Z and uel? (0,7;U) the initial value problem

7'=-Az+BB,u(t), te(0,7],
4(0), te(or] o
2(0)=2°,
admits only one mild solution given by
)z +j s)BB,u(s)ds, te[0,7]. (30)

Definition 3.1. For the system (29) we define the following concept. The controlla-
bility map (for ©>0) G:L*(0,7;U)—>Z isgiven by

Gu=[T(s)BB,u(s)ds, (31)

whose adjoint operator G :Z — L*(0,7;Z) is given by
(G°z)(s)=B,BT"(s)z, Vse[0,r], VzeZ (32)

The following lemma holds in general for a linear bounded operator G:W — Z
between Hilbert spaces Wand Z.

Lemma 3.1. (see [15] [20] [21] and [22]) The Equation (28) is approximately con-
trollable on [0, Z'] ifand only if one of the following statements holds:

a) Rang(G)=

b) Ker(G")={0}.

<) <GG*z,z>>0, z#0 inZ

Q) lim  a(al+GG") z=0.

e) B*B*T*( )z=0, Vte[0,7], =>z=0.

f)Forall zeZ wehave Gu, = Z—a(al +GG*)7l Z, where

U, =G (al +GG’) "z, ae(01].

So, lim, ,,Gu, =z andtheerror E,z of this approximation is given by

aao
EaZ=a(a| +GG*)7 Z, ae(O,l].

Remark 3.1. The Lemma 3.1 implies that the family of linear operators
I,:Z—>1?(0,1;U), defined for 0<a <1 by

r,z=B,BT ()(al +GG’) 2=G"(al +GG) 'z, (33)
is an approximate inverse for the right of the operator G'in the sense that
I|mo GI, =1 (34)

Proposition 3.4. (see[21]) If Rang (G) =7, then

supfa(al +GG™) | <1. (35)

a>0

Theorem 3.1. The system (28) is approximately controllable on [0, T] . Moreover, a
sequence of controls steering the system (28) from initial state 7° to an & neigh-

borhood of the final state 7* at time t© >0 is given by the formula

U, (t)=B.BT"(t)(al +GG") (2 ~T (r)2°),

1754
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and the error of this approximation E_ is given by the expression

-1

E, =a(al +GG™) (2-T(r)2’).
Proof. It is enough to show that the restriction G, =G|, of G to the space

il ol (e) |
L2 (0, A% (a))) has range dense, ie, Rang(G,)=Z or( Ker ()Gw) ={0}. Conse-
quently, G, :L° (0, ;L (a))) — Z takes the following form

G,u=[T(s)Bu(s)ds.
whose adjoint operator G, :Z — L2 (O, T 2 (a))) is given by
(G,z)(s)=BT"(s)z, vse[0,zr], VzeZ.

Since Bis given by the formula

= 1
Bz = E.z,
Zl+a/1. !

=1 j

and T(t) by (24), we get that B=B" and T*(t):T(t)_

Suppose that
BT (t)z=0, Vte[0,7].
Then we have that
© e’}/jt
BT (t)z= E.z=0,
(© ,Z:;‘ 1+ad;, '
where y; = ! which satisfies the conditions:
1+ad,

]

0<pyy <pp<-<y;<- (36)

Hence, following the proof of Lemma 1.1, we obtain that

Ejz(x):z<z,¢j‘k>¢jyk (x)=0, Vxew, j=1,23.--.

k
Now, putting f (x)= Z":1<Z,¢jyk>¢jyk(X),VXeQ,we obtain that
{(A+/1jl)f50 in Q,

7
=1

f(X)zO VX € w.

Then, from the classical Unique Continuation Principle for Elliptic Equations (see
[14]), it follows that f (X) =0,VxeQ. So,

14

Z<Z:¢j,k>¢j,k (X) =0, VxeQ.

i
k=1

On the other hand, {¢j,k} is a complete orthonormal set in Z =L, (Q), which im-
plies that <Z, ik > =0.

Therefore, E;z=0,j=12,3,--, which implies that z=0. So, Rang(G) =Z.
Hence, the system (29) is approximately controllable on [O,T] , and the remainder of
the proof follows from Lemma 3.1. g

Lemma 3.2. Let S be any dense subspace of L, (O,T;U ) Then, system (29) is ap-
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proximately controllable with control Uel, (O,T;U) if;, and only if, it is approx-

imately controllable with control U €S . ie,
Rang(G)=Z <Rang(G|s)=

where G| is the restriction of G'to S.

Proof (=) Suppose Rang (G) =7 and S= L,(0,7;U) . Then, foragiven ¢>0 and

zeZ thereexits Uel,(0,7;U) andasequence {u,} =S such that

Gu-z|<< and limu, =u.
2 n—ow

Therefore, lim,_, Gu, =Gu and ||Gun - Z|| <e¢ for nbig enough. Hence,

Rang(Gls)=
(<) This side is trivial.

O

Remark 3.2 According to the previous Lemma, if the system is approximately con-

trollable, it is approximately controllable with control functions in the following dense

spaces of LZ(O,r;U):
s=c([0,z;u), s=C*(0,;U), S=PC(J).

Moreover, the operators G, YW and I' are well define in the space of continuous

functions: GZC([O,I];U)—>Z by
Gu=[T(r—s)BB,u(s)ds,
and G":Z »C([0,7];U) by
(G*z)(s) =B,B"(s)T (r-s)z, Vse[0r]. VzeZ.

Also, the Controllability Grammian operator is still the same W:Z —Z

* ke k

Wz2=GG'z=|T(r-s)BB,B,BT (r-s)zds.
Finally, the operators I',:Z —C ([0, 1Y ) defined for O0<a <1 by
r,z=B,BT (r—)(al+W) 2=6"(al +GG") 2
is an approximate inverse for the right of the operator G'in the sense that

limGI', =1.
a—0

4. Main Result

(37)

(38)

(39)

(40)

(41)

In this section we prove the main result of this paper, the interior controllability of the

semilinear BBM Equation with impulses and delay given by (1), which is equivalent to

prove the approximate controllability of the system (27). To this end, observe that for

all peC and ueC(0,7;U) the initial value problem

7'=-Az+BBu(t)+F(t,z,u),
2(s)=4(s), se[-r.0],
2(t;)=2(t )+ 15 (4o 2(t) u(t)), k=123, p,

(42)
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admits only one mild solution given by the formula

z+j (t-s)BB,u(s)ds

+L,T (1-5)F (5:2.(5)). t<[o.1]
+ ZT(t_tk) k(tk’z(tk)'u(tk))v te[0,7],

O<ty <t

z(t)=¢(t),te[-r,0].

(43)

Now, we are ready to present and prove the main result of this paper, which is the

interior approximate controllability of the Benjamin-Bona-Mahony (1) with impulses

and delay.

Define the operator

K PC([—I‘,Z’];Z)XC([O,T];U)—) PC([—F,T];Z)XC([O,T];U) by the following for-

mula:
(yv) = (K (2.0), K5 (2.u)) =K (2,u)
where
y(t) =K (2,u)(t) =T (t)$(0)+ [T (t-5) BB, (I, L(z,u))(s)ds
+J'0LI'(t—s) (s.z,,u(s))ds
+0§j(t—tk) £ (toz(t)u(t)), tefor],
y(t)=¢(t),te[-r,0],
and

v(t)= K (z.u)(t) = (T, L(z.u))(t)
=BT (r-t)(al +W) " L(zu), te[0,7],
with L:PC([-r,z];Z)xC([0,z];U)—>Z is given by
L(z,u)= zl—T(r)qﬁ(O)—J';T(r—s)F(s z,,u(s))ds

1 Eg

= D T(r=t) 1 (o z(t).u(t)).

O<ty <7

(44)

(45)

(46)

Theorem 4.1. The nonlinear system (1) is approximately controllable on [0, Z'] .

Moreover, a sequence of controls steering the system (1) from initial state (15(0) to an

¢ -neighborhood of the final state 7' at time © >0 is given by
u, (t)=B,T"(r=t)(al + W)~ £(2%,u,),te[0,7],
and the error of this approximation E,z is given by
E,z=a(al +W)71/J(z“,ua),
where
2 (1) =T (t)$(0)+ [T (t—5) BB,u, (s)ds+ [ T (t—s) F (s,2%,u, (s))ds
+ 2T (=) (4,27 (t ), (1)), te[o7],

O<ty <t

(47)
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2°(t)=¢(t), te[-r,0].
Proof. We shall prove this Theorem by claims. Before, we note that ||B || 1 and
[T(t)]<e™, t>0.
Claim 1. The operator K% is continuous. In fact, it is enough to prove that the op-

K :PC([-r,z];2)xC([0,7];U) > PC([-r,7];Z)
and
Ky :PC([-r.z];Z)xC([0,7];:U) —>C([0,z];U),

define above are continuous. The continuity of K follows from the continuity of the

nonlinear functions f°(t,¢,u), I¢(t,z,u) and the following estimate
“(2,0)(1) - K (W) (1) < [l
+J'te*71(t*5)

0

+ z g lt-%)

(al +W)_l

|£(z,u)-£(w,v)|ds

(s.25,u(s))~ F(s,w,,v(s))|ds

1 (terz(t) u(t) = 1 (b Wit ) v (8, ))"

O<ty <t
On the other hand,
l£(z,u)-£( WV||<TSUp |F(s.2.,u(s))=F (s, w,,v(s))|
se[0,7]
+OtZe7lttk e (b z(t) u(t)— 15 (o w(t,) v(t, ))"
b
Therefore,
“(z,u) =K ( wv||< Llssﬁ)p]"': S, 2, u(s))—F(s,ws,v(s))”
+L20tZ "lf(tk’z(tk)'u(tk))_|f(tkvw(tk)'v(tk))”’
<ty <t

where L = r(z’”(al +W)_1H+1) and L, =(1+ z’”(al +VV)_1

).

The continuity of the operator K follows from the continuity of the operators £
and I', define above.

Claim 2. The operator K” is compact. In fact, let Dbe a bounded subset of
PC(J;Z)XC(J;U ) - It follows that ‘V’(Z,U) € D, we have

”F( Z(.),U)HS L, “(al +W)71£(z,u)”g L,

Therefore, (D) is uniformly bounded.

Now, consider the following estimate:
K (zu)(t, ) K (Z U)(tl)|
qene )~z (zu) (6]

Without lose of generality we assume that 0 <t, <t,.On the other hand we have:

e (- zu)” L, k=12, p.

1758 0‘ , Scientific Research Publishing
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“(2.u)(t) =K (zu)(t)]

<[ (&) =T @+ [T (. =9)-T (L =9l (z.u)(5)]es

NUCEE ||||ﬁ (z,u)(s)]ds
[T (4 =5)-T (4= )P (s z..u(s)) s
AN UCE ||||F 5,2,,u(s))]ds
R USRI TRV IHURICORILY)
iy ||T<t2_tk)|k(tk,z@k),u(tk))u,

<t <t,

and
s (z.0) () =K () ()] < [T (7 =) =T~ (=) (et + W) * £(2,0)]-

Since T(t) is a compact operator for t>0, then we know that the function

0<t—T(t) isuniformly continuous. So,

(tz)_T (tl)” =0.

im |
[to—t|>0

Consequently, if we take a sequence {¢J Dj=1 2,---} on K“(D), this sequence is
uniformly bounded and equicontinuous on the interval [—r,tl] and, by Arzela theo-
rem, there is a subsequence {¢Jl U :1,2,---} of {¢J U :1,2,---} , which is uniformly
convergent on [—I’,tl].

Consider the sequence {qﬁjl D=1 2,---} on the interval (ti,tz]. On this interval the
sequence {¢} tj=1 2,-‘-} is uniformly bounded and equicontinuous, and for the same
reason, it has a subsequence {¢12} uniformly convergent on [—I’,tz] .

Continuing this process for the intervals (tz,t3] , (t3,t4] R (tp , T:' , we see that the
sequence i¢jp+l U =l,2,---} converges uniformly on the interval [-I,7]. This means
that K” (D) is compact, which implies that the operator K“ is compact.

Claim 3.

el
el [[(z,u |||

where |||(Z u)”l = ||Z||+||u|| is the norm in the space PC ([—I’, r];Z)XC (O,T; Z) . In fact,
consider the following estimates:

(2= M, M, (&l B + &) M, 3 (& B ol )

O<ty <z
where

_ |51 -nr
Ml—"z ||+e 8

#(0)), M,=1-p(e™ -1) and M, =g

(@t +W) |+ MM, (@1 + W)™

(@l +ByJu* +5

+ MM, (el + W)™

(&l +B, Jul* +5.
O<ty <7

KD
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and

K (zu)] < M, {||z0||+ MM,

(al +W)_1 }

Ve Izl +Byful® + .}
| > (&l bl +a.).
O<ty <z

+|v|2{1+|v|2|v|

(al + W)

T M3{1+ MM, (ot + W)™

Therefore,
Il 2l = s (zw)]+ iz (2.u)] < @,
{1+ 2M, {3 e + By Jul* +,)

{1+M3}+M3} Y (&l ol +5),

O<ty <7

MM, (at )

MM, (@t + )

where M, is given by:

M, = M3{||zo||+(M2 F)M, [t + )

1}.

Hence

|||iC 2 |||

M4||z||+||u||+{M3M2 (at + W) f2 M}

_ R _ C,
x{ao "Z"m0 1+bo "u"ﬁO 1+||Z||Jf||u||}

+{|\/|3|\/|2

(at + W) L4 Mo} + M,

_ a4 = - C,

O<ty <7
and

llce (zwll _

lim 48
el izl "

Claim 4. The operator K“ has a fixed point. In fact, for a fixed 0< p <1, there
exists R>0 bigenough such that

e @ wlls 2l wll. iz wll=r
Hence, if we denote by B(0,R) the ball of center zero and radius R>0, we get
that K” (GB(O, R)) c B(O, R). Since K“ is compact and maps the sphere GB(O, R)
into the interior of the ball B(O, R) , we can apply Rothe’s fixed point Theorem 1.1 to
ensure the existence of a fixed point (z“,ua) eB(0,R)cPC ([0, z’];Z)xC([O,T];U)
such that

(z“,ua)=lC“(z“,ua). (49)

Claim 5. The sequence {(z“,ua )} ; is bounded. In fact, for the purpose of con-

ae(0, ]
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tradiction, let us assume that {(Z“ U, )}ae(O ) is unbounded. Then, there exits a subse-
quence {(Za,n U, )}ae(o : c {(Z“ U, )}ae(U . such that

iz, =
On the other hand, from (48) we know forall « € (O,l] that

ol (2 v
Sl [ORS )III

Particularly, we have the following situation:

STy TR TSR Gl NN
Mool Teoe)l Meoul Mool
e (o0 )1 B (o I B B ()
DA I SON J (ST R (RN
e ey o0 a0 Gt I (2, .

Meww)l M)l Mew ) Wz,
Now, applying Cantor’s diagonalization process, we obtain that

el
N (R

and from (49) we have that

e (2w W,
e )|||

which is evidently a contradiction. Then, the claim is true and there exists 7 >0 such
that

Iz, v )ll<r (0<a<).

Therefore, without loss of generality, we can assume that the sequence £(z”‘,ua)

convergesto Ye€Z. So, if

U, =T,£(2.u,)=G" (a1 +GG") " £(z%,u,).

Then,

Gu, =GI,£(2%u,)=GG" (al +GG") £(z%.u,)
=(al +GG" ~al)(al +GG") " £(2%,u,)
=£(z%.u,)-a(al +GG*)_1£(2“,ua).

Hence,

KD
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Gu, ~£(2%.u,) = ~a(al +GG) " £(z%.u,).

To conclude the proof of this Theorem, it enough to prove that

-1

m{—a(auGG*) }L‘,(z"‘,ua):o.
From Lemma 3.2.d) we get that
. R
Ll_rg{a(al+GG) £z ,ua)}
=ma(a|+GG*)’1y+liTOa(a|+GG*)’1(£(za,ua)—y)
a1

= Iim—a(al +GG*) (E(z“,ua)—y).

a—0

Now, from Proposition 3.1, we get that

Ja(at +667) ' (£(2%.u,)-y)

S“(L(z“,ua)—y)“.

Therefore, since E(Z”’ U, ) converges to y, we get that

!liir(}{—a(al +GG*)71(£(Z“,ua)— y)} =0.

Consequently,
Ligg{—a(m +GG*)’1£(z“,ua)} —0.
Then,
Lig(l){Gua —L(z",ua )} =0.
Therefore,

a—0

Iim{T (z)$(0)+ [T (r—s)BB,u, (s)ds+ [ T(r—s)F(s 2,u,(s))ds

CETE () )
<<z
and the proof of the theorem is completed. ]

As a consequence of the foregoing theorem we can prove the following characteriza-
tion:

Theorem 4.2. The Impulsive Semilinear System (1) is approximately controllable if
for all states 7, and a final state 7' and a € (0,1] the operator K° given by (44)-
(46) has a fixed point and the sequence {ﬁ ( z“u, )}as(o . converges. Le.,

(27,0, ) =K (2%u,),
lllimlﬁ(z“,ua): yelZ.

5. Conclusions

Our technique can be applied to those control systems whose linear parts generate a

compact semigroup and are under the influence of impulses and delays, as well as the

K2
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following examples which represent research problems.
Problem 1. It appears that our technique can also be applied to prove the interior
controllability of the strongly damped wave equation with impulses and delay
o*w(t,x) y2 OW(t, X)
Z AV
e 1T
w=0, on (0,7)x0Q,
w(s,X)=4(s,x), W(s,x)=w(s,x),se[-r,0],xeQ,
w (t7,x) = w, (tk’,x)+ 1 (B W(t, %), W (8, %), U(t, X)), xeQ,

+7(=A)w=1,u(t,x)+ f (t,z(t-r,x),u(t,x)),

in the space Z,, = D((—A)l/2 ) xL,(Q), where Q isa bounded domainin R", o is
an open nonempty subset of Q, 1 denotes the characteristic function of the set o,
the distributed control Ue€ L, (O, 7L, (Q)) , W, [—I’, O]x Q —> R are continuous func-
tions, and n, y are positive numbers.

Problem 2. Our technique may also be applied to a system given by partial differen-
tial equations modeling the structural damped vibrations of a string or a beam with
Impulses and delay

%—ZﬂA¥+Myzlﬂ)u(t,x)+ f (t,y(t—r,x),u(t,x)), on (0,7)xQ,

y=Ay=0, on(0,7)xoQ,
y(s,X)=¢(s,%), Yy (s,X)=w(s,x), se[-r0],xeQ,
yt(tk*,x):yt(tk’,x)+Ik(tk,y(tk,x),yt(tk,x),u(tk,x)), xeQ.

Here Q isa bounded domain in R", @ isan open nonempty subset of Q, 1,
denotes the characteristic function of the set ®, the distributed control
uel, (0,1'; L, (Q)) , ¥,$:[-1,0]xQ > R are continuous functions and
Yo Y € L, (Q).
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